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This paper presents and discusses numerical simulations of forced convection heat transfer in a
rotating square duct at high rotation rates. The mean pressure gradient has been kept constant in the
simulations that were conducted with a second order finite volume code with a dynamical localized

subgrid scale model. The rotation number based on the bulk velocitysRo=2VD / Ūbd was varied

from 0.12 to 6.6 and consequently the Reynolds numbersRe=ŪbD /nd ranged from 3900 to 1810
according to the fact that rotation tends to increase the pressure drop in the duct. A model for
estimating the velocities and the corresponding friction coefficient has been developed by
analytically solving simplified versions of the momentum budgets within the Ekman layers
occurring near the opposite two walls of the duct perpendicular to the rotation axis. The model
reproduces accurately the velocity profiles of the numerical simulation at high rotation rates and
predicts that the boundary layer quantities scale asEk1/2 sEk=n /VD2d. At Ro.1 the Ekman layers
are responsible for most of the pressure drop of the flow while the maximum heat transfer rates are
found on the wall where the stratification of thex-momentum is unstable with respect to the Coriolis
force. Rotation enhances the differences between the contributions of the local friction coefficients
and local Nusselt numbers of the four walls of the duct and considerably increases, in comparison
with the non-rotating case, the pressure drop of the flow and the Nusselt number. The overall friction
coefficient of the measurements and the simulations existing in the literature, as well as the present
numerical predictions, are well correlated with the equation 1.09sCf/Ek1/2d1.25=Ro in the range
Roù1 for Reø104. © 2005 American Institute of Physics. fDOI: 10.1063/1.1941365g

I. INTRODUCTION

The prediction and the analysis of the effects of rotation
on duct flows have been motivated mainly by their implica-
tions in engineering fields concerned with flow and heat and
mass transfer processes in rotating devices that can be en-
countered in technologies such as turbine blade cooling, con-
ventional centrifugal separation and centrifugal membrane
separation. Numerical and experimental studies dealing with
turbulent channel flows, subjected to rotation around an axis
parallel to the spanwise direction, have shown that the tur-
bulent mixing of fluid particles is enhanced in the regions of
the flow where the streamwise momentum is unstably strati-
fied with respect to the Coriolis forcesunstable side or pres-
sure sided while a reduction of mixing is observed where the
streamwise momentum is stably stratifiedsstable side or suc-
tion sided.1–3

In finite aspect ratio ducts, the Coriolis force generates
persistent secondary flows that contribute to the mixing pro-
cesses between the stable and unstable side of the duct. Es-
sentially, the time averaged secondary flows consist in two
large counter-rotating cells that convect low momentum fluid
from the stable side to the unstable side across the central
region of the duct and from the unstable to the stable side
along the sidewalls.4,5 The convective transport in the central

region of the duct displaces the maximum of the streamwise
velocity component toward the unstable wall and conse-
quently reduces the extension of the cross section of the duct
in which the unstable stratification occurs. At sufficient large
rotation rates the flow in the stable side can be relaminarized.
In spite of the corresponding augmentation of the mean shear
rate in the unstable side, as the rotation rate is increased,
there is an overall reduction of the turbulent kinetic energy
produced by the convective transport from the stable side to
the unstable side of the secondary flows.

The head loss and the overall heat transfer rate are con-
siderably increased by the effect of rotation in comparison
with the non-rotating case, as reported in numerical
simulations4 and experiments.6 At the Reynolds number con-
sidered in these workssRe<104d the increase of the overall
friction coefficients and Nusselt number is produced by the
augmentation of the mean shear rate in the unstable side and
by development of the Ekman layers along the walls of the
duct perpendicular to the rotation axis.

This study analyzes the effect of rotation on the friction
coefficient and Nusselt numbers at low Reynolds numbers
sRe,3900d. The physical and mathematical models are de-
scribed in Sec. II and the numerical results are presented and
discussed in Sec. III.
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II. MODEL

Figure 1 shows the physical model and the coordinate
system adopted. The duct is rotating with a constant rotation

rate with respect to an axis parallel to thez direction, VW

=s0,0,Vd, as indicated in Fig. 1. The four walls of the duct
are heated with a uniform and constant axial wall heat flux
sqw9 d and constant peripheral wall temperature. This boundary
condition denoted as H1, following the nomenclature pro-
posed by Shah and London,7 idealize practical situations in
which the axial heat rate per duct length is constant and the
wall conductance, defined as the ratio between the wallskwd
and the fluidskd thermal conductivities multiplied by the
ratio between the hydraulic diameter of the ductsDd and the
wall thicknesssdd si.e., C=kw D /k dd, attains large values.
The flow, which is driven by an externally imposed pressure
gradient, is assumed to be hydrodynamically and thermally
fully developed. The physical properties of the fluid, with a
Prandtl number of 0.7, are assumed to be constant and the
gravitational and centrifugal buoyancy effects are neglected.

