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Abstra
tA low Reynolds number (LRN) formulation basedon the Partially Averaged Navier-Stokes (PANS) mod-elling method is presented, whi
h in
orporates im-proved asymptoti
 representation in near-wall turbu-len
e modelling. The effe
t of near-wall vis
ousdamping is thus better a

ounted for in simulationsof wall-bounded turbulent �ows. The proposed LRNPANS model uses an LRN k � " model as the basemodel and introdu
es its model fun
tions into thePANS formulation. As a result, the inappropriate wall-limiting behavior inherent in the original PANS modelis 
orre
ted. The proposed LRN PANS model is s
ru-tinized in 
omputations of turbulent 
hannel �ow andperiodi
 hill �ow. In 
omparison with available DNSor LES data, the LRN PANS model has produ
ed bet-ter predi
tions than the original PANS model, parti
-ularly in the near-wall region and for resolved turbu-len
e statisti
s.1 Introdu
tionIn spite of robust turbulen
e-resolving 
apabilities,it is well known that the use of Large Eddy Simulation(LES) has often been limited to turbulent �ows at rel-atively low Reynolds numbers due to its prohibitivelyhigh requirement on 
omputing resour
es in simula-tions of realisti
 engineering �ows at high Reynoldsnumbers. This has thus motivated intensive studies ofhybrid RANS-LES methods, e.g. Deta
hed Eddy Sim-ulation (DES) by Spalart et al. (1997), S
ale-AdaptiveSimulation (SAS) by Menter (2003) and Partially-Averaged Navier-Stokes (PANS) model by Girimaji(2006).The PANS model was developed with an intentionto smoothly simulate turbulent �ows using a hierar
hi
rank of modelling approa
hes from RANS to Dire
tNumeri
al Simulation (DNS) (Girimaji, 2006). Dif-ferent 
ases were studied using the PANS model, forexample, �ow over a square 
ylinder (Girimaji, 2006),
avity �ow (Basu et al., 2007), a turbulent square jet(Girimaji and Lavin, 2007) and so on. The derivationof the original PANS model has been stemmed fromthe standard RANS k � " model (Girimaji, 2006). It

is well known that in the 
ontext of RANS modellingit is highly inappropriate to dire
tly integrate the stan-dard k � " model to the wall surfa
e. This drawba
kis inherited by the resulting PANS model equations,however. On the other hand, LRN RANS models usu-ally employ empiri
al damping fun
tions in the modelequations, whi
h ensure that the vis
ous stresses takeover turbulent Reynolds stresses at low Reynolds num-bers and in the vis
ous sublayer adja
ent to solid walls.There exist a number of LRN RANS models stemmedfrom the k � " models. Of the existing LRN k � "models, the LRNmodel by Abe et al. (1994) (hereafterthe AKNmodel) has shown reasonable performan
e inmodelling different �ows. The AKN model is an im-proved version of the LRN k�"model by Nagano andTagawa (1990), using the Kolmogorov velo
ity s
ale,u" � (�")1=4, in the damping fun
tion.This work presents an LRN variant of the PANSmodel using the LRN AKN k � " model as the basemodel. The model 
oef�
ients are modi�ed in order toa

ount for near-wall turbulen
e. The proposed modelis examined in simulations of fully developed turbu-lent �ows in a 
lean 
hannel and in a 
hannel withhills mounted periodi
ally on the bottom wall.In what follows, themodelling formulation are pre-sented in Se
tion 2. In Se
tion 3 the numeri
al meth-ods used in the 
omputations are brie�y introdu
ed.The results are then presented and dis
ussed in Se
-tion 4, and the 
on
lusions are drawn in Se
tion 5.2 Modelling formulationFor in
ompressible turbulent �ows, the partial av-eraging to the governing equations gives��ui�xi = 0 (1)��ui�t + �(�ui�uj)�xj = �1� ��p�xi + ��xj �� ��ui�xj � �ij�where �ij is the 
entral se
ond moment resultingfrom the partial averaging for the nonlinear terms,and �ij = (P(UiUj) � �ui�uj), where P denotes thepartial-averaging operator and Ui indi
ates instanta-neous velo
ity 
omponents. This term is similar to



