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Abstract
The partially averaged Navier-Stokes (PANS)
model, proposed in Girimaji (2006), can be used to
simulate turbulent flows either as a RANS, LES or
DNS. The Partially Integrated Transport Model
(PITM) is identical to PANS except that in PANS
the diffusion coefficients in the k and ε are mod-
ified. Both models include fk which denotes the
ratio of modeled to total kinetic energy. In RANS,
fk = 1, and in DNS it goes to zero. In the present
study we propose a new formulation for fk based
on the H-equivalence introduced by Friess et al.
(2015).

1 Introduction
The PANS model was proposed by Girimaji (2006)
and the PITM was proposed by Schiestel & De-
joan (2005), Chaouat & Schiestel (2005). The crit-
ical parameter in both models is fk (it is called r
in PITM). It is defined as the ratio of the mod-
eled to the total turbulent kinetic energy. Several
proposals have been made on how to compute it.
One way to compute fk is as proposed by Basara
et al. (2011)

fk = C−1/2
µ

(

∆

Lt

)2/3

, Lt =
k
3/2
tot

ε
(1)

where ∆ = (∆V )1/3. Kenjeres & Hanjalic (2006)
have made a slightly different proposal which
reads

fk =
∆

Lt
(2)

Another way is to compute fk from its definition,
i.e.

fk =
k

ktot
(3)

where ktot is computed using the running aver-
age. Other formulations were proposed by Giri-
maji & Abdol-Hamid (2005) who compute it as

3(∆min/Lt)
2/3 where ∆min is the smallest grid

cell size and Lt = k
3/2
tot /ε. Foroutan & Yavuzkurt

(2014) derives an expression from the energy spec-
trum which reads

fk = 1−

[

(Λ/∆)2/3

0.23 + (Λ/∆)2/3

]9/2

(4)

In Davidson (2016), the expression in Eq. 2
was found to give far too small fk. The form in
Eq. 1 and 3 were evaluated but it was found that
a constant fk = 0.4 in the LES region is superior.

The present paper is based on the work
in Friess et al. (2015) where they derived a relation
between DES and PITM. They showed that the
DES model could be formulated using fk. They
call this model an equivalent DES model. The
relation between DES and PITM/PANS is used
in the present work, but it is used the other way
around: a new form of fk is derived based on the
DES model.

2 The PANS and PITM

Model

The low-Reynolds number Partially-Averaged
Navier-Stokes (LRN PANS) turbulence model
reads

dk

dt
=

∂

∂xj

[(

ν +
νt
σku

)

∂k

∂xj

]

+ Pk − ε (5)

dε

dt
=

∂

∂xj

[(

ν +
νt
σεu

)

∂ε

∂xj

]

+ Cε1Pk
ε

k
− C∗

ε2

ε2

k

νt = Cµfµ
k2

ε
, Pk = 2νts̄ij s̄ij , s̄ij =

1

2

(

∂v̄i
∂xj

+
∂v̄j
∂xi

)

C∗

ε2 = Cε1 +
fk
fε

(Cε2f2 − Cε1), σku ≡ σk
f2
k

fε
, σεu ≡ σε

f2
k

fε

σk = 1.4, σε = 1.4, Cε1 = 1.5, Cε2 = 1.9, Cµ = 0.09
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where d/dt = ∂/∂t+ v̄j∂/∂xj denotes the material
derivative. The damping functions are given by

f2 =

[

1− exp
(

−
y∗

3.1

)

]2 {

1− 0.3exp

[

−
(Rt
6.5

)2
]}

fµ =

[

1− exp
(

−
y∗

14

)

]2
{

1 +
5

R
3/4
t

exp

[

−
( Rt
200

)2
]

}

Rt =
k2

νε
, y∗ =

Uεy

ν
, Uε = (εν)1/4 (6)

The functions fk = k/(k+kres) and fε denote the
ratio of modeled to total kinetic energy and mod-
eled to total dissipation, respectively. For high
Reynolds numbers (as in the present work), the
dissipation is modeled which means that fε = 1.
In the PITM model, we set σku ≡ σk and σεu ≡
σε.

fk derived from the equivalence criterion

In Friess et al. (2015) a relation between fk
and the grid step is derived, through the establish-
ment of a statistical equivalence between DES and
PITM. To that aim, they performed perturbation
analyses about the equilibrium states, represent-
ing small variation of the energy partition. They
did the analysis with and without considering in-
homogeneity. That derivation is summarized here
in a homogeneous framework. Let us first consider
the PANS/PITM equations. For equilibrium tur-
bulence dτ/dt = 0 where τ = k/ε, Eq. 5 gives

dτ

dt
=

1

ε

dk

dt
−
k

ε2
dε

dt
=

1

ε

(

P k +Dk − ε
)

−
k

ε2

(

Cε1
ε

k
P k +Dε − C∗

ε2

ε2

k

)