The large-eddy simulationsLESd technique has been
used to keep the computational requirements at a moderate
level for the turbulent flow simulations. The resolved scales
and the corresponding governing transport equations are de-
fined by the filtering operation. The non-dimensional filtered
continuity, momentum and thermal energy equations are
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respectively.
The scales used to obtain the non-dimensional variables

are the hydraulic diameter of the ductsDd, the average fric-
tion velocity sutd and the friction temperaturesTt

=qw9 /rCputd. The non-dimensional temperature is defined as
u=skTwl−Td /Tt , wherekTwl is the peripheral wall tempera-
ture that is independent ofy andz and varies linearly along
the x direction according to the fully developed assumption.
Under this condition the variation of the bulk temperature

and the peripheral wall temperature along the streamwise
direction can be written as dTb/dx=dkTwl /dx

=4qw9 /rCpŪbD. Pressure is scaled with the average wall
shear stress,tw=rut

2.
The different terms on the right-hand side of Eq.s2d are,

from left to right, the imposed non-dimensional pressure gra-
dient along the streamwise direction, the gradient of the fluc-
tuating pressure, the subgrid scale contribution, the viscous
diffusion term and the Coriolis term. Figure 1 shows the
direction of the components of the Coriolis acceleration ac-
cording to the system of coordinates adopted. The centrifugal
acceleration, which is considered constant, is included in the
non-dimensional mean pressure gradient. In Eq.s2d, e is the
Levi–Civita’s alternating tensor and Ret=utD /n and Rot
=2VD /ut are the Reynolds and the rotational numbers, re-
spectively. The first term on the right-hand side of the ther-
mal energy balancefEq. s3dg corresponds to the non-
dimensional mean temperature gradient along the streamwise
direction. In this term,Ub is the non-dimensional bulk veloc-

ity sUb=Ūb/utd. The second and third terms on the right-
hand side of Eq.s3d are responsible for the subgrid scale
transport and the heat conduction, respectively.

The Reynolds number based on the hydraulic diameter
of the duct and the averaged friction velocity has been kept
constant in the simulations, Ret=300 si.e., constant imposed
pressure gradientd as indicated in Table I that summarizes the
complete set of simulations analyzed in this study. The rota-
tion numbers were increased from Rot=3 to Rot=40 and,
consequently, the Reynolds number decreased from 3420 to
1810. The numerical simulations were carried out with the
CALC-LES code, a finite volume second order accuracy code,
using the localized one-equation dynamic subgrid-scale
sSGSd model proposed by Kim and Menon.8 The details
about the code and the SGS model can be found in Sohankar
et al.9 and Kim and Menon,8 respectively. This model has
been used successfully in the simulations of turbulent rotat-
ing channel and duct flows.5 The localized dynamic SGS
model used predicts a negligibly small SGS viscosity ratio
snSGS/nd in the regions where the flow has been relaminar-
ized by the effect of rotation or at the lowest Reynolds num-
ber consideredsRe=1810d. At this low Reynolds number the
maximum value of the rationSGS/n is 10−4 and there are no
significant differences between the averaged flow fields, lo-
cal Nusselt numbers and local friction coefficients predicted
by LES and direct numerical simulationsDNSd. Following
Pallares and Davidson,10 a constant SGS Prandtl number
sPrSGS=nSGS/aSGS=0.4d was used to compute the SGS heat
fluxes according to the small effect of this approximation
considering the grid resolution used. These authors did not
observe any significant difference between the averaged ve-
locities and temperature distributions, as well as the turbu-
lence intensities and turbulent heat fluxes in simulations of
rotating forced convection at low Reynolds numbers and
Rot=1.5 using two different values of PrSGS

sPrSGS=0.4 and 0.8d. As an example, at Rot=1.5, the maxi-
mum differences in the averaged temperature profiles near
the unstable wall are within 1.5% and the difference of the
Nusselt number of both simulations is only 1%. The increase

FIG. 1. Physical model and coordinate system.
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of the value of PrSGSfrom 0.4 to 0.8 produces a slight reduc-
tion of the SGS thermal diffusivity according to the proce-
dure used to compute the SGS thermal diffusivitysaSGS

=nSGS/PrSGSd. This reduction of the SGS terms in the ther-
mal energy equation is mainly balanced by the increase of
the resolved turbulent heat fluxes. It is expected that, as the
rotation number is increased, the assumption of a constant
value of PrSGS becomes even less important because of the
overall reduction of the turbulence level of the flow and,
consequently, of the contribution of the SGS terms. Under
the conditions of the simulations the adoption of a constant
PrSGS is justified considering that the use of a dynamical
procedure to compute the SGS thermal diffusivity doubles
the computational cost of the SGS model.

