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9See Section 1.1, Eulerian, Lagrangian, material derivative
TL (X 19 tl )

X

» Lagrangian approach
e The (fluid) particle 1s described by its initial position, X, and time, ¢
e In other words we “label” a particle with X; and then follow it.

e The variation of T is expressed as dT'*/dt.
» Eulerian approach

e We look a point, z;, and see what happens.

e Hence T'* depends on both z; and ¢
dT* B oT*  dx;0T* B oT* oT* dT* oT* oT*

+ = + v, > — = — + v
d ot  dt dz; ot Oy dt ot  Ox;
convective change

material change local change

e Chain rule:
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V2
9See Section 1.2, What is the difference between di and E?

X2

X1

0

o 1 2

Flow path x5 = 1/x;. Filled circle: (x1,x9) = (1, 1).

r1 =exp(t), x2=exp(—t), andhence xs =1/11
= v/: start: ¢t = In(0.5) A: end: t = In(2)
» The flow is steady (in Eulerian coordinates).

» Equation 30.1 gives the velocities

V= e =exp(t), vy =—==—exp(—t)

» Equations 30.1 and 30.2 give

E
/01 = X1, /02 = —T9

(30.1)

(30.2)

(30.3)
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r1 =exp(t), o =-exp(=t), vf =exp(t), vi=—exp(—t), v =um,
>CZ;2 = d;f, dsf = 5;;;2 + ng—zj » Let’s compute them at point (1, 1)
d—t2 = (9—752 + U{Ea—;l UQEG—;Q =04x1 - 0—x9 - (—1) =29 =1
» Of course @ = dvg — dv2L —1

dt dt

”UQE — — X9
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X2

9,
1
x
0 T
0 1 2
Flow path x5 = 1/x4. Filled circle: (x1,z9) = (1, 1).
dv¥ dv¥
2 = —2 — exp(—t).
i g - P
» Consider the point (1, x2) = (1,1). The velocity at this point does not change in time;
hence Ovy =
ot
» If we however travel with the particle then the vy velocity changes with time, 1.e.
dvy  dvy

o = = = 1 (it increases, 1.e. 1t gets less negative with time).


http://www.tfd.chalmers.se/~lada/MoF/

4See Section B, Introduction to tensor notation

»a: A tensor of zeroth rank (scalar)

»a;: A tensor of first rank (vector) — a; = (2,1,0)

»a;;: A tensor of second rank (tensor)

011 012 013
Ojj — | 021 022 023

031 032 033
Uz’j = sz'
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» What 1s a tensor?

» A tensor 1s a physical quantity. It 1s
independent of the coordinate system. The tensor of rank one (vector) b; below

/

is physically the same expressed in the coordinate system (x1, x2)

X2

L.

L1

where b; = (1/v/2,1/+/2,0)" and in the coordinate system (z;/, )

ot

VR
where by = (1,0,0). The tensor is the same even if its components are different.

» This also applied for o;
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9See Section 1.3, Viscous stress, pressure

» The momentum balance equation derived in the continuum mechanics lectures reads

pv; — 0jij— pfi=0

» We write it as

d?}i B 80—]'2’
7 tz(él)
012
11
013
X9 To

Stress components and stress vector on a sur-
face.

+pfi (30.4)

g

.

Volume force, f; = (0, —g,0), acting in the
middle of the fluid element.
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012

® > 011
013

X2

L1
Stress components and stress vector on a surface.

»surface forces (o;; denotes the stress tensor). Stress is force per unit area. The surface stress
vector is computed as
(@) _
t;y " = 0jin;
where n = n; is the unit normal vector of the surface.

»The stress tensor, o;;, 1s split into one part which includes pressure, P, and one which includes
viscous stresses (friction)
Ojj = —P(Szj + Tij

1
where P = —gakk.
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» A constitutive relation can be derived for the stress tensor which reads

2 2 1 ([9’02' Ov;
0ij = —Poij + 215 — gﬂskk5ija Tij = 2155 — gﬂskk5ija Sij = ( :

7 7 &m) (30.5)

90

» Before we insert Eq. 30.5 into Eq. 30.4, let’s look at 5
L

, and .S;; in some detail.

€See Section 1.4, Strain rate tensor, vorticity

6Ui 1 6’?)@ 6’?)@ an an 1 (%Z- 6)Uj 1 6’?)@ (%j
T2 B 9 9 — =955 + (2 :
Oz 2 l(?a;j i Oz +Oa;2- Ox; 2 (&Uj * 6‘:@) +2 (333]' (’933@) Sij +$ij (30.6)

28@1/8% | =0

» The vorticity reads

Ov
w:VXV, wZ':é‘Z'j]{—k
(%j
» The vorticity represents rotation of a fluid particle.  Inserting the expression for .S;; and {2;; gives
W :éijk(skj + ij) :5iijkj (30.7)

the product of a symmetric, Sj;, and an antisymmetric tensor, €;;, 1S Zero.
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W; = 5z'jl<;(Skj + ij) = Eiij]{j (30.7)
»Now let’s invert Eq. 30.7.  »We start by multiplying it with ¢4, so that

EitmWi = EitmEiiks (30.3)

e ¢;j;. 1S the permutation tensor.

—Itis one if 75k 1s equal to 123 or any cyclic permutation  Bc93 = €319 = €931 = 1.
— Switch two indices and it is equal to minus one Pi.e, €130 = €913 = €139 = —1.
— If two indices are equal, then €;;; 18 zero.

e ;; 1s the unit or identity tensor. It is one if 7j£ are equal and zero otherwise, 1.e.
011 = 022 = 033 = 1
012 = 013 = 021 = 023 = 031 = 032 = 0

» Using the e-0-identity (see Section C) on the right side of Eq. 30.8 gives
EitmEijkS i =(0010mk—00k0m; )i =000k 25— 001010 =01k 2ot — 01205 =E00— 20, =282,
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EibmWi = 5i€m5ijk9kj (30.8)

EitmEijki i = 20me

» Inserted in Eq. 30.8 we get

0O 1 1 1
ml —=EitmWi ==EmitWi =— =Emeil;
¢ 5 ¢ 5 ¢ 5 ¢

where we first used cyclic permutation of €;4,, , »then used the fact that ¢4, 1s anti-symmetric.

