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Termo- och Fluiddynamik
412 96 Göteborg
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Task K3
In this task, you should write a computer program to solve for a fully deve-
loped turbulent channel flow based on a chosen turbulence model. Since the
flow 1D, the transport equation system may be simplified into three coupled
1D-diffusion equations for the velocity

�
and the two turbulent quantities,

respectively. It is recommended that you use Matlab.
The task should be carried out in groups of two (or one), and it should

be presented both orally and in the form of a report.

The ����� Model
The governing equations in the ���
	 model read (compare Eqs. 3.10, 3.12a,
3.12b, 3.35, 3.36 (Versteegh & Malalasekera, 1995) and Eqs. 2.29, 3.2 (Da-
vidson, 1997)� ��
��� ����������
� � ���� � � � ���� � � �� ����
� � ��
� ��� � � �"!�# � ��
�%$ � ��
� �&�'� � �(!&# � ����)$
� �������� � �������� � �� ������*� ��
� ��� � � � ! # ������ $ � ���� ��� � � � ! # ����
� $
� � ����
� � � ����+� ���� �-,.� � �(!/
0�1 � ���� $ � ��
� �-,.� � �(!/�0�1 � ���� $ � � 0 �2	
� � 	���
� � � 	�
�3� ���� �-,.� � �(!/5451 � 	��� $ � ��
� �-,.� � �(!/.451 � 	��� $ � 	� �'687 � 0 � 6:9 	 #�;

(1)
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Since the flow is fully developed we have
� � � ��� ��� � � � � ��� � � 	 � ��� � � .

Hence the above equations can be simplified as

� � � �� ������ � ���� �&� � � �(!&# � ��
� $
� � ���� �-,.� � �"!/ 0�1 � ���� $ � � 0 �2	
� � ���� �-,.� � �(!/ 451 � 	��� $ � 	� � 6 7 � 0 � 6 9 	 #

(2)

We find that the equations reduce to simple 1D diffusion equations with
some complicated source terms. Thus these equations are of the same form
as that in Task K1, but the source terms are more complicated. The turbu-
lent viscosity and production term have the form�(! � 6 � � 9

	
� 0 � �"! , � ��
� 1

9 ; (3)

The model constants are given in Eq. 3.37 (Versteegh & Malalasekera,
1995).

The horizontal channel has a height of
������� �
	�� between the bottom

flat plate (at
� � � ) and the top flat plate (at

� � ���
���
). The flow is driven

by the pressure gradient ���� � , as shown in the above momentum equation.
Since the channel flow is fully developed, ���� � should be a constant and be
balanced by the wall shear stresses.

The flow is symmetric about the centerline of the channel. As a conse-
quence, you may take only a half of the channel as the computation domain
in your solution (from the wall to the centerline).

For comparison of your results with existing DNS (Direct Numerical
Simulation) data, the task is to compute a fully developed channel flow
with ����� ������� , where ����� ��� � � � � . Note that � � is the friction velocity
and � � � � !#" � � with !#"��%$ ��&�('
) " �+*,* .

Letting �3� �
(i.e.

� �
��� �-	 ), we have �.���� � �/! " . Show this in your
report of this task. If we further let � �0� �1� � � �

we have �.���� � � �
.

Make a clear description in the task report about the boundary condi-
tions you have implemented in your computation.
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I: Common task
All groups start by using the � �
	 model described above. At the wall the
boundary conditions � � � � �� 	��� � � (4)

should be used. Please note that this model is inappropriate for near-wall
flow resolution. We’re using it all the way to the wall – through the viscous
sublayer – without using any damping functions. However, it is a good
starting point for the next exercise presented below.

As mentioned above you should solve the
�

velocity and the two turbu-
lence quantities ( � and 	 or � and � or � and

� !
, depending on which model

you are going to use). On the www-page you find the Matlab file turb.m
which reads

�
as well as several other physical quantities to be used for

comparison.
When implementing the source terms, you should split the source term

into
� & and

� � as usual
� � � � � � � � & (5)

where
� � � � . It is very important the the turbulent quantities stay posi-

tive during the iteration process. For example, if 	 goes negative the turbu-
lent viscosity becomes negative, and usually this leads to rapid divergence.
Also, if � becomes negative, the production term in the 	 equation will be
negative, which also will cause convergence problems. The remedy is to
make sure that all negative source terms are put in

� � . For example, the
dissipation term in the � equation should be put in

� � so that
� � � � � 	 � � � � ;

(6)

Solve the equation system using Gauss-Seidel. You’ll find that the con-
vergence is rather slow, so probably you need a fairly large number of ite-
rations. Compare

�
, � and 	 with DNS data.
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II: Low Reynolds Number Model
In this part you should use your own LRN (Low Reynolds Number) model,
see Table 1, below.