It should be noted that the centrifugal buoyancy effects
are not considered in the simulations. The set of non-
dimensional parameterssRet=300,1.5øRotø40,Pr=0.71d
that has been chosen may correspond to physical situations
in which air, at ambient temperature and pressure, flows
sUb<6 m/sd in small ductssD<5 mmd in the range of ro-
tation speeds from 1500 rpm to 35 000 rpm, usually encoun-
tered in gas turbines and industrial centrifuges. Under these
conditions and at Rotø20, a wall heat flux density of about
200 W/m2 produces values of the centrifugal buoyancy
parameter,10 sGr/Ret

2d, which contributes to the streamwise
momentum equation, that are less than 2% of the imposed
non-dimensional pressure gradient along the streamwise di-
rection. At higher rotation ratess30øRotø40d this contri-
bution of the centrifugal buoyancy term is increased up to
35% and the heat transfer results in this range of rotational
numbers presented in this study have to be considered with
this limitation.

The non-slip boundary condition and a constant non-
dimensional temperaturesu=0d were applied at the four
walls. Periodic boundary conditions for the non-dimensional
velocities, pressure and temperature were used at the inlet
and outlet of the duct. The computational domainsLx

=6D ,Ly=Lz=Dd was divided into 66366366 grid nodes
that were stretched near the wall using a tanh function and

uniformly distributed along the homogeneous streamwise di-
rection sDx+<29d. The minimum and maximum grid spac-
ing in wall coordinates along the directions perpendicular to
the walls are sDy+dmin=sDz+dmin<0.4 and sDy+dmax

=sDz+dmax<9. The simulations of non-rotating duct flow at
Re=4500 using this grid resolution and the dynamic local-
ized SGS model were initially carried out and results were
compared successfully in Pallares and Davidson11 with exist-
ing experimental and DNS data.

To determine the effect of the streamwise length of the
computational domain and the effect of the grid resolution on
the relevant parameters of the rotating duct flow simulations
presented in this study, two sets of large-eddy simulations at
the minimum and maximum rotational numbers considered
sRot=1.5 and Rot=40d have been carried out. In the first set
the computational domain has been extended toLx

=12D ,Ly=Lz=D using the same grid resolutionsi.e., 130
366366 grid nodesd. In the second set the simulations were
performed in the extended domainsLx=12D ,Ly=Lz=Dd in-
creasing the number of grid nodes in each direction 30%.
The corresponding grid has 171386386 grid nodes and
grid spacing of Dx+<22, sDy+dmin=sDz+dmin<0.3 and
sDy+dmax=sDz+dmax<7. Table I shows that the differences
between the averaged quantities obtained with the different
grid resolutions are within 2% at Rot=1.5 and only 0.5% at
Rot=40.

III. RESULTS AND DISCUSSION

A. Mean flow and thermal fields

During the simulations, the averaging procedure was
started when the flow was statistically fully developed. The
flow quantities were averaged along the homogeneous
x-direction as well as in time, typically during 50–70 non-
dimensional time units. Time andx-direction averaged flow
fields progressively tended to be symmetric with respect to
z=0.5 as the sampling size was increased. Consequently,
symmetry of the mean flow field with respect toz=0.5 was
enforced in order to increase the sampling size.

TABLE I. Non-dimensional numbers of the simulations obtained with a computational domain of dimensionsLx=6D, Ly=Lz=D and 66366366 grid nodes.
s *d Data corresponding to the extended domainsLx=12D, Ly=Lz=D and 130366366 grid nodesd and s ** d to simulations using a finer gridsLx=12D, Ly

=Lz=D and 171386386 grid nodesd.

Ret

sutD /nd
Rot

s2VD /utd
Re=Ub Ret

sŪbD /nd
Ro=Rot /Ub

s2VD / Ūbd
Cf

s2tw/rŪb
2d

Nu
shD/kd

Ek1/2

sÎn /VD2d

300 1.5 3900
s3880d*

s3860d**

0.12
s0.12d*

s0.12d**

0.01185
s0.01196d*

s0.01211d**

16.61
s16.74d*

s16.80d**

0.067

3 3420 0.26 0.01535 18.86 0.047

5 3080 0.49 0.01885 20.58 0.037

7 2870 0.73 0.02187 21.82 0.031

10 2650 1.13 0.02564 22.61 0.026

20 2250 2.66 0.03548 20.40 0.018

30 2000 4.49 0.04487 16.39 0.015

40 1810
s1810d*

s1820d**

6.62
s6.62d*

s6.58d**

0.05474
s0.05474d*

s0.05434d**

13.29
s13.29d*

s13.33d**

0.013
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Figures 2sad–2sfd show the average flow fields at Rot

=3, 5, 7, 20, 30, and 40. In these figures, the cross-stream
vector fields are represented on the left while the streamwise
velocity and temperature contours are depicted on the right.
In the left part of Figs. 2sad–2sfd only every second vector is
shown.

