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AbstratA low Reynolds number (LRN) formulation basedon the Partially Averaged Navier-Stokes (PANS) mod-elling method is presented, whih inorporates im-proved asymptoti representation in near-wall turbu-lene modelling. The effet of near-wall visousdamping is thus better aounted for in simulationsof wall-bounded turbulent �ows. The proposed LRNPANS model uses an LRN k � " model as the basemodel and introdues its model funtions into thePANS formulation. As a result, the inappropriate wall-limiting behavior inherent in the original PANS modelis orreted. The proposed LRN PANS model is sru-tinized in omputations of turbulent hannel �ow andperiodi hill �ow. In omparison with available DNSor LES data, the LRN PANS model has produed bet-ter preditions than the original PANS model, parti-ularly in the near-wall region and for resolved turbu-lene statistis.1 IntrodutionIn spite of robust turbulene-resolving apabilities,it is well known that the use of Large Eddy Simulation(LES) has often been limited to turbulent �ows at rel-atively low Reynolds numbers due to its prohibitivelyhigh requirement on omputing resoures in simula-tions of realisti engineering �ows at high Reynoldsnumbers. This has thus motivated intensive studies ofhybrid RANS-LES methods, e.g. Detahed Eddy Sim-ulation (DES) by Spalart et al. (1997), Sale-AdaptiveSimulation (SAS) by Menter (2003) and Partially-Averaged Navier-Stokes (PANS) model by Girimaji(2006).The PANS model was developed with an intentionto smoothly simulate turbulent �ows using a hierarhirank of modelling approahes from RANS to DiretNumerial Simulation (DNS) (Girimaji, 2006). Dif-ferent ases were studied using the PANS model, forexample, �ow over a square ylinder (Girimaji, 2006),avity �ow (Basu et al., 2007), a turbulent square jet(Girimaji and Lavin, 2007) and so on. The derivationof the original PANS model has been stemmed fromthe standard RANS k � " model (Girimaji, 2006). It

is well known that in the ontext of RANS modellingit is highly inappropriate to diretly integrate the stan-dard k � " model to the wall surfae. This drawbakis inherited by the resulting PANS model equations,however. On the other hand, LRN RANS models usu-ally employ empirial damping funtions in the modelequations, whih ensure that the visous stresses takeover turbulent Reynolds stresses at low Reynolds num-bers and in the visous sublayer adjaent to solid walls.There exist a number of LRN RANS models stemmedfrom the k � " models. Of the existing LRN k � "models, the LRNmodel by Abe et al. (1994) (hereafterthe AKNmodel) has shown reasonable performane inmodelling different �ows. The AKN model is an im-proved version of the LRN k�"model by Nagano andTagawa (1990), using the Kolmogorov veloity sale,u" � (�")1=4, in the damping funtion.This work presents an LRN variant of the PANSmodel using the LRN AKN k � " model as the basemodel. The model oef�ients are modi�ed in order toaount for near-wall turbulene. The proposed modelis examined in simulations of fully developed turbu-lent �ows in a lean hannel and in a hannel withhills mounted periodially on the bottom wall.In what follows, themodelling formulation are pre-sented in Setion 2. In Setion 3 the numerial meth-ods used in the omputations are brie�y introdued.The results are then presented and disussed in Se-tion 4, and the onlusions are drawn in Setion 5.2 Modelling formulationFor inompressible turbulent �ows, the partial av-eraging to the governing equations gives��ui�xi = 0 (1)��ui�t + �(�ui�uj)�xj = �1� ��p�xi + ��xj �� ��ui�xj � �ij�where �ij is the entral seond moment resultingfrom the partial averaging for the nonlinear terms,and �ij = (P(UiUj) � �ui�uj), where P denotes thepartial-averaging operator and Ui indiates instanta-neous veloity omponents. This term is similar to