» Actually, it is easier to invert Eq. 30.7  w; = €;;;{);; component-by-component.
» For example, for s = 3

w3 =€31 U =€3218212+€3128001 =—1 - Qyo+1 - (o =—20)5

1
> = ng = —§w3
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“See Section 1.5, Product ot a symmetric and antisymmetric tensor

» The product of a symmetric, a;;, and antisymmetric tensor, b;;, 1S Zero
aijbij =ajibij =—a;iby;,
where we used

2nd expression a;; = a;; (Symmetric)
last expression b;; = —b;; (antisymmetric)

» Indices 7 and j are dummy indices =-

a;jbij = —aijbi;

» This expression says that A = —A which can be only true if A = 0 and hence a;;b;; = 0.
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4See Section 1.6, Detormation, rotation

» Rotation of a fluid particle (w3 > 0, {25 < 0) during time At

%A@At = AaAxs
8332

A.I’Q

0
ﬂA:ﬁlAt = AaAx
8331

6”02 ) ) (9’02 . . .

Er. Ax; »=the v, vel. at right end of horizonatal edge >a—A:U1At is the vertical displacement

I I
e angle rotation per unit time: i—(_f ~ da/dt = Ovy/0x1 = —0v1 /x4

e If not solid body, we take the average da/dt = (0ve/0x1 — Ovi/0x4) /2.

e w3 = vy /0x1 — Ovy/Dx9 = —2€)15 is twice the average rotation of the horizontal and vertical edge
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» Deformation of a fluid particle by shear during time Af.

%Aargﬁt — AaAxs
6:{52
AZEQ
O Ay At = AaAa,
(933‘1
L2

» Here, we take the average of 0vy/0x1 and Ovy/0x,
Slg — (6’?)1/81’2 + 6’1}2/(%1)/2


http://www.tfd.chalmers.se/~lada/MoF/

» Elongation of a fluid particle during time A¢.

8?]1
— Az At
AZEl (3’[61 =
AZEQ
L2
X1
8U1 .o . (9?}1 . . .
. Axy  »This is the v; vel. of the right edge >a—Aa:1At is the horizontal elongation
I I

» Summary:

e Rotation of a fluid element is described by (2;;

e Shear corresponds to the off-diacsonal elements of S .
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e The diagonal elements of 5;; represents elongation of a fluid eleent
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YSee Section 1.7, Irrotational and rotational flow
» Flows are often classified based on rotation: they are rotational (w; # 0) or irrotational (w; = 0)

9See Section 1.7.1, Ideal vortex line

T8 oD r

=5

O vg=——, v,=0

Uk =
onr’

- c’?xk’

Transform vy into Cartesian components.
['x 2 ['x 1

! om(z?+ 22 0 2m(2? + 22)

Oy I xf— 3 Ovy I x5 — a3
a. 2 — 2
Oy 2T (a;% + x%) " Oxy 2w (x% 4 x%)
Ovy  Ov : , .
= W3 ———_—1-0 = irrotational flow »N.B.: vortex vs. vorticity

_6:61 6x2
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e The locations of the fluid particle 1s 1ndi-
cated by filled squares.

e The diagonals are shown as dashed lines.

e The fluid particle is shown at 6 = 0, 7 /4,
3 /4, 7, b /4, 37 /2 and —7 /6.

e The fluid particle (i.e. its diagonal) does
not rotate.

e Or, rather, the velocity field does not try to
rotate the fluid elements
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See Section 1.7.2, Shear flow

Lﬁ”ﬁ

» Consider shear flow with v; = cw%, v9 = 0, see figure above.

» The vorticity 1s computed as

B (9’02 a’l)g B 6’01 6’03 B 6’02 8@1

- = 0 — — —() — _
1 ’ 2 83:3 6x1 ’ 3 0331 6x2

— = =—2 0
83:3 0332 ng#

Hence the flow 1s rotational

» The fluid particles rotate clock-wise (see figure above); 1.e. they rotate in negative « direction.

» Finally: w; # 0 does not really mean that a fluid element rotates.
» It only means that he velocity field tries to do that.
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“See Section 1.8, Eigenvalues and eigenvectors: physical interpretation

022 ~ Vi
\ D
T 021
J12
THUH
X9

e A two-dimensional fluid element.

— Left: in original state; o;; 1S symmetric;
— right: rotated to principal coordinate directions.
— A1 = oy and Ay = oy denote eigenvalues;

— V1 and V5 denote unit eigenvectors.
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9 See Section 2.1.1, The continuity equation

d 0 Ov;
,0 +p Y incompressible flow gives Y
0x; Ox;

= (

9 See Section 2.1.2, The momentum equation

2
oij = —P0ij + 2015 — SHSkk0;j
d’UZ' 603-2'

pg = Oz, + pfi
OP s, 2
- 6’:1;7 —0; + =— o, (2,uS¢j — —/LSkk5zj) + pfi
0P 0 2 0
= _6’1’2- - a$j (Q,uSZ-j) 3(3’ (Mskkézj) + pfz
oP 0 2 5’

- _6@ i aZCj (

Q/LSU') — gax (MSkk> + pfz’
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d?}i 0P 0 2 0

o= am T o (2pS45) — 300, (1Skr) + pfi

» Note that the right-side (stress tensor, o;;) depends only on S;; (deformation), not on (2;; (rotation).

» Incompressible flow:

([9’02' .. .
= (0= 5;; continuity equation
(%i

T + oz (2uS55) + pfi

» Incompressible and constant p:

@__ap+a v, avj o
it T T om ar M\ox, "o, ) T

_8P+ 8 o0v; c%j of
Ox; Mc’?a:j (‘9333 P

Oz;
_ 6P+Iu 0 ((‘9’0@) 0 ((%]) of
Ox; ° Ox; \ Oz, N or Ox; Z
P 0%, Ov;
B (%Z—'_'u(%jamj 'u(%z ((%]) ol
OP

et pf,
ox; 'u(‘hj(‘?m] 2k


http://www.tfd.chalmers.se/~lada/MoF/

“See Section 2.2, The energy equation
» First law of thermodynamics:

du ov; dq;
P T Tor om GLD
¥l 1
internal energy change exchange of work exchange of heat
oT L
g = —k constitutive law
6’@
2
oij = —Poi; +2uS;; — g,uSkk@-j constitutive law
» Recall:
Ov; 1 [ O0v; Ov; 1 [/ 0v; Ov,
Z:SZ"—'_Qi') Si':_ Z+ / ) Qi':_ L — !
c%sj / / / 2 (@ZC] &UZ) / 2 (03:] c‘?a:)
Ov;
0; — =0; (Sz T Qz ) =0; 'Sz' ;
]6;xj J\Pij J JR2i]
» This gives
(9?}2' 2
O'Z'ja—xj = {—P(Szj + 2/LSZ']' — g,uSkchij} Sz'j =