Case Model Reference
1,13 ���2	 Launder & Sharma (1974); Davidson (1997)
2,14 ��� � Bredberg et al. (2002); Davidson (1997)
3,15 ��� � Wilcox (1988); Davidson (1997)

4,16 ��� � Peng et al. (1997); Davidson (1997)
5,17 ��� � !

Peng & Davidson (2000)
6,18 ���2	 Rahman & Siikonen (2000)

7,19 ���2	 Chien (1982)
8,20 ���2	 Yang & Shih (1993)
9,21 ���2	 Hwang & Lin (1998)

10,22 ���2	 Nagano & Tagawa (1990)
11,23 ���2	 Abe et al. (1994)
12,24 ���2	 Lien & Leschziner (1994)

The paper by Patel et al. (1985) is useful for learning more about low-Re
models.

The following items must be covered in your presentation:

� Note that the equations converge very slowly (why?) for a fine grid.
At least 1500 iterations is needed. Compare your results for

�
, � and	 with DNS data. Look especially what happens close the wall. What

is the asymptotic behaviour for � and 	 (or � or
� !

) close to the wall
(
��� � � )? Be careful when you compare 	 ; which 	 does your model

predict, 	 or
�	 ? ( 	����
	 is the true dissipation).

� Compare the shear stress ��� . What is the asymptotic behaviour?
� Compute the Kolmogorov’s velocity, length and time scales (see Sec-

tion 1.2 in Davidson (1997)). Compare them with the large turbulent
scales.

� Look at the budget of your � equation (i.e. plot the different terms).
Compare with DNS data. If your model performs poorly, try to un-
derstand why. Is any special term in the � equation poorly predicted?
In the DNS data-file, the six columns correspond to (all scaled by ��

and

�
)

1.
���

2. dissipation 	
3. production � ��� ���� � ���
4. diffusion due to pressure-velocity fluctuations � � � ��� �

� �
� � #

5. diffusion due to triple velocity fluctuations � � � �
� �
� ��� #

6. viscous diffusion
� � 9 � � ��� 9

4



References
ABE, K., KONDOH, T. & NAGANO, Y. 1994 A new turbulence model for pre-

dicting fluid flow and heat transfer in separating and reattaching flows -
1. Flow field calculations. Int. J. Heat Mass Transfer 37, 139–151.

BREDBERG, J., PENG, S.-H. & DAVIDSON, L. 2002 An improved � � �

turbulence model applied to recirculating flows (to appear). International
Journal of Heat and Fluid Flow .

CHIEN, K. 1982 Predictions of channel and boundary layer flows with a
low-reynolds-number turbulence model. AIAA Journal 20, 33–38.

DAVIDSON, L. 1997 An introduction to turbulence models. Tech. Rep. 97/2.
Dept. of Thermo and Fluid Dynamics, Chalmers University of Techno-
logy, Gothenburg.

HWANG, C. & LIN, C. 1998 Improved low-Reynolds-number � ��� model
based on direct numerical simulation data. AIAA Journal 36, 38–43.

LAUNDER, B. & SHARMA, B. 1974 Application of the energy dissipation
model of turbulence to the calculation of flow near a spinning disc. Lett.
Heat and Mass Transfer 1, 131–138.

LIEN, F. & LESCHZINER, M. 1994 Assessment of turbulence-transport
models including non-linear rng eddy viscosity formulation and second-
moment closure for flow over a backward-facing step. Computers & Fluids
23 (8), 983–1004.

NAGANO, Y. & TAGAWA, M. 1990 An improved form of the � �
	 model for
boundary layer flows. ASME: Journal of Fluids Engineering 112, 33–39.

PATEL, V., RODI, W. & SCHEUERER, G. 1985 Turbulence models for near-
wall and low Reynolds number flows: A review. AIAA Journal 23, 1308–
1319.

PENG, S.-H. & DAVIDSON, L. 2000 A new two-equation eddy viscosity
transport model for turbulent flow computation. AIAA Journal 38 (7),
1196–1205.

PENG, S.-H., DAVIDSON, L. & HOLMBERG, S. 1997 A modified low-
Reynolds-number � � � model for recirculating flows. ASME: Journal of
Fluids Engineering 119, 867–875.

RAHMAN, M. & SIIKONEN, T. 2000 Improved low-Reynolds-number � ���
model. AIAA Journal 38, 1298–1300.

VERSTEEGH, H. & MALALASEKERA, W. 1995 An Introduction to Compu-
tational Fluid Dynamics - The Finite Volume Method. Harlow, England:
Longman Scientific & Technical.

WILCOX, D. 1988 Reassessment of the scale-determining equation. AIAA
Journal 26 (11), 1299–1310.

YANG, Z. & SHIH, T. 1993 New time scale based � � 	 model for near-wall
turbulence. AIAA Journal 31, 1191–1198.

5