The effects of low rotation ratess0øRotø1.5d in tur-
bulent duct flow at Ret=300 were investigated by Pallares
and Davidson.5 These authors found that at Rot=1.5 sRe
=3900d, the turbulence intensities of the flow are concen-
trated near the unstable wallsy=0d and near the sidewalls
sz=0 andz=1d. The flow can be considered laminar in the

central part of the duct where cross-stream convection of
x-momentum from the stable side to the unstable side pro-
duces the stabilization of the flow to a Taylor–Proudman
regime si.e., the streamwise velocity component does not
vary along the direction of the axis of rotationd.

The topologies of the average flow field at Rotø7,
shown in Figs. 2sad–2scd, are similar to that reported in Pal-
lares and Davidson5 at Rot=1.5. The averaged cross-stream
vector field consists of two large stretched secondary flows
near the sidewallssz=0 andz=1d and two small secondary
cells near the unstable wallsy=0d. The increase of the rota-
tion number from Rot=1.5 sRe=3900d to Rot=3 sRe

FIG. 2. Averaged flow and tempera-
ture contours atsad Rot=3, sbd Rot

=5, scd Rot=7, sdd Rot=20, sed Rot

=30, andsfd Rot=40. The streamwise
velocity/temperature contours are de-
picted with continuous/dashed lines.
The vector near the bottom left corner
has a unit length.
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=3420d produces the enlargement of the small secondary
cells and a displacement of maxima of the streamwise veloc-
ity component toward the sidewallsfsee Fig. 2sadg. These
changes in the mean flow field near the unstable wall can be
attributed to the reduction of the turbulence intensities in this
region. It can be seen in Figs. 2sad–2scd that at Rotø7 the
distribution of the averaged temperature contours in the cross
section of the duct is similar to that of the streamwise veloc-
ity component. There is a stratification of the contours of
temperature andx-velocity component in the central part of
the duct and the corresponding maxima occur near the bot-
tom corners. At Rotù20 the temperature contours have a
marked different distribution in comparison with the con-
tours of the streamwise velocity component as shown in
Figs. 2sdd–2sfd. It can be seen that the temperature distribu-
tions are not stratified but have a maximum near the unstable
wall in the symmetry planez=0.5. These differences be-
tween thex-velocity component and temperature distribu-
tions can be attributed to the fact that at high rotation rates
the relaminarization of the flow and the important contribu-
tion of the Coriolis term in thex-momentum equation com-
pletely invalidate the analogy between thex-momentum and
the thermal energy balances.

Figure 3 shows the evolution of the non-dimensional
volume averaged kinetic energy of the velocity fluctuations,
scaled with the bulk velocity, kKlV=sku82l+kv82l
+kw82ld /2Ub

2, as a function of the rotational number. The
data at Rotø1.5 reported by Pallares and Davidson5 are also
included in this figure. Note that the increase of the rotational
number produces a reduction of the Reynolds numbersRe
=RetUbd based on the bulk velocityssee Table Id, if the
averaged pressure gradient along thex-direction, or the value
of Ret, is kept constant. The scaling chosen forkKlV makes
the results at different Reynolds numbers more comparable.
As shown in Fig. 3 the important reduction ofkKlV in the

range 1.2øRotø3 s4115.Re.3420d corresponds to the
decrease of the streamwise Reynolds stress component,
ku82l, which receives energy from the production terms that
include the main strainss]u/]y and]u/]zd. For example, the
reduction of kKlV at Rot=1.5 sRe=3900d is 48% and at
Rot=3 sRe=3420d is 73%, with respect to the volume aver-
aged turbulent kinetic energy of the non-rotating casesRe
=4500d. Figure 3 shows that, in the range 7øRotø40, the
fluctuation intensity of the vertical component of the veloc-
ity, kv82l, is the main contributor to the unsteadiness of the
flow. In this range of rotational numbers the flow in most of
the cross section of the duct is laminar and steady and the
velocity intensities are confined to the regions near the un-
stable wall and near the sidewalls. It can be seen in Fig. 3
that the increase of the volume averaged value ofkv82l in the
range 3øRotø10 agrees with the maintenance of large sec-
ondary cells near the unstable wallfsee Figs. 2sad–2scdg,
while the decrease observed in the range 20øRotø40 is
related with their disappearance.