2 2
= —P0i;Si + 215;;5i; — §M5kkszj5z‘j =—P5i; + 2/05;5i; — gMSkkSM
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du ov; dg;

10_ — g _
dt ﬂé’xj (%Z
internal energy change ex change of work exchange of heat
(%Z- (%Z- 2 6)T
Oijm— = —P—=—4215;;S:;j — puSpiSii, ¢ = —k
1) aajj a[pz 11~1]) 3 (A% 1 a[pz

Insert the constitutive relations above into Eq. 31.1 gives

du ov; 0 oT
— =—P + 20975 — m+
0 n . 1Si;Si; ,uSkkS (k xz)

» During time, dt, the following happens:

» AU: Change of internal energy of the fluid

» Rev: Reversible work done by the fluid (compression or expansion)
» O: [rreversible work (dissipation) done by the fluid

»Q: Exchange of heat to the surrounding fluid

(31.1)
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» Incompressible flow (low speed,

v;| < gspeed of sound)

du Ov; 2 0 T
— =" 2095905 — 5 it |k
AU Rev d l Q I
dl’ 0 oT
du = c,dI’ = pcpE =P 4 A, (k(?a:Z)

» & important for lubricant oils, See paper of Erwin Adi Hartono at course www page
» For gases and “usual” liquids (i.e. not lubricant oils) we get ($ ~ 0, £ is constant)

dT 0T k 1%
— =« , a=—, Pr=-—
dt 0x,;0x; pCy o
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“See Section 2.3, Transtormation ot energy

»k = v;v;/2 equation (multiply the momentum equation by ;)

d?}i 80—]'2’ dUZ' (90']'2'
i — —pli | =vip— —vig— —vipfi =0 31.2
v (p it o pf) T vipf (31.2)

» The first term on the left side can be re-written (Trick 2)

d?}i 1 d(?}i?}i) dk

S - _ " /9 = 12 /9 = 1.
P TP Py VR v2=k (31.3)
» Trick 2: the product rule _8 =— Aia + Aia = Aia
2 6’@ 2 aiﬁj aiﬁj aiﬁj
Using it backwards Aza :_c‘?
aZCj 2 aZCj
»Eqgs. 31.2 and 31.3 give
dk (90']'2'
Por = ’Uz'a—xj + puifi

Re-write the stress-velocity term so that (Trick 1)
dk  Ovioji ov;
'Odt = oz, _Jﬂﬁ—a:j + pvi fi
» Compare with the equation for innternal energy (Eq. 31.1)
du 8?}@- 6%

p% :Oﬂ@xj B c‘?a:z
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» Trick 1: the product rule 0 = (A 0 0 )

i B
6’@ aiEj + aiEj
— — B,
(‘933]- 8xj 6xj

Using it backwards A;
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“See Section 2.4, Left side of the transport equations

» Left-hand side (V = v;, u, 1. ..)
dav  ov N oV
Pat ot T,
ov ov dp  Ov,
i — g Z —J
p@t +pv‘75xj+ (dt +p8[€j>

=0

ov ov dp dp ov; opV  Opv,; ¥
. Ul Lo g2 = J
TRLErT (azf+vfaxj+paxj> or o,
oV N oV t'
p— + pv,—— non-conservative
(% j@xj
OpV Opv,; U
P OPUT conservative

(% 6’:51-
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“See Section 3.1, The Rayleigh problem
L2

v The plate moves to the right with speed
%331 0 Vo fort > 0.

» The v; velocity at three different

L2 \\Ifg times. t3 > 19 > 1.
t b2
0 0.2 0.4 0.6 0.8 1
711/V0

dvy,  Ou ovy OP 0*vy

ot ="t TP, = 0w P anom, TN
0 0 0
» Simplificatons: » L 0 = 9t _ 0 =wvw=C] bc.=uv=0
Oxri Oxs 0x9
8@1 _Vﬁ%l L — v
ot o0xd’ T p
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o0
ot Oxl

» Similarity solution: the number of independent variables is reduced by one:
from two(x, and ?) to one ().

Oy dv1 877 azgt_3/2 dvy  1nduv
ot dn ot 4/v dn 2t dn

Oy dvy 677 B 1 dv

% B 0 (8’01) B 0 ( 1 d’Ul) B 1 0 (d’l)l)
(%% N 6’x2 6$2 _(%2 2\/% d77 _2\/E(9£U2 d77
1 dvy 0 [dv _i@
2wt dn On vt dn?

» We get

d’ d
! —f+277 /

— —
Voo dn? dn

f
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» Boundary conditions

Ui
’Ul(ﬂfg,t = O)
’Ul(IQ — Oat)
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» The solution reads

X2

=1 — erf(n), = : = — 31.4
f(n) (n), 7 T f T (31.4)

3I

2I

mh

0l |

0 0.5 1

f
The velocity, f = v /V, given by Eq. 31.4.
»v; = 0.99V}, usual boundary layer.  »Boundary layer thickness: f = v;/V = 0.01 (dashed line)
» The figure above gives (for f = 0.01) n = 1.8 so that
O o s—36vil ¢ >
p— = . 1% p—
2/t ’ 3.6%v

0 = 10.8cm air, after 10 minutes

n = 1.8

>,
|

2.8cm water, after 10 minutes
0 = 1lm air = 84 minutes
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9 See Section 3.2.1, Curved plates

» The inlet part of a channel. P, > P,

»Flow 1n a channel bend. P, > P;

) 2 > .
x
2 P1<
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“See Section 3.2.2, Flat plates

0 0 0
» Fully developed incompressible flow in a channel. 2D and steady. o  »0 = otz o0 _ Us.
Ori Ox1 Oxs
(9?)2' 6’1}2
=0 == —=0 = =C = vy =0
aZCi (‘9332 b2 1<$1) b2
» The Navier-Stokes for v; (g; = (0, —g,0))
d’Ul 62}1 0vy 1 0P 0%y
— -+ = ——— -+
Ujé’xj pOx; V(‘?wj(‘?x] /i
{ f agl 6’2}/ 0%, 0
+ + +
vl UQ X9 3:61 ﬂxl 0332 ”f{
0? OP
° (32.1)