= 0
(7)

where Dk and Dε denote the diffusion term for k
and ε, respectively. For local homogeneous turbu-
lence (i.e. Dk = Dε = 0), it can be written

γ(Cε1 − 1)Sk = (C∗

ε2 − 1)ε

γ =
P k

Sk
, S = (2s̄ij s̄ij)

1/2
(8)

The quantities that are affected by the partition
between modeled and resolved turbulence (i.e. fk)
in Eq. 8 are γ, S, k and C∗

ε2.
1 Differentiation gives

δγSk + δSγk + δkγS =
δC∗

ε2ε

Cε1 − 1
(9)

so that

δγ

γ
+
δS

S
+
δk

k
=

δC∗

ε2ε

(Cε1 − 1)γSk
=

δC∗

ε2

C∗

ε2 − 1
(10)

Equation 10 was derived for the PANS/PITM
equations. Now we repeat the derivation for the

1ε is independent of fk provided that no dissipation is
resolved, which corresponds to fε = 1
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Figure 1: The geometry of the hump.

DES equations. The differences between DES and
PITM/PANS are that in DES (i) C∗

ε2 = Cε2 is con-
stant and (ii) the dissipation term in the equation
for modeled energy k is replaced with ψε, where

ψ = max
(

1, k
3/2/ε

CDES∆

)

dk

dt
=

∂

∂xj

[(

ν +
νt
σk

)

∂k

∂xj

]

+ Pk − ψε (11)

dε

dt
=

∂

∂xj

[(

ν +
νt
σε

)

∂ε

∂xj

]

+ Cε1Pk
ε

k
− Cε2

ε2

k

Assuming dτ/dt = 0 and local homogeneous tur-
bulence gives

γ(Cε1 − 1)Sk = (Cε2 − ψ)ε (12)

We differentiate so that

δγ

γ
+
δS

S
+
δk

k
= −

dψε

(Cε1 − 1)Skγ
= −

dψ

Cε2 − ψ
(13)

Equations 9 and 13 describe how C∗

ε2 and ψ de-
pend on variations in γ, S and k. The parameters
C∗

ε2 and ψ vary from Cε2 and 1 (RANS values),
respectively, to C∗

ε2 and ψ(∆) (LES values). Com-
bining Eqs. 9 and 13 and integrating from RANS
to LES conditions (C∗

ε2 and ψ)

∫ C∗

ε2

Cε2

dC∗

ε2

C∗

ε2 − 1
=

∫ ψ

1

−
dψ

Cε2 − ψ
⇒

ln

(

C∗

ε2 − 1

Cε2 − 1

)

= ln

(

Cε2 − ψ

Cε2 − 1

)

(14)

By using the expression for C∗

ε2 in Eq. 5 (with
f2 = 1), and ensuring that 0 < fk ≤ 1 we finally
get

fk = max

[

0,min

(

1, 1−
ψ − 1

Cε2 − Cε1

)]

(15)

3 Results
The new formulation of fk is evaluated and com-
pared with k − εDES in two test cases, fully devel-
oped channel flow and the hump flow, see Fig. 1.

Channel flow
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Figure 3: Channel flow. Viscosity, fk and ψ. Reτ = 5 200.
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Figure 5: Hump flow. Velocities. : PANS; : DES; : PITM. Markers: Experiments.

The Reynolds number is defined as Reτ =
uτδ/ν = 5 200 where δ denotes half channel
height. The streamwise, wall-normal and span-
wise directions are denoted by x, y and z, respec-
tively. The size of the domain is xmax = 3.2,
ymax = 2 and zmax = 1.6. The mesh has
32× 96× 32 cells in the x− y − z directions.

Figure 2 presents the velocity and the tur-
bulent kinetic energy profiles. As can be seen,
all velocity profiles exhibit a small bump near
y+ = 1000; otherwise they agree well with the
DNS profile. The predicted turbulent kinetic en-
ergies with PANS and PITM agree well with DNS
for y+ & 500 whereas DES gives slightly too small
a value. Also the modeled turbulent kinetic energy
is smaller for DES than for PITM/PANS. The rea-
son they differ is that the assumption of homoge-
neous turbulence made when deriving Eq. 15 is
not satisfied.

Figure 3 shows the turbulent viscosity, fk and
ψ. The turbulent viscosity is smaller for DES than
for PANS/PITM which is in line with the smaller
modeled turbulent kinetic energy in Fig. 2b. The
peak in turbulent viscosity is lower with PANS
than with PITM because the turbulent diffusion
in the PANS model is much larger due to the
small turbulent Prandtl numbers in the k and
ε equations. Figures 3b and 3c show that the
PANS/PITM and DES models switch from RANS
to LES at the same location (y+ ≃ 200, see insets).
The observed fk

fk,obs = 〈k〉/(〈k〉+ kres) (16)

is much smaller than the prescribed fk, see Fig. 3b.