B. Averaged momentum and thermal energy budgets

The non-dimensional averagedx- andy-momentum and
thermal energy balances can be written as
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The different terms of Eqs.s4d–s6d are responsible, from left
to right, for the convective, diffusion, and turbulent transport.
The fourth terms in Eqs.s4d–s6d correspond to the SGS
transport and the fifth terms in Eqs.s4d ands5d are thex and
y components of the Coriolis acceleration. The terms on the
right side of Eqs.s4d and s5d represent the average pressure
gradient along thex- andy-directions, respectively.

Figures 4–6 show the different terms of the momentum
and thermal energy budgets, as they appear in Eqs.s4d–s6d,
along the wall bisectorsz=0.5 fFigs. 4sad and 6sadg and y
=0.5 fFigs. 4sbd, 5, and 6sbdg at the highest rotation rate
analyzed in this studysRot=40d. The averaged profiles of
velocity and temperature are also included in these figures.
At Rot=40 the SGS terms make no significant contribution
to the momentum and thermal energy budgets and have been
omitted in Figs. 4–6.

FIG. 3. Volume averaged kinetic energy of the fluctuations and fluctuation
intensities at different rotation rates. The corresponding Reynolds numbers
sRe=Ret Ubd are included at the top of the figure. Data of Pallares and
DavidsonsRef. 5d in the range Rotø1.5 are also included in this figure.
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Figure 4sad shows that thex-momentum near the stable
wall sy=1d is generated by the mean pressure gradient. This
term is balanced, close to the wall, by the viscous diffusion
and, in the central part of the duct, by the Coriolis term
sRotVd, which is responsible for the reduction of the stream-
wise velocity component as the rotation rate is increased.
Near the unstable wallsy=0d the important contributions of
the fluctuation transport terms to thex-momentum and ther-
mal energy shown in Figs. 4sad and 6sad indicate that the
flow in this region is unsteady even at this low Reynolds
numbersRe=1810d.

As shown in Fig. 2, at high rotation ratessRotù20d the
secondary flow, which consists in two large stretched cells,
generates thin boundary layers near the sidewalls. These
boundary layers are the major contributors to the overall
head loss of the flow as can be inferred from the concentra-
tion of the contour levels near the sidewalls in Fig. 2. Figures
4sbd and 5 show thex- and y-momentum budgets across

these boundary layers. It can be seen in Fig. 4sbd that near
the sidewallz=0 the imposed pressure gradient along the
x-direction is balanced mainly by the viscous diffusion along
the z direction and the Coriolis term. The different contribu-
tions of the terms of the x-momentum budget shown in Fig.
4sbd allow rewriting Eq.s4d near the sidewalls as

1

Ret
S ]2U

]z2 D + RotV < − 4 s7d

and in the central part of the duct as

RotVc < − 4. s8d

At high rotation rates the vertical velocity component is ap-
proximately constant in the central part of the ductfsee Figs.
2sfd and 5g and its value is denoted in Eq.s8d as Vc,Vc

<−4/Rot.
Similarly, the simplifiedy-momentum budget shown in

Fig. 5 near the sidewalls and in the central part of the duct
are

1

Ret
S ]2V

]z2 D − RotU <
]P

]y
s9d

and

− RotUc <
]P

]y
, s10d

respectively. Figure 5 shows that pressure does not depend
on z s]P/]y is constant along thez directiond indicating that
theW velocity component is negligibly small compared with
V fsee, for example, Fig. 2sfdg. Inspection of the momentum
budgets at high rotation rates and at differenty positions
shows that Eqs.s7d–s10d are valid approximations of the
complete momentum budgets in most of the cross section of
the duct, as can be inferred from the flow topology in
Fig. 2sfd.

Rearranging Eqs. s9d and s10d, the simplified
y-momentum budget can be written as

FIG. 4. Time averagedx-momentum budget at Rot=40 along the linessad
z=0.5 andsbd y=0.5.