» The Navier-Stokes for v gives

avg Sy 1oP &

Uj@x] N p@xg 03{,(‘93{, th

w5 a?;/ 025 0P
70\454[*% ‘a@* T2 g | T T VT o
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oP

0= —5—=pg = P=—pgrs+Ci(z1) =—pgzs +p(z1)
2
oP 9,
= o —a—i (p = p(x1) is pressure at lower wall)
62U1 0P
:> _— 32.1

= (‘9%1 — o —=const
s ﬁxg - 6$1 -
Flzy)  flz)
» Integrate twice gives vy = ———129 (1 — _)
2udxy h
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“See Section 3.3, Two-dimensional boundary layer flow over flat plate

Oy Oy 0%y Op Op ovy  Ovs
— + — ) = 07 Y 07 + =0
vlc‘?xl 9z, 01 - ox3’  0Oxy O0x ory Oxo
(note that both terms on the left side are retained)
: oV oV
» Streamfunction V: v = pe Vo = A » The continuity equation 1s automatically satisfied
X9 I
0 :&Ul Ovs 0% B 0% _ 0

(9 61'2 (91'16’@'2 axgé’xl

» Inserting the equation above into the streamwise momentum equation
ov 00 oUW QU
_ —y
6@ c‘?xlﬁxg 0331 033% 6x§’
» Similarity solution: x1, zo = &,V = g(&).
Vi 1/2
§ = (1—> Te, V= (VV1,oo$1)1/29

VI
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_———V—

oV 0% VPV PV e (Ve
6:626:6103:2 8331833%_ 6x§’ B

1/2
—) T, W:(V%,oom)mg

VI

» First we need the derivatives 9¢/0x; and 0§ /0x-

9 () Tan € (Vi) €
(%1_ 2 VI I‘l_ 21‘1, (%2_ Vxq _I'Q

ov . 0 1/2) 1/2 dg 7S
v, 6—@((%,00:1:1) gHVieom) " aea
0 0
= g (Viwn ) g Vi) o 5
1 (V1 1/2
_ 1 1, g—(VW,ooﬂh)l/Zg/i
2 I 2$1
1
. :> _§gg// _|_g/// — O

» This 1s Blasius solution (from his PhD thesis in 1907).

» The numerical solution 1s given in Table 3.1.
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9 See Section 4.1, Vorticity and rotation

7'21(5132 -+ O5ACIT2>

—
p(x1 — 0.5Ax) i (@1, 2)
— [
9i
7'12(5[51 — O5A£E1>
-

» Surface forces. dr15/0x1 = 0, O191/0x9 > 0.

7'12(331 + O5A£Cl> Ul(xé) -
p(z1 + 0.5Ax;)
- ----- —
- -
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aTji B 62’02'
6xj _'u(?a:j(?a;j

» The right side can be re-written as

62?% B 62Uj (92?Jj 62?}2'
6’@0@7 B axjé‘xi_ (6’%(%2 B 6‘@6’@)
_ 9 (5%')_5. S/ S s
Oz; \ 0z e k@xjﬁxn e k@xjﬁxn
=0
» Let’s verify that
(&2’03' B 62’02' )—8' - a2ka
Ox;0x; Ox,;0x; B m]ké’xjawn

» Use the € — d-identity

2 2 2 2
0-vy, 0-vy, 0“vy, 0“v;

inm m—:525n_57 571 — — ified!

sinmEmik g D (9150 = OikOn) 001, 010w, Oxdx;,
P Pu 0 ow\_ O
Ov;0n; mjk@xjﬁxn_ "o, mjk@xj " oy,
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@ B _6P n aTjZ’
pdt B (P))I'Z' 6’@

7'21(332 + O5A£C2>
—

p(zy — 0.5Az) >¢ (21, 72)

P9
7'12(5131 — O5A£IZ1>

»change in vorticity <> change in shear stresses p-irrotational flow < »potential flow <

»no change in w; (often w; = 0)

oP
6’I‘i

—MEinm

W,

O,

(33.1)
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» As a first step for deriving the w; transport equation, let’s re-write the left-side of N-S:

(9?}2' 1
:vj(SZ-j -+ Qij) =0, (Sz — —82']']{&)]{)

I 9; >

Inserting S;; = (Qv;/0x; + Ov;/0x;)/2 and multiplying by two gives

9 (9?)2' (%i n (%j - W
Vit ). Py
jé’xj / Or; Oux; IR

Ov; 0v;
Uja—mj :U‘j(‘?—mi
» The first term on the right side can be written as (Trick 2)
Ov;  10(vjvy)

Y (%Z _2 (%Z
» With Eqgs. 33.3, 33.4 and Eq. 33.2 N-S can be written

— — & jkVjWk

c’?vi 8%@2 10P 62’02'
TR PO L el

no rotation

;(‘9332 i &Uj(?a;j

rotation

(33.2)

(33.3)

(33.4)

(33.5)
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(9?}2' (9%?}2 1 aP 6’2?}2

+ — €LV iWE = ——
no rotation

T+ i

rotation

» Now we will derive the transport equation for w, = €,,,0v;/0x,. w, = (€):0/0x,)(v;).

» Multiply the Navier-Stokes equation by ¢,,,0/0x, so that

g Ovjwi 1 02 N Oa; 0
Epgiaa 1€ —Epgi€i —Epgi— VEpui +&
= até’xq L amzamq PR g, oz, "o0x,00, M amjé’xjé’xq 2 6’xq

e Term 2 on left side: zero because product of anti-symmetric & symmetric tensor

e Term 1 in right side: zero because product of anti-symmetric & symmetric tensor

e last term: zero because g; 1s constant
» Re-write unsteady and viscous terms in Eq. 33.6:

) v, 0O (5 &UZ-) ~ Ow, e v, 0> (5 &UZ-) 0*w,
pq@@taxq ot pqzé’xq ot pqzamj(‘?%@xq 8%6’% pqz(‘hq 6’%6’%
» Inserted in Eq. 33.6 gives
Ow,, &ijk 0w,

—,  Spqi€ijk
ot oz, 8%8@7

(33.5)

(33.6)
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| 2
Ow,, Ovjwr 0wy

at par=tj 6$q 6’@8@7

» The second term on the left side is re-written using the -0 identity

6ijk

Qvjwp  Ovywy, B Ovw,

5pqi5ijka—xq = (0pj0qk — OpkOq;) o, =

axk axq
0

0wy Ovy, 0w, Oy
- 8xk+wkﬁxk Uqé?a:q “r oz,

» Term 1: Using the definition of w; we find that

Qo _ 0 (L ow) __ &
(%i (%Z B

(product of symmetric and anti-symmetric tensor).