the Reynolds stress tensor in the RANS equations orto the subgrid-sale (SGS) stress tensor after the spa-tial �ltering in the LES equations. For simpliity, wehave used the terminology of Reynolds stresses for �ijin Eq. (1).In order to formulate the PANS eddy visosity,Girimaji (2006) de�ned another two quantities, thepartially-averaged turbulent kineti energy, ku and itsdissipation rate "u, so that �u = C�k2u="u. In thederivation of the transport equations for ku and "u,two parameters, fk and f", have been introdued, re-lating the unresolved small sales to the resolved �u-tuating sales. Parameter fk de�nes the ratio of un-resolved (partially-averaged) turbulent kineti energy(ku) to the total kineti energy (k), and f" is the ratiobetween the unresolved ("u) and the total (") dissipa-tion rates. These givek = ku=fk and " = "u=f" (2)The extent of the resolved part is now determinedby fk and f". In his PANS derivation, Girimaji (2006)employed the standard k� "model as the base model.The resulting model is thus termed here the StandardPANSmodel. Below, we re-formulate the PANSmodelbased on an LRN k � " model in order to attain im-proved near-wall asymptoti behavior. Inorporatingempirial damping funtions, a LRN k � " RANSmodel an often be ast in a general form, the equa-tions an be written as�k�t + �(k �Uj)�xj = ��xj ��� + �t�k� �k�xj �+Pk � "�"�t + �(" �Uj)�xj = ��xj ��� + �t�"� �"�xj �+C"1f1Pk "k � C"2f2 "2k�t = C�f� k2" (3)
In Eq. (3), �t is RANS eddy visosity, f1, f2 and f�are additional damping funtion that have usually beenemployed to orret the near-wall asymptoti proper-ties in the modelling. Moreover, it should be notedthat the RANS mean veloity �eld is denoted by �Uiin these equations. As indiated by Girimaji (2006),one should have �Ui = h�uii, with the angular braketsindiating the time-averaged �ow quantities.Using the same damping funtion, f�, as for theLRN model, the PANS turbulent visosity, �u, in theLRN PANS model is de�ned in terms of ku and "u,viz. �u = C�f� k2u"u (4)In the derivation of the ku and "u equations for theLRN PANS model, the same proedure has been in-voked as for the standard PANS paradigm (Girimaji,

2006). Parameters fk and f" have also been assumedto be onstants. Without repeating all the details of thePANS formulation, as disussed in Girimaji (2006),we diretly write the resulting transport equation forku in the LRN PANS model, whih takes the sameform as in the standard PANS model. This gives�ku�t +�(ku�uj)�xj = ��xj ��� + �u�ku� �ku�xj �+(Pu�"u)(5)where �ku = �kf2k=f", and the prodution term, Pu,is expressed in terms of the PANS eddy visosity, �u,and the strain rate of PANS-resolved �ow �eld, viz.Pu = �u� ��ui�xj + ��uj�xi� ��ui�xj (6)Note that, in deriving Eq. (5), a relation of Pu �"u = fk(Pk � ") is implied (Girimaji, 2006). With" = "u=f", this relation an be re-written asPk = 1fk (Pu � "u) + "uf" (7)Equation (7) was exploited to derive the "u equa-tion in the PANS model. With an LRN model as thebase model, the " equation may invoke model fun-tions, f1 and f2, respetively, in the prodution anddestrution terms, whih are kept in the related modeloef�ient for the resulting "u equation. This has ledto the following expression.�"u�t + �("u�uj)�xj = f" ��"�t + �("�uj)�xj � (8)= f"� ��xj ��� + �t�"� �"�xj �+ C"1f1Pk "k � C"2f2 "2k �In order to lose the "u equation in the LRN PANSmodel, the relations of " = "u=f" and k = ku=fk areintrodued into Eq. (8). The resulting "u equation inthe LRN PANS model takes the following form.�"u�t + �("u�uj)�xj = ��xj ��� + �u�"u� �"u�xj �+C"1f1Pu "uku � C�"2 "2uku (9)where �"u = �"f2k=f". Note that the LRN modelfuntions, f1 and f2, enter into the model oef�ient,C�"2, in the relation ofC�"2 = C"1f1 + fkf" (C"2f2 � C"1f1) (10)Equations (4), (5) and (9) form the proposed PANSformulation based on an LRN k � " model. Obvi-ously, many existing LRN k � " models in the on-text of RANS omplies with the formulation towardsa LRN PANS model. In the present work, we haveadopted the AKN LRN k�"model (Abe et al., 1994).The model onstants in the LRN PANS formulation