the Reynolds stress tensor in the RANS equations orto the subgrid-s
ale (SGS) stress tensor after the spa-tial �ltering in the LES equations. For simpli
ity, wehave used the terminology of Reynolds stresses for �ijin Eq. (1).In order to formulate the PANS eddy vis
osity,Girimaji (2006) de�ned another two quantities, thepartially-averaged turbulent kineti
 energy, ku and itsdissipation rate "u, so that �u = C�k2u="u. In thederivation of the transport equations for ku and "u,two parameters, fk and f", have been introdu
ed, re-lating the unresolved small s
ales to the resolved �u
-tuating s
ales. Parameter fk de�nes the ratio of un-resolved (partially-averaged) turbulent kineti
 energy(ku) to the total kineti
 energy (k), and f" is the ratiobetween the unresolved ("u) and the total (") dissipa-tion rates. These givek = ku=fk and " = "u=f" (2)The extent of the resolved part is now determinedby fk and f". In his PANS derivation, Girimaji (2006)employed the standard k� "model as the base model.The resulting model is thus termed here the StandardPANSmodel. Below, we re-formulate the PANSmodelbased on an LRN k � " model in order to attain im-proved near-wall asymptoti
 behavior. In
orporatingempiri
al damping fun
tions, a LRN k � " RANSmodel 
an often be 
ast in a general form, the equa-tions 
an be written as�k�t + �(k �Uj)�xj = ��xj ��� + �t�k� �k�xj �+Pk � "�"�t + �(" �Uj)�xj = ��xj ��� + �t�"� �"�xj �+C"1f1Pk "k � C"2f2 "2k�t = C�f� k2" (3)
In Eq. (3), �t is RANS eddy vis
osity, f1, f2 and f�are additional damping fun
tion that have usually beenemployed to 
orre
t the near-wall asymptoti
 proper-ties in the modelling. Moreover, it should be notedthat the RANS mean velo
ity �eld is denoted by �Uiin these equations. As indi
ated by Girimaji (2006),one should have �Ui = h�uii, with the angular bra
ketsindi
ating the time-averaged �ow quantities.Using the same damping fun
tion, f�, as for theLRN model, the PANS turbulent vis
osity, �u, in theLRN PANS model is de�ned in terms of ku and "u,viz. �u = C�f� k2u"u (4)In the derivation of the ku and "u equations for theLRN PANS model, the same pro
edure has been in-voked as for the standard PANS paradigm (Girimaji,

2006). Parameters fk and f" have also been assumedto be 
onstants. Without repeating all the details of thePANS formulation, as dis
ussed in Girimaji (2006),we dire
tly write the resulting transport equation forku in the LRN PANS model, whi
h takes the sameform as in the standard PANS model. This gives�ku�t +�(ku�uj)�xj = ��xj ��� + �u�ku� �ku�xj �+(Pu�"u)(5)where �ku = �kf2k=f", and the produ
tion term, Pu,is expressed in terms of the PANS eddy vis
osity, �u,and the strain rate of PANS-resolved �ow �eld, viz.Pu = �u� ��ui�xj + ��uj�xi� ��ui�xj (6)Note that, in deriving Eq. (5), a relation of Pu �"u = fk(Pk � ") is implied (Girimaji, 2006). With" = "u=f", this relation 
an be re-written asPk = 1fk (Pu � "u) + "uf" (7)Equation (7) was exploited to derive the "u equa-tion in the PANS model. With an LRN model as thebase model, the " equation may invoke model fun
-tions, f1 and f2, respe
tively, in the produ
tion anddestru
tion terms, whi
h are kept in the related model
oef�
ient for the resulting "u equation. This has ledto the following expression.�"u�t + �("u�uj)�xj = f" ��"�t + �("�uj)�xj � (8)= f"� ��xj ��� + �t�"� �"�xj �+ C"1f1Pk "k � C"2f2 "2k �In order to 
lose the "u equation in the LRN PANSmodel, the relations of " = "u=f" and k = ku=fk areintrodu
ed into Eq. (8). The resulting "u equation inthe LRN PANS model takes the following form.�"u�t + �("u�uj)�xj = ��xj ��� + �u�"u� �"u�xj �+C"1f1Pu "uku � C�"2 "2uku (9)where �"u = �"f2k=f". Note that the LRN modelfun
tions, f1 and f2, enter into the model 
oef�
ient,C�"2, in the relation ofC�"2 = C"1f1 + fkf" (C"2f2 � C"1f1) (10)Equations (4), (5) and (9) form the proposed PANSformulation based on an LRN k � " model. Obvi-ously, many existing LRN k � " models in the 
on-text of RANS 
omplies with the formulation towardsa LRN PANS model. In the present work, we haveadopted the AKN LRN k�"model (Abe et al., 1994).The model 
onstants in the LRN PANS formulation