» Using Eq. 33.8, Eq. 33.7 can be written

oo Ovwr O 0w
Par= 6’$q (P)’x'/{ 6’%‘/{
» Finally, we can write the transport equation for the vorticity

%—HJ % — %—I—V apr
ot ' "Or, Or,  Ox,01;

(33.7)

(33.8)

(33.9)
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Ow, 0w, v, 0*w,

+ U = W=+ V
ot ké’xk ké’xk Ox;0x;

» Underlined term: Vortex stretching and vortex tilting

» Vortex stretching

ovy
3_331 > O
O R L L LR R
L1
( c%l (P))’Ul (9?]1
Wim— TWeag — TW35—
011 8332 6563,
ov (%2 6U2 (%2
P _
W =1 Wig +w20 -l-wza ;
Tk 85131 85132 0563
v v v
w1—3 ‘|_CLJ2—3 + w3—3,
\ axl 8[62 6563
(%1 (’9’01 eyq -
—— > 0: the term w;—— will increase wy

0xq Oy

p=1
D=2
p=23
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W= +Wr=—— + W3—=—, =1
1(91’1 2(91‘2 38$3 b
v, 0y OV 0y
W = Wim— +wor—+ws=—, p=2
&Uk (31‘1 (gl'g gx'g
v v v
w1—3 +w2—3 + W3—3, p=3
\ (91'1 (91'2 6’%‘3

(9?}1

» Vortex tilting/deflection  »Assume — > 0

ov
> > 0: the term W9
8:62

8:62

X1

ovy . .
—— will increase wq

0:132

I 01(332),

ovy

0xo

> (
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“See Section 4.3, The vorticity transport equation 1n two dimensions

Ow,  Ow, v, 0*w,

»3D 1l —= = Wp———
N U ~ Yo TV a0
»2D flo ( 0) 0 0
w: v; = (V1,09,0), —— =1v3=
1, U2 Oz 3
0
» The vorticity: w; = gz’jkﬂ
aZCj
6’?}2 (%3 —0 W 8U1 6U3
w _ _
Y 0xs Oz 0 7 Ors  Om
0 0
» Hence, the vortex stretching/tilting term wp— L =W3—— % _ 0
8$k (91‘3
» The 2D w3 equation reads
awg 6’&)3 8 w3

Ot v (%k (%](%]

=0,

wg#O
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Ows | Ows | O
ot k@azk B &Uj(?a;j

» Consider fully developed channel flow

: O°T o eon
»heat conduction: (= kﬁ » vorticity diffusion
Ly
x
’ or
1=~k

» Temperature: ¢o =0 = no temperature (increase)
» Vorticity: = no vorticity (increase)

0 oA
— In a boundary layer this is true because P _y & /U; = (
O 03 ) yall
dp
570 = 7#0

8331

— for channel flow,
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9 See Section 4.3.1, Boundary layer thickness from the Rayleigh problem

»Rayleigh problem: §(t) = 3.61/vt was presented for the v; equation.
Also for the concentration/temperature equation.

» Here we will use it for the vorticity equation.

Vo

) >

X1 ¢(5

= =]

- L -
/L / 0 !
» Boundary layer thickness: § oc Vvt = 7{)” =L ﬁ = 7% \/R:eL
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YSee Section 4.4, Potential flow

» Define a potential

A%
B 6’@

If it exists, the vorticity is zero

a’l}k 62(1) 0
W; =€k = =ik~ —
]kaxj ]kaxjaxk

The continuity eq. reads

O:

v, 0 [(00\ O
6’@ _8$¢ aiEZ _6’$¢6’$¢

» Derive the Bernoulli eq.  »The N-S reads (see Egs. 33.1 and 33.5)

ov:  Oiv? 10
Z—|— 2 —€Z‘j]€’0jwk =— P

no rotation

;axz’

rotation

Ow
_Vginm—m—i_gz’

0x,,

In potential flow, w; = 0. Insert ® (Eq. 34.1) and a gravitation potential (¢; = —0X /0x;)

0 (6@) O30 10p 0X 0P 1

=0 Integrate:—+—'02+1—9+?( =C1 X = —g3r3=gh

(34.1)

(34.2)

Bernoulli
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“See Section 4.4.2, Complex variables tor potential solutions of plane tlows
» Complex functions.

» The derivative of a complex function, f, by a complex variable, z (f =u+ivand z = x + 1y)
is defined only if the derivatives in the real and imaginary directions are the same, 1.e.
Im(z)

df .. flzo+Az) — f(20)
A As (54.3)
— lim flxo+ Az, iyy) — f(o, iyo) i f(xo, tyo + sz) — f(o, Z'?Jo). (34.4)
Az—0 Az Ay—0 ZAy

» This means that

of 10f i0f Of
Z 27 — L 4.
Oor 10y %0y Zay (34.5)
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or _ 91 (34.5)

or _Zé’_y
»Inserting f = u + v in Eq. 34.5 gives
ou . Ov Ou  ,0v Ou  Ov

— tl— =1 — U — =1—+ —

or  Ox oy oy Jy Oy

We get
ou ov
l part: — = — 34.6
real par 9 9 ( )
1maginary part: o = u

They are called the Cauchy-Riemann equations.

» A complex function in polar coordinates: z = re’ = r(cos ) + isin 0)
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ou Ov  Ov ou

6’x:6’y’ or Oy

Cauchy-Riemann

» Fluid dynamics: define a complex potential f = ® + W where WV is the streamfunction:

o 9P

B ov 9
Oy Oz

or Oy

U1 and Vg = —

»We want f to be differentiable: hence Eq. 34.6 must hold (replace v and v with ® and V)

ob ov oL ov
— = : = —— which 1s satisfied, see Eq. 34.7
or Oy Oy ox

» O satisfies Laplace eq. (see Eq. 34.2). Since w3 = 0 (potential flow), this applies also for W

62\11 n (92\11 __(9’02 n 6@1 o =0
(P))I'% (91'% B 6$1 (91‘2 B S

»d and W satisfy Laplace equation.  »Hence, f also satisfies Laplace equation

» Furthermore, f has a physical meaning in fluid dynamics: it describes potential flow
0°d 0%

= ( dws =0, 1.e. = (
6’@-6’@- P-anc ws e (%ié’xi

»namely, continuity equation, 1.e.