thus take the following values: C"1 = 1:5; C"2 =1:9; �k = 1:4; �" = 1:4; C� = 0:09. With the AKNLRN k � " model, note that f1 = 1 and the other twomodel funtions, f2 and f�, hold the following forms,respetively,f� = �1� exp�� y�14��2(1 + 5R3=4t exp�� � Rt200�2�)f2 = �1� exp�� y�3:1��2�1� 0:3exp�� �Rt6:5�2��(11)Variables, Rt and y�, are de�ned in terms of ku and"u for the LRN PANS model. These areRt = k2u�"u and y� = V"y� with V" = ("u�)1=4 (12)3 Computational set-upAn inompressible, �nite volume ode was used(Davidson and Peng, 2003). The seond-order entraldifferening sheme was used for spatial disretiza-tion of all terms exept for the onvetion terms inthe ku and "u equations, for whih a hybrid en-tral/upwind sheme was employed. The temporaladvanement was approximated using the seond-order Crank-Niolson sheme. The numerial proe-dure was based on an impliit, frational step teh-niquewith amultigrid pressure Poisson solver (Emvin,1997) and a non-staggered grid arrangement.Two different �ow on�gurations were omputedwith the new model. For omparison, the standardPANS model was also employed in the omputations.The �rst test ase is a fully-developedhannel �ow.Note that previous PANS simulations have usuallybeen onduted for bluff-body �ows. The test ase isseleted to highlight the feasibility of the PANS modelin omputations of attahed boundary layer �ows, par-tiularly, the modelling behavior in representing near-wall turbulene. Two different Reynolds numbers,Re� = 550 and 950, based on the frition veloity,u� , and half of the hannel height, Æ = ymax=2, wereonsidered. The omputational domain has the dimen-sions of xmax = 3:2, ymax = 2:0 and zmax = 1:6.For both Reynolds numbers, a 64 � 80 � 64 meshwas used in the streamwise (x), wall-normal (y) andspanwise (z) diretions, respetively. With this grid,the �rst near-wall node is loated at y+ = 0:36 forRe� = 550 and y+ = 0:62 for Re� = 950. The timestep was set to �t = 6:25 � 10�4 for both Reynoldsnumbers. DNS data were taken from the work byHoyas and Jimenez (2008).The seond test ase onerns �ow separation ina hannel with periodi hills mounted on the bottomwall in the streamwise diretion. The periodi hill �owis haraterized by turbulent �ow separation, reiru-lation, reattahment and aeleration phenomena. The

omputational domain starts from one hill rest andextends to the next, separated by a distane ofL = 9h.The upper and lower sides are bounded by plane andurved wall surfaes, respetively. The extension inthe spanwise diretion is Lz = 4:5h. The omputa-tional mesh onsists ofNx�Ny�Nz = 160�80�32ells in the streamwise, wall-normal and spanwise di-retions, respetively. The Reynolds number, based onthe hill height, h, and the bulk veloity, Ub, above thehill rest is Reb = Ubh=� = 10595. The time stepwas set to �t = 6:0 � 10�3. After 20 �ow-throughtimes, statistial analysis was made over a time periodof another 20 �ow-through times. The results werealso averaged in spae over the spanwise diretion.For both test ases, no-slip onditions were spe-i�ed on the walls for the veloity omponents. Thevalues of ku and "u on the wall surfae were set byku;w = 0 and "u;w = 2�ku;1=y21 , respetively, whereku;1 is the value of ku at the �rst near-wall node andy1 is the wall distane of this node. Periodi boundaryonditions were imposed on the streamwise and span-wise boundaries.4 Results and disussionChannel �owThe following values were tested for fk in the sim-ulation of hannel �ow, namely, fk = 0:1, 0:3, 0:4,0:5, 0:6 and 1:0. With the urrent grid for the hannel�ow, it was found that, for fk � 0:3, the model playsan insigni�ant role in the simulation, that is, the valueof �u beomes negatively small. In the following dis-ussion, only the results omputed with fk = 0:4, 0:5and 1:0 are presented.Figure 1 ompares the mean streamwise veloi-ties, omputed using the standard PANS model andthe proposed LRN PANS model with the DNS data(Hoyas and Jimenez, 2008) for both Re� = 550 andRe� = 950. It was found that, for fk = 1:0, theomputations give steady RANS solutions. The LRNPANS model returns to the AKN LRN k � " model,while the standard PANS model beomes idential tothe standard k � " model. This has also been re-�eted in the preditions, as illustrated in Fig. 1 withfk = 1:0. The reason for the poor predition by thestandard k � " model is due to the fat that a lowReynolds number grid is highly inappropriate to a-ommodate the high Reynolds number model.With a redued value of fk, the PANS formulationmakes the modelling shift away from a RANS om-putation and ome loser to LES with inreasingly re-solved turbulent ontents. This is demonstrated by theresults omputed using fk = 0:4 and fk = 0:5, asshown in Fig. 1. The LRN PANS model is able to givea generally improved tendeny of the pro�le, in spiteof the over-predition in the logarithmi layer. The im-provement is partiularly obvious in the visous sub-layer, thanks to the orret asymptoti properties in-