thus take the following values: C"1 = 1:5; C"2 =1:9; �k = 1:4; �" = 1:4; C� = 0:09. With the AKNLRN k � " model, note that f1 = 1 and the other twomodel fun
tions, f2 and f�, hold the following forms,respe
tively,f� = �1� exp�� y�14��2(1 + 5R3=4t exp�� � Rt200�2�)f2 = �1� exp�� y�3:1��2�1� 0:3exp�� �Rt6:5�2��(11)Variables, Rt and y�, are de�ned in terms of ku and"u for the LRN PANS model. These areRt = k2u�"u and y� = V"y� with V" = ("u�)1=4 (12)3 Computational set-upAn in
ompressible, �nite volume 
ode was used(Davidson and Peng, 2003). The se
ond-order 
entraldifferen
ing s
heme was used for spatial dis
retiza-tion of all terms ex
ept for the 
onve
tion terms inthe ku and "u equations, for whi
h a hybrid 
en-tral/upwind s
heme was employed. The temporaladvan
ement was approximated using the se
ond-order Crank-Ni
olson s
heme. The numeri
al pro
e-dure was based on an impli
it, fra
tional step te
h-niquewith amultigrid pressure Poisson solver (Emvin,1997) and a non-staggered grid arrangement.Two different �ow 
on�gurations were 
omputedwith the new model. For 
omparison, the standardPANS model was also employed in the 
omputations.The �rst test 
ase is a fully-developed
hannel �ow.Note that previous PANS simulations have usuallybeen 
ondu
ted for bluff-body �ows. The test 
ase issele
ted to highlight the feasibility of the PANS modelin 
omputations of atta
hed boundary layer �ows, par-ti
ularly, the modelling behavior in representing near-wall turbulen
e. Two different Reynolds numbers,Re� = 550 and 950, based on the fri
tion velo
ity,u� , and half of the 
hannel height, Æ = ymax=2, were
onsidered. The 
omputational domain has the dimen-sions of xmax = 3:2, ymax = 2:0 and zmax = 1:6.For both Reynolds numbers, a 64 � 80 � 64 meshwas used in the streamwise (x), wall-normal (y) andspanwise (z) dire
tions, respe
tively. With this grid,the �rst near-wall node is lo
ated at y+ = 0:36 forRe� = 550 and y+ = 0:62 for Re� = 950. The timestep was set to �t = 6:25 � 10�4 for both Reynoldsnumbers. DNS data were taken from the work byHoyas and Jimenez (2008).The se
ond test 
ase 
on
erns �ow separation ina 
hannel with periodi
 hills mounted on the bottomwall in the streamwise dire
tion. The periodi
 hill �owis 
hara
terized by turbulent �ow separation, re
ir
u-lation, reatta
hment and a

