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1 Equation

The 2D equation reads
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or in vector notation

V. (kVT)+ S =0.

2 Discretization

Integrate Eq. 1 over a control volume
/ V- (kVT)+ S]dV = 0.
v
Rewrite the divergence term using Gauss’ law

/(kVT)-dA+/SdV:0.
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where dA is the (vector) area bounding the volume V. Using dA = n|dA| =

ndA, where n is the unit normal vector of dA we get

/(kVT)-ndA—i—/ SdV = 0.
A 14
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Now we concentrate on the area integral (term 1 = T3). Write out the dot
product so that

oT oT
T = /A (kVT) -ndA = /Ak: (%nz + a—yny) dA

Going from the continuous level (integral) to the discrete level (sum) we can

write
or oT
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Term T is a (negative) heat flux, i.e.

T = Z —Q; (3)

i=e,w,n,s

Let us look at the heat flux at the east face e

) T T
—Q = ka—Anz + kza—Any (4)
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In term I we need to express 0T/0x. In order to do that we use Gauss’ law
over a control volume centered at face e (dashed control volume in Fig. 1). To
compute 9T'/0x we use the z-component of the normal vector n = (n,, n,), i.e.
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Assuming that 0T /0x is constant in the volume V' we obtain
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For the east we we can write (see Fig. 1)
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The high index e (in n¢ for example) denotes that the normal vector is related
to the control volume centered at e. The dashed control volume in Fig. 1 is
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Figure 1: Control volume. Temperature T and konductivity k are stored at
nodes (P, E, ...). Coordinates x,y are given at the corners (ne, nw, ...). Solid
lines shows the ordinary control volume. Dashed line shows the control volume
centred at face e which is used when computing (0T /0x). and (0T /0y)..



chosen so that (n¢A)gp = —(ntA)p = (nyA)e, and (n&A)pe = —(n¢A)se, which
gives

<Z_§>e = Vie {(Ang)e(Te — Tp) + (An)ne(The — Tse)} (5)

We derive an analogous expression for (07/0y). as

(%) — 5 (AT = To) + (Ang) o (T — 7o)} (6)

and insert Eqgs. 5, 6 into Eq. 4 we get
. keAe e €
—Qe = Te {(nie + nie)(TE —Tp)Ac + [nre(Anz)ne + nye(Any)ne] (Tne — Tse)}e (7)

Since n is a unit vector n2, 4+ nZ, =1, it can be written
- keAe e e
7Qe = Te {(TE - TP)Ae + [nze(Anz)ne + nye(Any)ne} (Tne - Tse)} (8)

Having derived Q., we derive Qw, Q. and Q, in the same way and insert the
heat fluxes into Eq. 3 and include the source term (term II in Eq. 2), we arrive
at the discretized equation

apTp = agTe+awTw +anTn +asTs+b
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2.1 The temperature at corners

The temperature is stored at nodes (P, E, ...), but we need also the temperature
at corners (ne, se, ...). The easiest way is compute it as 1/4-th of its node-
neighbours. The temperature 7)., for example, is computed as

1
The = 1 (Te +Tye +Tn +Tp)

2.2 Geometrical quantities

It is useful to first compute the unit vectors s along the control volume. For the
east face, for example, we get

s - Tne — Tse
ex —
de
. Yne — Yse
Sy = T
e
de = \/(-Tne - -Tse)2 + (yne - yse)2

(note that the area of the east face A, is equal to d. since Az = 1). The relation
between the normal vector n, s and the unit vector in the z-direction

SXZ = n,

gives us the normal vector for the east face as

Nex = Sey

Ney = —Seq-

When computing the s,.-vector, we can assume that it is parallel to the
vector from node P to node E. Compute the coordinates of the nodes as 1/4-th
of the surrounding grid points. For node P, for example, we obtain

rp = Z (-Tne + Tpw + Tsw + xse)
1
yp = Z (yne + Ynw + Ysw + yse)

The volume V, of the dashed control volume in Fig. 1 can be computed as

1
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where the volume of the control volume P, for example, is computed as the
vector product

Vp = %|a x b|

Ay = Tpe— Tsw
ay = Yne — Ysw
be = Tnw — Tse
by = Ynw — Yse-

This vector product has the form

axb=|a, ay 0 |=(0,0,a.b, —ayb,)
by b, 0