(34.6)

recall

(34.7)

(34.8)

(34.9)
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€ See Section 4.4.3, f o< 2"

1. Now we “guess”/dream up a complex function f = ¢ + W

2. then we check if it satisfies the Laplace equation (i.e. the continuity equation, 34.2 and that the flow
1s 1nviscid, wy = 0, Eq. 34.9)

3. then we find out if f corresponds to a meaningful fluid flow situation
»We guess f = C12" = Cyr"e™ = C1r"(cos(nd) + isin(nf))

Check that it satisfies Laplace equation

of 10°f
2 — —————
V= 7“67“( 87“)+7“2692

» It does, see eBook
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“See Section 4.4.3.1, Parallel flow
»Our guess f = Cyr"(cos(nd) + isin(nd))
» Parallel flow, n = 1. f = Ciz = Voz = Vo(x + iy)

The streamfunction, W, is the imaginary part of f,i.e. ¥ = Vy which gives

O OU
— a Vooa =——=0
1T By T T
Y
Vo
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“See Section 4.4.3.2, Stagnation flow
»Our guess with n = 2: f = r*(cos(20) + isin(20))
» The streamfunction, U, is the imaginary part of f,i.e. U = r*sin(26)

» The polar and Cartesian velocity components are obtained as

10V O |
v, = ——— =2rcos(20), vy =—— =—2rsin(20)
r 00 or
v = 2x1, U = —2%9
1.2t
2 AN N
0.6F ///// ,///////H | H\\\\ N\ \\ .
Q e /// ///ué Py \\\\\\ ~ k
8 S A AT Y AN \\\ SN 305
04> =~ =~ ~ ////// i \\\\\ \\\\\\i\
02 T NN N
CIIZEE NV IR 0
0 P S s = _
! | 0.8
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1
T T
Vector plot. Streamlines. Colors represent V.

» The flow impinges at the wall at xo = 0 where vy = 0.

» =0 along the symmetry line, z; = 0, and 1t 1s negative to the left and positive to the right.
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“See Section 4.4.3.3, Flow over a wedge and flow in a concave corner
»Our guess with n = 6/5: f = r5/%(cos(66/5) + i sin(66/5))

» The streamfunction, W, is the imaginary part of f,i.e. ¥ = %/55sin(60/5)

10V 6 ov 6 .
U= =T cos(66/5), wvg=—— ==cr sin(66/5)

or

2.57

11.5

15 -1 05 0 05 1 15

L1
Vector plot. Streamlines. Colors represent W.

» The lower boundary for x; < 0 can either be a wall (concave corner) or symmetry line (wedge).

—1
» =0 along the lower boundary. The angle, «, in the figure above is given by a = (n i = %
n
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“See Section 4.4.4, Analytical solutions tor a line source

m m N (1) 0 m .
f :%lnz =5 In (re") =5 (Inr +1n (e)) =5 (Inr +40)
Check that it satisfies Laplace equation (it does, see eBook)
mo 10V m ov
U =— p=—— =, =——=10
o " Troe  2mr Y or
Yy
0
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“See Section 4.4.5, Analytical solutions tor a vortex line

I I - I . |} |
f = —Fz% In 2z :—fi% In (;ew) :—i% (ln’r + In (ew)) =5 (—z' Inr —zln (ew))
= o (—ilnr —i%0) =5 (—ilnr +0)
» Check if it satisfies Laplace equation (it does, see eBook)
I’ 10V ov T
@ p— —1 r P :O, — p—
o T 00 0 or 27r

Y

)
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9 See Section 4.4.6, Analytical solutions for flow around a cylinder

» Doublet: take a line source (7 > 0) a line sink (7 < 0) with a separation ¢: let e — 0 which gives

7
f: p—
TZ

9
VooT§

where 15 =pu/(7Vy)
z

O*W
» Add parallel flow (f = V2) gives cylinder flow

» Recall: = 01slinear = Wy, = W 1+Vgpro+ ...

Voo 2 Voo 2 2
f= TO—I—VOOZ = T0-|—VOO7“€ =V (T e 0 4 re! )
2 reit r
Vooro . . . .
= (cos @ —isin@)+Voor (cos@ + isinb)
-

2
» The streamfunction reads (imaginary part) »WV =V (7“ — E) sin 6
r

and we get the velocity components

10V ré oV 3\
U, =30 =V ( 7“2) cosf, vy ==, = — Vs (1 + 7"2) sin @
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“See Section 4.4.7, Analytical solutions for flow around a cylinder with circulation

» We have f for a cylinder. Now we add f for a vortex line

2
I’
[ = Vs (TO(COSQ—ZSIHQ) (cos@—l—@'sin@)) —i—1Inz

r 2T

[' = %’Umtmdg :/ €ij%nzds :/ wmzdS :/ W3dS
s Oz S S

» The imaginary part gives the streamfunction

2
I
U =V, (7“— E) sinf — —Inr

r 2T

We get the velocity components as

10W ré oV 2 I
—_— = =— = 1 S E—
Uy ey =V ( 7“2) cosf, vy 5 Vo ( + 7“2) sin @ + o
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10U 2
v, = a——voo<1—r—0)COS(9

r 0 r?
oV : I
v = mg = —Vx (1+T2>81n9+%

[

27T

»The velocity at the surface, r = rp: P, =0, vy =—2V,sinb +

»Location of the stagnation points, 1.e. where vy , = 0. We get

. I’ , I
2V sin Oyt :% = 010y =arcsin (47T7“0Voo)
» The surface pressure is obtained from Bernoulli equation
V2 P 00 Ug s . DPs VOQO o /Ug s
=+ — =+ == p, =P+ ’
0o T, T T, TF '
22 r 2
We get:  »C, = 2 —=1—(—2sinf +
. v V2 ( o %m@>

»Integration of C), gives drag I'p = 0 and lift F, = —pVI".
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“See Section 4.4.7.1, The Magnus effect
» The Magnus’ effect: three applications