eleration phenomena. The


omputational domain starts from one hill 
rest andextends to the next, separated by a distan
e ofL = 9h.The upper and lower sides are bounded by plane and
urved wall surfa
es, respe
tively. The extension inthe spanwise dire
tion is Lz = 4:5h. The 
omputa-tional mesh 
onsists ofNx�Ny�Nz = 160�80�32
ells in the streamwise, wall-normal and spanwise di-re
tions, respe
tively. The Reynolds number, based onthe hill height, h, and the bulk velo
ity, Ub, above thehill 
rest is Reb = Ubh=� = 10595. The time stepwas set to �t = 6:0 � 10�3. After 20 �ow-throughtimes, statisti
al analysis was made over a time periodof another 20 �ow-through times. The results werealso averaged in spa
e over the spanwise dire
tion.For both test 
ases, no-slip 
onditions were spe
-i�ed on the walls for the velo
ity 
omponents. Thevalues of ku and "u on the wall surfa
e were set byku;w = 0 and "u;w = 2�ku;1=y21 , respe
tively, whereku;1 is the value of ku at the �rst near-wall node andy1 is the wall distan
e of this node. Periodi
 boundary
onditions were imposed on the streamwise and span-wise boundaries.4 Results and dis
ussionChannel �owThe following values were tested for fk in the sim-ulation of 
hannel �ow, namely, fk = 0:1, 0:3, 0:4,0:5, 0:6 and 1:0. With the 
urrent grid for the 
hannel�ow, it was found that, for fk � 0:3, the model playsan insigni�
ant role in the simulation, that is, the valueof �u be
omes negatively small. In the following dis-
ussion, only the results 
omputed with fk = 0:4, 0:5and 1:0 are presented.Figure 1 
ompares the mean streamwise velo
i-ties, 
omputed using the standard PANS model andthe proposed LRN PANS model with the DNS data(Hoyas and Jimenez, 2008) for both Re� = 550 andRe� = 950. It was found that, for fk = 1:0, the
omputations give steady RANS solutions. The LRNPANS model returns to the AKN LRN k � " model,while the standard PANS model be
omes identi
al tothe standard k � " model. This has also been re-�e
ted in the predi
tions, as illustrated in Fig. 1 withfk = 1:0. The reason for the poor predi
tion by thestandard k � " model is due to the fa
t that a lowReynolds number grid is highly inappropriate to a
-
ommodate the high Reynolds number model.With a redu
ed value of fk, the PANS formulationmakes the modelling shift away from a RANS 
om-putation and 
ome 
loser to LES with in
reasingly re-solved turbulent 
ontents. This is demonstrated by theresults 
omputed using fk = 0:4 and fk = 0:5, asshown in Fig. 1. The LRN PANS model is able to givea generally improved tenden
y of the pro�le, in spiteof the over-predi
tion in the logarithmi
 layer. The im-provement is parti
ularly obvious in the vis
ous sub-layer, thanks to the 
orre
t asymptoti
 properties in-



herent in the LRN PANS formulation. Using fk = 0:4,the standard PANS and the LRN PANS models haveprodu
ed very similar results for Re� = 550 andRe� = 950, whi
h are in reasonable agreement withthe DNS data.
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ity. : LRNPANS model; : standard PANSmodel; Æ: DNSdata.In the 
omputations, it was found that fk = 0:4gives the best predi
tions for both the standard andthe LRN PANS models. To highlight the modellingperforman
e for near-wall turbulen
e, the results 
om-puted with fk = 0:4 are presented below for the tur-bulen
e statisti
s.In Figure 2 the PANS-resolved Reynolds normalstresses are 
ompared to DNS data. It is shown that, atRe� = 550, the resolved turbulent �u
tuations 
om-puted with the LRN PANS model are nearly identi
alto the DNS data, and are in reasonable agreement atRe� = 950. In general, the LRN model has shownbetter performan
e than the standard model. This isparti
ularly true in the vi
inity of the wall surfa
e overthe vis
ous sublayer for y+ � 10.
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tion of resolvedReynolds stressesby the standard PANS model is 
losely asso
iated tolarge values of the modelled eddy vis
osity in the near-wall region. The results, as illustrated in Figs. 2 and