herent in the LRN PANS formulation. Using fk = 0:4,the standard PANS and the LRN PANS models haveprodued very similar results for Re� = 550 andRe� = 950, whih are in reasonable agreement withthe DNS data.
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3, show that the LRN formulation indeed introduesorret wall-limiting behavior into the modelling. Itis also demonstrated that orret near-wall asymptotimodelling improves the preditions of resolved turbu-lene statistis.
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(d) x = 8:0hFigure 5: Comparison of mean veloities between PANSand LRN PANS models. : LRN PANS model;: standard PANS model; : LES data.Figure 6 plots the distributions of the resolvedReynolds stresses by the standard and LRN PANSmodels in omparison with the LES data. It is shownthat, at x = 0:05h before the separation ours, theproposed LRN model gives very good preditions forboth the streamwise and spanwise �utuations near

the wall, whereas the standard model over-preditsthe near-wall peaks of hu0u0i and hw0w0i. Both mod-els under-estimate hv0v0i near the wall. In the reir-ulation region (at x = 2:0h), the resolved stream-wise �utuation is over-estimated around the peak aty=h � 1 by both models. While the LRN modelpresents better preditions for hu0u0i over the reiru-lation bubble at x = 2:0h, the distribution of hv0v0i isloser to the LES data as given by the standard modelin the free shear layer above the bubble. After thereattahment of the separation bubble, at x = 6:0hand x = 8:0h, the LRN model produes generallybetter or similar preditions, as ompared to the stan-dard PANS model. For hu0u0i and hw0w0i, the LRNmodel has indeed rendered improved distributions inthe attahed boundary layer near the top and bottomwalls and even in the near-wall reverse �ow of the re-irulation region (e.g. at x = 2:0h). However, bothmodels have under-estimated hv0v0i lose to the wallsurfae. This might be related partly to the grid res-olution in the wall layer, whih is muh oarser thanin wall-resolved LES, and hene the near-wall sweepand ejetion phenomena are not suf�iently resolvedby the PANS simulations. For the resolved turbulentshear stress, hu0v0i, the improvement over the standardPANS model in the preditions by the LRN model isobvious, partiularly in the reirulation region and inthe free shear layer. Near the top wall, hu0v0i is under-predited. Although not shown here, nonetheless, thetotal turbulent shear stress beomes loser to the LESdata by inluding the modelled part.5 ConlusionsA low Reynolds number PANS formulation is pre-sented, whih is able to improve the near-wall mod-elling behavior of the standard PANS model. Theformulation follows a proedure same as to reah theoriginal PANS model but has been based on a generallow Reynolds number k � " form with additional em-pirial model funtions. The resulting PANS formu-lation an thus use any existing LRN k � " model asthe base model to form an LRN PANS variant. In thepresent work, the AKN LRN model has been takenas the platform in the veri�ation of the LRN mod-elling performane, in whih two damping funtionshave thus been inorporated.Computations were made for two test ases, in-luding turbulent hannel �ow and periodi hill �ow.One of the main purposes has been to investigate theapabilities of PANS modelling in prediting both at-tahed and separated �ows. With the same grid reso-lution for eah test ase, the effet of the PANS mod-elling parameter, fk, was also investigated. The re-sults, omputed by both the (original) standard and theproposed LRN PANS models, have been disussed inomparison with available DNS or LES data.For the hannel �ow omputations, it is shown thatthe LRN PANS model is able to produe improved
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Figure 6: Periodi hill �ow: Pro�les of resolved Reynoldsstresses. : LRN PANS model; : standardPANS model; : LES data.preditions for both the mean �ow veloity and theresolved turbulene statistis. The model also demon-strates a reasonable response to the hange of parame-ter fk. In ontrast to the inappropriate wall-limitingbehavior inherent in the standard PANS model, theLRN formulation orrets the asymptoti properties ofthe modelled turbulene quantities, whih have onse-quently enabled improved preditions of resolved tur-bulene statistis in the wall layer.The funtion of the PANS method is well demon-strated for the hill �ow, with a muh oarser gridin omparison with a wall-resolved LES. Both thestandard and the LRN PANS models produe rea-sonable preditions for the mean �ow and the re-solved turbulent quantities. Nonetheless, the improve-ment due to the LRN formulation is sensible. TheLRN formulation has rendered generally better pre-ditions in near-wall regions than the standard PANSmodel. Both models produe similar preditions forthe resolved wall-normal �utuation, whih is how-
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