» Table tennis: loop or top-spin
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» Footboll: Free-kick

~~~~~

wall of players

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
/ z
-
-
-
-
-
Q/

» Course www page: “Effect of panel shape of soccer ball on its flight characteristics”, rotation, ball
trajectories for free-kicks in worldcup in football
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» Flettner rotors: the Magus effect = propulsion force of F, cos(«)

Vwind

X2
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“See Section 4.4.8, The flow around an airtoil
» The boundary layers, §(z1), and the wake illustrated by the colored lines.

/002'
” E f

L1
Real flow.

Unphysical rear stagnation point (suction side).

[’
/\

v

/OO'

Potential flow, added I'. Rear stagnation point at trailing edge. Lift force F; = —pV, I’
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€ See Section 5, Turbulence
»v; = U; + v, is irregular and consists of eddies of different size

»increases diffusivity

Ov
T9 turbulent T = p—
85132
laminar T M%
w
1 (95132

— -
R
—— -
- -
—— -
- -

Difference between a laminar and turbulent boundary later

VD Vax

»occurs at large Reynolds numbers. Pipes: Rep = — =~ 2300; boundary layers: Re, = — ~ 5Eb.
v v

»1s three-dimensional

»is dissipative. Kinetic energy, viv!/2, in the small (dissipative) eddies — thermal energy, AT

» Almost all flow are turbulent. Exceptions: blood flow in your veins.
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Tl

transfer of kinetic energy per unit time = ¢

. d1831patlve, small scales

intermediate scales K

large scales S g
& & & small eddies

large eddies

ov; Ov,
Oz 0x;

» This is called the cascade process

) takes place at the small scales.
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» Characterize the dissipation of kinetic energy at small scales in two relevant quantities: ¢, v

ms] = [mfs]  [m?/s?
[m] 1 = 2a+2b
[s] —1 = —a—3b

» This gives the Kolmogorov scales, a = b = 1/4

3\ 1/4 1/2
b= 6= (%) in= (%)
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»In a previous slide, we looked at energy spectra. It 1s based on Fourier series.

» Any periodic function, f, can be expressed as a Fourier series

1
f(x) = zap+ Z a, cos(knx) + by sin(kpx)), [ =0, ky=-—

2
/ f(x) cos(kpx)d / f(x)sin(k,x)dx

» Parseval’s formula states that the kinetic energy can be computed as

/LUQ( )dx :—aO+LZ 2+ 0%

~L
» Hence, you can compute the kinetic energy by:
e integrating in Fourier (wavenumber) space (right-hand side)

e or integrating in physical space over all fluctuations (left-hand side)

(35.1)
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» Spectrum for turbulent kinetic energy, &
1/

B 0(v;
7 ox;

108

& & &\ sm;111 eddies

large eddies

» E(k,) o< a2 + b?, see the Fourier series on the previous slide »

k= /OO E(k)dk = Z E(kn) Ak, (35.2)
0 0

» which corresponds to Parseval’s formula
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& & &\ small eddies

large eddies

» The turbulence spectrum is divided into three regions:
I. Large eddies carry most of the turb. kinetic energy. They extract energy from the mean flow, P*.

II. Inertial subrange. Independent of both large eddies (mean flow) and viscosity. Isotropic eddies.

II. Dissipation range. Isotropic eddies (vz’-vg- = ¢10;;) described by the Kolmogorov scales.
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» Turb. kinetic energy in Region 1l

! ]Ehj

108

L & &\ small eddies

large eddies

» Turb. kinetic energy in Region II depends on: »e and »-eddy size 1/x Recall: »k = [~ E(k)dx

b=2/3,a=—5/3

[m)]

[s]
so that » F/(k)

E

m?/s’]
3
—2

2
= (Cxe3k

_2
3

K¢ g
[1/m]  [m?/s’]
—a+2b

—3b

» This is Kolmogorov spectrum law or —5/3 law
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» Turb. kinetic energy in Region 111

! ]8a:]

108

& & &\ small eddies

large eddies

» Small-scale turbulence is 1sotropic (see Section 5.3):

2 o2 12 : . / / /
vi” =v5 =vY.  Not true instantaneously , i.e. v] # vy # vs.

[sotropy: if a coordinate direction is switched (i.e. rotated 180°), nothing should change.
= v} v} in both coordinate directions must be the same. = vjv, = (v{v})1800 = —vVjv) = 0.

/

» On tensor form: v ;

= const.o;;
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» Energy transfer trom eddy-to-eddy, x,

— 0V,
_ gl =

" 0x;

S

K

S .
C & & & small eddies

large eddies

3,3
vy U

£ OV [t 0cv? [ (£, /vy) ox—Eoc -2
le L


http://www.tfd.chalmers.se/~lada/MoF/

» Find relation between largest and smallest scales:  Re = voly/v, v, = (ve)'t, &= vi /g

— = (ve) My (V'Uo/fo) v vy =(volo/v)"" =Re'/*
/ 3\ —1/4 3¢ —1/4 3\ —1/4
(B (o = V_?)O ly = % _ RS/
o 3 vg vl

’ / —1/2 3\ 1/2 / / 1/2

- () () - )
Ty Vg vl Vo v

» We do a DNS (Direct Numerical Simulation) at a certain Reynolds number.

» Now if we double the Re number, how much finer must the grid be?
93/4 5 93/4 5 93/4 91/ _ollfin, 7

x1dir  xodir xmzdir  time

» Hence, doubling the Re number requires 7 times more computational effort

» This explains why DNS (Direct Numerical Simulation) is too expensive at high Re numbers.
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¥See Section 6, Turbulent mean flow

» The continuity and the Navier-Stokes for incompressible flow with constant y read

dv; 0 ov; N dviv; B Op N 0%,
aiEZ‘ - P ot P ain B 6’@ 'ué’xjaxj

» Decompose the variables and time average

ov +u, Oy, 87 o,
6’@ 6’% ﬁfz axz

Y} _ i{(v‘+v’)(?}-+v’)} _9 (vv + v + ;v +vv)
aZCj - 6xj ' AT J _axj v ! J J
Ov;v; OV