3, show that the LRN formulation indeed introdu
es
orre
t wall-limiting behavior into the modelling. Itis also demonstrated that 
orre
t near-wall asymptoti
modelling improves the predi
tions of resolved turbu-len
e statisti
s.
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y+(b) Re� = 950Figure 3: Channel �ows. PANS-resolved turbulent shearstress. fk = 0:4.Periodi
 hill �owThe periodi
 hill �ow was 
omputed to verifyPANS performan
e in modelling turbulent �ow sep-aration and reatta
hment. For this test 
ase, the simu-lation is 
ompared with a wall-resolved LES (Fröhli
het al., 2005). It is noted here that the present grid, with160�80�32 
ells in a domain of 9h�3:035h�4:5h,is mu
h 
oarser than the wall-resolved LES mesh,whi
h uses 196 � 128 � 186 
ells in a domain of9h� 3:035h� 9h. In view of the grid resolution, thePANS modelling in the present work lies thus in be-tween RANS modelling and wall-resolved LES. It isexpe
ted that the performan
e of the PANS modellingshould be similar to a hybrid RANS-LES model.Using the same mesh, a number of 
omputationswere 
ondu
ted using various values of fk, with fk =0:4, 0:5, 0:6, 0:8 and 1:0. In 
omparison with the LESresult, it was found that the PANS 
omputation withfk = 0:4, using either the standard or the LRN model,produ
ed the best predi
tion of the separation bubbleon the rear side of the hill in terms of the lo
ations ofboth the separation and the reatta
hment.The lo
ations of �ow separation and reatta
hment,xs and xr, respe
tively, are plotted in Fig.4 (a) and (b)as fun
tion of fk. As seen, the LRN PANS model pro-du
es a

urate predi
tions of xs and xr with fk = 0:4,whereas the standard PANS model shows a some-what earlier �ow separation and the reatta
hment isslightly delayed. With in
reasing values of fk, the lo-
ation of �ow separation is shifted downwards alongthe lee-side of the hill, and the reatta
hment lo
ationis �rst delayed and then moves ba
k toward the hillfoot. With fk = 1:0, both models produ
e over-all atta
hed �ow over the hill and between the hills,namely, xs = xr = 0. It should be noted that, withfk = 1:0, bothmodels return to their respe
tive RANSbase models, giving steady solutions based on the stan-dard k � " model and the AKN LRN k � " model.The following presentation presents only the 
om-putations obtained with fk = 0:4, for whi
h both the
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repan
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tion bythe standard model. Near the lower wall, as well as inthe free shear layer (at x = 2:0h), the standard PANShas somewhat over-predi
ted both h�ui and h�vi.
−0.2 0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

2.5

3PSfrag repla
ements h�vi=Ub h�ui=Uby=h (a) x = 0:05h −0.2 0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3PSfrag repla
ements h�vi=Ub h�ui=Ub
(b) x = 2:0h

−0.2 0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3PSfrag repla
ements h�vi=Ub h�ui=Uby=h (
) x = 6:0h −0.2 0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3PSfrag repla
ements h�vi=Ub h�ui=Ub
(d) x = 8:0hFigure 5: Comparison of mean velo
ities between PANSand LRN PANS models. : LRN PANS model;: standard PANS model; : LES data.Figure 6 plots the distributions of the resolvedReynolds stresses by the standard and LRN PANSmodels in 
omparison with the LES data. It is shownthat, at x = 0:05h before the separation o

urs, theproposed LRN model gives very good predi
tions forboth the streamwise and spanwise �u
tuations near