FIG. 5. Time averagedy-momentum budget at Rot=40 along the liney
=0.5.
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1

Ret
S ]2V

]z2 D − RotsU − Ucd < 0. s11d

The boundary conditions for Eqs.s7d and s11d are at z
=0,U=0,V=0 and atsz/ÎEkd→` ,U=Uc,V=Vc. The solu-
tions to Eqs.s7d and s11d and the corresponding boundary
conditions can be expressed as

U = UcS1 − cosS z
ÎEk

De−z/ÎEkD − VcSsinS z
ÎEk

De−z/ÎEkD ,

s12d

V = VcS1 − cosS z
ÎEk

De−z/ÎEkD + UcSsinS z
ÎEk

De−z/ÎEkD ,

s13d

where Ek is the Ekman numbersEk=n /VD2=2/RoRed. The
only unknown parameter in Eqs.s12d ands13d is the stream-

wise velocity component in the center of the duct,Uc, since
Vc=−4/Rot according to Eq.s8d. The values of the deriva-
tives of the profiles of Eqs.s12d and s13d at the symmetry
midplanez=0.5 are proportional toe−1/2ÎEk and consequently
negligibly small at high rotation ratessi.e., small values of
Ekd. It can be seen in Fig. 7 that the numerically predicted
velocity profiles at Rot=40 along the liney=0.5 agree with
the analytical solutions using the value ofUc obtained in the
simulations. A similar agreement between the analytical so-
lutions and the numerical results is found in the range 0.15
,y,0.85 at Rot=40. An estimation ofUc can be obtained
by imposing that the averaged vertical velocity profile given
in Eq. s13d in the range 0øzø0.5 is zerosi.e., the descend-
ing flow rate pumped by the Coriolis force in the central part
of the duct is equal to ascending the flow rate within the
vertical boundary layerd:

Uc < Vcs1 − 1/ÎEkd. s14d

The use of Eqs.s12d ands13d to predict the velocity profiles
is subjected to the validity of the simplified momentum bud-
gets of Eqs.s7d, s8d, and s11d. These equations express the
balance between the pressure gradient terms, the Coriolis
acceleration and the viscous term within the Ekman layer. In
the central part of the duct where the flow has been relami-
narized by the effect of rotation the balance is produced by
the pressure gradient terms and the Coriolis terms. At mod-
erate rotation ratess1.5øRotø10d the vertical convection
of x-momentums−V]U /]yd contributes, in the central part of
the duct, together with the Coriolis termsRotVd to balance
the imposed pressure gradient along thex-direction. For ex-
ample, the ratios−V]U /]yd / sRotVd in the central part of the
duct is about 12 at Rot=1.5, 0.9 at Rot=10, 0.2 at Rot=20
and 0.03 at Rot=40. Consequently, the velocity profiles of
Eqs. s12d and s13d can be used to estimate boundary layer
quantities for Rotù20. For example, the boundary layer
thicknesses defined as the distance from the wall to the po-
sition of the maximum velocity are forU ,dU<3pEk1/2/4
and forV,dV<pEk1/2/4.

FIG. 6. Time averaged thermal energy budget at Rot=40 along the linessad
z=0.5 andsbd y=0.5.

FIG. 7. Profiles of the streamwise and they-velocity component at Rot
=40 along the liney=0.5. Lines: model given by Eqs.s12d ands13d. Sym-
bols: numerical simulation.
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The non-dimensional bulk velocitysUb=Ūb/utd can be
computed integrating Eq.s12d as

Ub < 2E
0

1/2

Udz< Uc
s1 −ÎEkd2 + ÎEk

1 −ÎEk
+ Ose−1/2ÎEkd.

s15d

The last term in Eq.s15d represents a set of terms that are
proportional toe−1/2ÎEk and consequently can be neglected at
high rotation rates. Equations15d assumes that the velocity
profiles along thez direction, given in Eqs.s12d ands13d, are
valid for most of the cross section of the ductfi.e.,Uc andVc

in Eq. s15d are considered constant along they directiong.
The ratio between the non-dimensional secondary flow

rate per unit lengthsQVd pumped by the Coriolis force and
the non-dimensional bulk velocitysor the streamwise flow
rated is

QV

Ub
=

2

Ub
E

z=0

dV=0

Vdz s16d

wheredV=0 is the non-dimensional distance from the side-
wall to the position whereV=0 ssee Figs. 5 and 7d. This
distance can be computed using the vertical velocity profile
of Eq. s13d. Figure 8 shows thatdV=0 decreases monotoni-
cally, as the Ekman/rotation number is decreased/increased
and that the simulations at Rotù20 reproduce accurately the
theoretical results. As shown in Fig. 8 an approximate ex-
pression fordV=0 sdV=0=pEk1/2d can be used for Ek,0.01
with a 6% of error. The ratio expressed in Eq.s16d is also
plotted in Fig. 8 using the exact dependence ofdV=0 on the
Ekman number included in this figure. Equations15d has
been used to calculateUb in Eq. s16d. It can be seen that the
square root of the Ekman layer characterizes the ratio be-
tween the secondary and the streamwise flow rate for Ek
,0.02. The values of this ratio computed with the results of
the numerical simulation are shown in Fig. 8 and are about

10–20% larger because of the difference between the values
of Ub obtained using Eq.s15d and those of the simulations.