Hump flow

The Reynolds number of the hump flow is
Rec = 936 000, based on the hump length, c = 1,
and the inlet mean velocity at the centerline, Uin,c.
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Figure 6: Hump flow. fk. : PANS; : PITM; : fk,obs: PANS; : fk,obs: PITM (see Eq. 16).
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Figure 7: Hump flow. Turbulent viscosity. : PANS; : DES; : PITM.

In the present simulations, the value of ρ, c and
Uin,c have been set to unity. The configuration
is given in Fig. 1. Experiments were conducted
by Greenblatt et al. (2004, 2005). The maximum
height of the hump, h, and the channel height,
H , are given by H = 0.91 and h = 0.128, respec-
tively. The mesh has 304 × 108 × 32 cells with
Zmax = 0.2 and it is taken from the NASA work-
shop.2 The inlet is located at x = 0.5 and the
outlet at x = 4.0.

The inlet conditions (U , V , k and ε) are taken

2https://turbmodels.larc.nasa.gov/nasahump val.html

from a 2D RANS simulation using the AKN k− ε
turbulence model (Abe et al. 1994) coupled to the
EARSM model (Wallin & Johansson 2000). Syn-
thetic isotropic fluctuations are superimposed on
the 2D RANS velocity field. The synthetic fluc-
tuations are scaled with the RANS shear stress
profile. To reduce the inlet k, prescribed from 2D
RANS, a commutation term ∂fk/∂x is used. In
the DES simulations, a term corresponding to a
reduction of fk from 1 to 0.4 at the inlet is em-
ployed. For more detail on inlet synthetic fluctu-
ations and the commutation term, see Davidson
(2016).
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Figure 2: Channel flow. Reτ = 5 200. Mark-
ers: DNS
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Figure 4: Hump flow. Skinfriction. : PANS;
: DES; : PITM. Markers: Experiments.

Figures 4 and 5 compare predictions with ex-
periments and, as can be seen, the agreement is
very good for all three models. The predicted
skinfrictions show a small bump near the inlet,
and the reason is (at least partly) that a differ-
ent RANS turbulence model (EARSM) was used
in the 2D RANS simulations than the underlying
RANS model in the PANS/PITM/DES simula-
tions. The strength of the backflow is slightly un-
derpredicted by all models at x = 0.8 (the PITM
model gives the weakest backflow) compared to
experiments.

Figure 6 presents fk for PANS and PITM. fk
for PANS and PITM are very similar in the bound-
ary layer and in the recirculating region. But
in the region above the recirculating region for
0.8 ≤ x ≤ 1.1, fk is much smaller for PITM than
for PANS. The reason is that the RANS inlet pro-
file of k has a secondary peak at y = 0.15, see
Fig. 8a. With PITM, this peak is transported
downstream to x = 0.65 (Fig. 8b) and gives a large
peak in the turbulent lengthscale at x = 0.65, see
Fig. 8c. The large turbulent lengthscale results
in a large ψ (see Eq. 11), which gives a small fk
(see Eq. 15). PANS, on the other hand, has no
problems with the secondary peak of k at the in-
let. Thanks to the large diffusion in k and ε (recall
that the turbulent Prandtl numbers in the k and ε



equations are divided with f2
k ), the peak is quickly

smoothed out. The secondary peak in k has dis-
appeared at x = 0.65, see Fig. 8b. However, it
should be noted that the small fk in the PITM
model has negligible influence on the mean flow.
In the outer part of the flow, fk is equal to one
since the resolved turbulence is zero.

The observed fk (see Eq. 16) is also shown in
Fig. 6. It is fairly similar to fk in the bound-
ary layer at x = 0.65 but further downstream in
the recirculation region the observed fk is approxi-
mately half as large as the prescribed fk. In the at-
tached flow region the observed fk is much smaller
than the prescribed fk.

Figure 7 shows the turbulent viscosity for
the three models. As in the channel flow,
the turbulent viscosity is smaller for DES than
PANS/PITM. The peak for PITM at x = 065,
y = 0.15 corresponds to the peak in k (Fig. 8b).

4 Concluding remarks
A new formulation for prescribing fk has been pre-
sented. It gives good results and according to the
experience of the first author, it is better than
any other form of fk presented in the literature.
So what is the advantage of using PANS/PITM
instead of DES? One advantage is that PANS and
PITM have a much stronger theoretical founda-
tion than DES. The former models are rigorously
derived (but quite different derivations!) whereas
DES is an ad-hoc (but very successful) modifica-
tion of a RANS model. Another advantage of
PANS/PITM is that the modified partition be-
tween modeled and resolved turbulence due to
non-uniform grids can be accounted for by adding
a term in the k and momentum equations based on
the gradient of fk (Girimaji & Wallin 2013, David-
son 2016). Future work will focus on a thorough
theoretical derivation of the relationship between
fk and the grid step, by accounting for inhomo-
geneity.
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