the wall, whereas the standard model over-predi
tsthe near-wall peaks of hu0u0i and hw0w0i. Both mod-els under-estimate hv0v0i near the wall. In the re
ir-
ulation region (at x = 2:0h), the resolved stream-wise �u
tuation is over-estimated around the peak aty=h � 1 by both models. While the LRN modelpresents better predi
tions for hu0u0i over the re
ir
u-lation bubble at x = 2:0h, the distribution of hv0v0i is
loser to the LES data as given by the standard modelin the free shear layer above the bubble. After thereatta
hment of the separation bubble, at x = 6:0hand x = 8:0h, the LRN model produ
es generallybetter or similar predi
tions, as 
ompared to the stan-dard PANS model. For hu0u0i and hw0w0i, the LRNmodel has indeed rendered improved distributions inthe atta
hed boundary layer near the top and bottomwalls and even in the near-wall reverse �ow of the re-
ir
ulation region (e.g. at x = 2:0h). However, bothmodels have under-estimated hv0v0i 
lose to the wallsurfa
e. This might be related partly to the grid res-olution in the wall layer, whi
h is mu
h 
oarser thanin wall-resolved LES, and hen
e the near-wall sweepand eje
tion phenomena are not suf�
iently resolvedby the PANS simulations. For the resolved turbulentshear stress, hu0v0i, the improvement over the standardPANS model in the predi
tions by the LRN model isobvious, parti
ularly in the re
ir
ulation region and inthe free shear layer. Near the top wall, hu0v0i is under-predi
ted. Although not shown here, nonetheless, thetotal turbulent shear stress be
omes 
loser to the LESdata by in
luding the modelled part.5 Con
lusionsA low Reynolds number PANS formulation is pre-sented, whi
h is able to improve the near-wall mod-elling behavior of the standard PANS model. Theformulation follows a pro
edure same as to rea
h theoriginal PANS model but has been based on a generallow Reynolds number k � " form with additional em-piri
al model fun
tions. The resulting PANS formu-lation 
an thus use any existing LRN k � " model asthe base model to form an LRN PANS variant. In thepresent work, the AKN LRN model has been takenas the platform in the veri�
ation of the LRN mod-elling performan
e, in whi
h two damping fun
tionshave thus been in
orporated.Computations were made for two test 
ases, in-
luding turbulent 
hannel �ow and periodi
 hill �ow.One of the main purposes has been to investigate the
apabilities of PANS modelling in predi
ting both at-ta
hed and separated �ows. With the same grid reso-lution for ea
h test 
ase, the effe
t of the PANS mod-elling parameter, fk, was also investigated. The re-sults, 
omputed by both the (original) standard and theproposed LRN PANS models, have been dis
ussed in
omparison with available DNS or LES data.For the 
hannel �ow 
omputations, it is shown thatthe LRN PANS model is able to produ
e improved
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Figure 6: Periodi
 hill �ow: Pro�les of resolved Reynoldsstresses. : LRN PANS model; : standardPANS model; : LES data.predi
tions for both the mean �ow velo
ity and theresolved turbulen
e statisti
s. The model also demon-strates a reasonable response to the 
hange of parame-ter fk. In 
ontrast to the inappropriate wall-limitingbehavior inherent in the standard PANS model, theLRN formulation 
orre
ts the asymptoti
 properties ofthe modelled turbulen
e quantities, whi
h have 
onse-quently enabled improved predi
tions of resolved tur-bulen
e statisti
s in the wall layer.The fun
tion of the PANS method is well demon-strated for the hill �ow, with a mu
h 
oarser gridin 
omparison with a wall-resolved LES. Both thestandard and the LRN PANS models produ
e rea-sonable predi
tions for the mean �ow and the re-solved turbulent quantities. Nonetheless, the improve-ment due to the LRN formulation is sensible. TheLRN formulation has rendered generally better pre-di
tions in near-wall regions than the standard PANSmodel. Both models produ
e similar predi
tions forthe resolved wall-normal �u
tuation, whi
h is how-

ever under-estimated near the wall in 
omparison withthe LES data.A
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