Figures 2sfd and 6sad show that, along the linez=0.5, the
thermal energy from the stable wallsy=1d is advected along
thex andy directions by the streamwise velocity component
and by the Coriolis generated vertical velocity component.
According to this the thermal energy equationfEq. s6dg in
this region can be written as

4U

Ub
− V

]Q

]y
< 0. s17d

The temperature gradient, which is moderately constant in
the stable region of the flow along the vertical symmetry
plane of the duct as shown in Fig. 6sad, can be estimated
using Eq. s17d and considering thatUc/Ub<1 and V=Vc

<−4/Rot ,

]Q

]y
<

4Uc

UbVc
< − Rot. s18d

Figure 6sbd shows that near the vertical walls, where the
Ekman layers develop, the main contributors to the thermal
energy budget are thex- andy-advection terms and the heat
conduction term along thez direction. According to this the
simplified energy equation is

− S−
4U

Ub
+ V

]Q

]y
D +

1

Pr Ret
S ]2Q

]z2 D = 0. s19d

The important contribution of they-advection term
sV]Q /]yd at high rotation rates shown in Fig. 6sbd is respon-
sible for the dependence of temperature ony andz fsee, for
example, Figs. 2sdd–2sfdg and prevents the closed solution of
Eq. s19d using the velocity profiles of Eqs.s12d and s13d.

C. Friction coefficients and Nusselt numbers

Figures 9sad and 9sbd show the numerically predicted

overall friction coefficientsCf=2tw/rŪb
2d and Nusselt num-

ber sNu=hD/kd as a function of Ek1/2. The data for the iso-
thermal rotating duct flow reported by Pallares and
Davidson5 in the range Rotø1.5 are also plotted in Fig. 9sad.
The averaged friction coefficients and Nusselt numbers at the
unstablesy=0, Cfu and Nuud, stablesy=1, Cfs and Nusd and
at the two lateral wallssz=0 andz=1, Cfl and Nuld are also
plotted in Figs. 9sad and 9sbd. Note that by definition,
Cf=Cfu+Cfs+Cfl and Nu=Nuu+Nus+Nul. The overall fric-
tion coefficient and Nusselt numbers for non-rotating square
duct flow sCfnr and Nunrd at the corresponding Reynolds
number predicted by the closed solution of the flow and en-
ergy equations in the laminar regime11 and by the conven-
tional correlations in the turbulent regime12,13have also been
included in Fig. 9 for comparison. The local friction coeffi-
cient and sCfnr/4=Cfu=Cfs=Cfl /2 and Nunr/4=Nuu=Nus

=Nul /2d are also indicated in this figure.
Figure 9sad shows that the local friction coefficients on

the unstable wall and on the lateral walls are larger in com-
parison with the non-rotating case. It can be seen that the
local friction coefficient corresponding to the sidewalls is the
main contributor to the total head loss at high rotation rates.

FIG. 8. Evolution of dV=0 and the ratio between the secondary and the
streamwise flow ratessQV/Ubd as a function of Ek1/2.
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At Rot=40, the average wall shear stress associated with the
boundary layers near the two lateral walls is responsible for
80% of the total head loss. The local friction coefficient on
the unstable wall is the second most important contributor to
the overall head loss of the flow. At Rot=1.5 its contribution
is about 33% and only 12% at Rot=40. Note that the contri-
bution of each individual wall is 25% for the non-rotating
case. The contribution of the friction coefficient on the stable
wall, about 10% at Rot=1.5 and 7% at Rot=40, is less sen-
sitive to the rotation rate in the range Rot.1.5 which corre-
sponds to the complete suppression of the turbulence near
this wall.

The values of the friction coefficient on the lateral walls
at high rotation rates can be predicted using the solution of
the simplified momentum budgets analyzed above. The ratio
Ub/Uc of Eq. s15d and the dependence ofUc on Vc of Eq.
s14d can be used to express the ratioUb/Vc as

Ub

Vc
= 1 −S 1

ÎEk
+ ÎEkD . s20d

Considering thatVc<−4/Rot, Eq. s20d can be rewritten as

FIG. 9. sad Overall and wall averaged
friction coefficients andsbd Nusselt
numbers. Filled symbols: overall
quantities. Open symbols: wall aver-
aged quantity alongssd the sidewalls
z=0 andz=1, s,d the unstable wall,
y=0, and snd the stable wall,y=1.
The Reynolds and rotation numbers
based on the bulk velocity correspond-
ing to the different Ekman numbers
are indicated at the top of the figure.
The friction coefficients predicted by
Pallares and DavidsonsRef. 5d in the
range Rotø1.5 sReù3900d are also
included in this figure.
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Cfl =
RoÎEk

2

1

1 −ÎEk + Ek
, s21d

where Cfl is the friction coefficient at the two sidewalls.
Figure 9sad shows that Eq.s21d reproduces accurately the Cfl

in the range Rotù20 according to the fact that in this range
of rotational numbers a balance between the Coriolis force
and the imposed pressure gradient is established in most of
the area of the cross section of the duct.

Figure 9sbd shows that, as the rotation number is in-
creased in the range Rotø10, the local Nusselt numbers on
the unstable and on the lateral walls are monotonically in-
creased, in comparison with the non-rotating case, while the
heat transfer rates are reduced on the stable wall. As shown
in Fig. 3 there is an important reduction of the fluctuation
intensities and, thus, of the turbulent transport terms at Rot

.1.5. Consequently the progressive increase, as the rotation
rate is increased, of the heat transfer rates, in comparison
with the non-rotating case, can be attributed to the enhance-
ment of the advective transport established by the Coriolis
generated secondary flows. The local Nusselt number on the
unstable wall is the main contribution to the overall Nusselt
number in the range of rotational numbers considered with
contributions ranging from 37% at Rot=1.5 to 51% at Rot
=40. The local Nusselt number on the stable wall only is
responsible for the 4–5% of the overall heat transfer rate.

Figure 10 shows the overall friction coefficient for rotat-
ing square duct flow. This figure includes the data from the
LES reported in Murata and Mochizuki4 s7530øRe
ø10 660,0.013øRoø0.930d and Pallares and Davidson5

s4120øReø4500,0.010øRoø0.087d, the experiments by
Mårtenssonet al.6 s104øReø23104,0.15øRoø7.5d and
the results of the present works1810øReø3420,0.12
øRoø6.62d. It can be seen that the data plotted in Fig. 10 in
the range Roù1 are well correlated with Eq.s22d that relates
the friction coefficient, the rotation and the Ekman numbers
similarly to Eq.s21d:

1.09sCf/ÎEkd1.25= Ro. s22d

The differences between the overall friction coefficient pre-
dicted by Eq.s22d and the data plotted in Fig. 10 at Roù1
are within 5% of even the large difference of Reynolds num-
bers between the measurements of Mårtenssonet al.,6

OsRed=104, and the present numerical simulations,OsRed
=103. Figure 10 shows that at Ro,1 the agreement between
Eq. s22d and the numerical and experimental data depends on
the Reynolds number. In fact Eq.s22d reproduces accurately
the predictions at low Reynolds numbers of the present study
while underpredicts by 50–10 % at Ro,1 the experimental
data measured at larger Reynolds numberssRe<104d. This
indicates that the validity of Eq.s22d can be extended to
Ro,1 at low Reynolds numbers.

IV. CONCLUSIONS

This study analyzes numerical simulations of fully de-
veloped forced convection of airsPr=0.7d in a square duct
rotating at high rotation rates. Special attention is given to
the effects of rotation on the local and overall heat transfer
rates and wall shear stresses. The non-dimensional numbers
that characterize these quantities, the Nusselt number and the
friction coefficient depend strongly on the Reynolds and ro-
tation number. As the rotation rate is increased there is a
progressive reduction of the fluctuation intensities of the ve-
locity components. The suppression of the fluctuation inten-
sities is initiated near the wall where the stratification of the
streamwise momentum component is stable with respect to
the Coriolis force. On this wall there is a considerable reduc-
tion of the wall shear stress and the heat transfer coefficients
in comparison with the non-rotating case. The secondary
flows produced by the Coriolis acceleration convect low mo-
mentum fluid from the stable wall to the unstable wall and
progressively reduces the extension of the flow where the
stratification of thex-momentum is unstable with respect the
Coriolis force, as the rotation rate is increased. At low Rey-
nolds numberssRe<2000d the unstable stratification main-
tains the unsteadiness of the flow in this region and the local
Nusselt numbers and friction coefficient on the unstable wall
are larger in comparison with the non-rotation case. On the
other two walls of the duct that are perpendicular to the
rotation axis the secondary flows generates Ekman layers
that are responsible for most of the pressure drop of the flow.
At high rotation rates the boundary layer quantities can be
predicted accurately with the closed solution of the corre-
sponding simplified momentum budgets. The alterations that
rotation induces in the flow such as the persistent secondary
flows and the subsistence of an unsteady flow near the un-
stable wall produce overall friction coefficients and Nusselt
numbers larger than the non-rotation case.
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