= ijJrv}//Jrvj —|—’U ) = ax;ﬂL 6ij
» The steady RANS (Reynolds—Averaged Navier-Stokes) equations
0v; 0U; U ; ap 0 0v; S
— () J —_ — vl 36.1
or, " "Bz, o, 0z, (“ax] p”@”ﬂ) 561

Tij.tot
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“See Section 6.1.1, Boundary-layer approximation

»RANS in developing boundary layer flow

5 < 7y, 0 O

: b 6’%’1 (%2
v%—l—vavl— ap 0 (%1_?”}
TR T o o L e |

Ttot

» Left side: each term include one large (v; and 0/0x5) and one small (05 and 0/0x1) part
€ See Section 6.2, Wall region in fully developed channel flow
»RANS in fully developed channel flow

0 6’p 0 0vy dp _|_5’T tot
=— — — Pt

oy 0w Moz 72)T " om, " oms

f(z1) g(z9)
» Integration from z5 = 0 to x5 gives
op op
Ttot(x2) — Tw —a—flx2 = Tiot =Tw T a—ixQ =Tw (1 - %)
op  Tu

» Last equality: — P _T (force balance)

(91'1 )
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op o
0= — +
(9[131 65132
» lower half of channel
2000 1
10.8
1500} ]
| 10.6
+ I
S 1000:
| 0.4
500F |
| 0.2
% 02 04 06 08 1
Full view

L —pUih /Ty == (D01 /D) [T

(1

8[132

200

[
— Pvlv2>

0.1
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» T'he different wall regions

10~ 1077 1072 107! 1
] L | | | |$2/5
outer region
overlap region
log-law region (g?
e =
= inner region 5(:,1.
; £
| buffer region N
yiscous region 5
J | | | | Ty =Y
5 10 30 100 1000 10000

» Wall shear stress

% 1/2

vl 9 Tw +  L2Us

Tw =U=—| =pu; = U= |— , Ty =
8:62 w
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» The linear velocity law

. 2 2
O Tw  PU;  UF

Ora|, n p v

»Integration gives (recall that both v and u? are constant)

1 1,

_ 2
U] =—u 2y + C] =—u xo
v v
Divide by u:
U1 UrTo _
= or v, = x5
U, v

» The log-law (turbulent region)

Velocity scale: u,; wlengthscale: { cx9y = { =kx

6?71 Ur 6’?71/’&7 1 aﬂl/uT 1
—- = = — = —
0o K9 0o K9 O(xou,/v)  K(xou,/v)
ov; 1. 1
= 2o — integrate: = 0] =—Inz, + B

dry Ky K
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1 10 100 1000
€X

NG

- - 1

Velocity profile in fully developed channel flow. v, = 2, o7 = —InazJ + B, k = 0.41, B =5.2.
K

Tol
"7 ~ 1: how to find u.?

»In CFD, you may want to put the first cell ar x3
v

»N.B. U1 centertine/ur =24 = good estimate for w,; (U1 centeriine/ U, increases weakly
with Reynolds number)

» Example: channel flow (or boundary layer), x
water: xy = vry /u, =1-107%-1/(1/24)

_|_

2 1%

24-107°m =2.4-10"2mm
3.6 -

air:  wo = vry/u, =15-17°.1/(1/24) 1074m =3.6-10"'mm

»0.20 /x5 (at x3 = 1): estimate of ratio of largest to smallest turbulent length scales

»estimate of €2 > /(0.20)
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“See Section 6.3, Reynolds stresses 1n fully developed channel flow

» Symmetry plane or 2D: what value does 732 1+ = T30 — pv5v5 take?

I T32 tot

> U3 = 6/6x3 =0

T32 =H 6)?73-|-(%2 =0, pvivh=—p | =— +—=— | =0
Oxy O ’ k Oxy  Oxs

»note that viv} # 0
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» Normal Reynolds stresses

2000

15001

3:‘2 10001

5001
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» Forces on a fluid element

~Op 0 0V —
U= (91'1 T 6’%’2 (Mﬁx'g ,0?)1?)2)

2000
18007
16007
1400+

200

1507

+ | + 1200+
Xy 100 2 1000
800/
S0 600/
400} , ;
%50 100 50 0 50 100 150 200, 1 0 ; 2
Near the wall Far from the wall

Gradient of shear stresses. —: —p(OV|v}/0x2) /Tw; -1 1(0%01/03) ) 70p; —-1 —(0p/Ox1) /T
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» Forces in a boundary layer. The dashed line and the solid line: x5 ~ 400 and x5 ~ 20, respectively

v ) Na%l
£2 . P (9:132 ax%
1 1
Sop B pé‘vivé
(9.%1 8:@
/
0 —
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9 See Section 8.1, Rules for time averaging

» Time averaging
1 (7

- 37.1
T |, (37.1)

<|
|
-

V= vdt,

» What is the difference between v/v}, and v} v4?

» Using 37.1 we get

T
v UY L/ v vadt
o |,

T T
IR CYRDICTRD
oT |, oT |,

whereas

which 1s zero
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» What is the difference between v/? v and vl ‘7 Using 37.1 we get

B | T )
V2 :—/ vedt
Lo o
_ 1 1
U’12 :(—/ v’dt)
2T | ¢

» Show that 0,07 = vlvl Using 37.1 we get

whereas

2

which 1s zero

U1U1 S U1U1
and since v does not depend on ¢ we can take it out of the integral as
1 (T

2
U12_T v dt Ulvf
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» Show that v; = v;. Using 37.1 we get

_ 1!
VU1 ﬁ Uldt
and since v does not depend on ¢ we can take it out of the integral as
I 1
o dt =01—=21" =0
“or | O T et T

» Show that v;v] = 0. Using 37.1 we get

— 1 g — — 1 g / —_—
V107 =57 valfvldt :’U1ﬁ valdt =007 =0



http://www.tfd.chalmers.se/~lada/MoF/

“See Section 11.6, The Boussinesq assumption
» The RANS equations read (see Eq. 36.1)

Oviv;  10p N 0 (V% B va’.)

o . 1]
6’%

Ox j ;(%Z Ox j
» The last term, the Reynolds stress, 1s unknown. It must be modeled

» This is called the closure problem  »We need a turbulence model

» Write the diffusion term above without assuming constant viscosity

9 % o —I—a@j — V!
6’@ 6$j 6’@ (e

»We replace v;v’ by a turbulent viscosity, v4:

9 (v + 1) o0 + 9
8xj ! &z;j (9[62

» [dentification of Eqs. 37.2 and 37.3 gives

(37.2)

(37.3)

(37.4)
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T — 0v; n (9’(7]'
i 6xj (‘9332

This equation is not valid upon contraction.

_ a@ua@i
B ! aZCZ' (‘9332

» Left-side (= v/v}) and right side (= 0) are different!

!/
U;

!/
U;

We modify Eq. 37.4 as

0v; 00U 1 — 2
v =— - + J +_5i' 'l =—2 S;i + —52"]{
UZUj Vi (@x] axz> 3 ]/U]{/U]{ VeS J 3 J

2

» Contracted left side: vv; =2k  »contracted right side: 21/,5;; + 55%/@ =0 + 3 3k =2k

» v different for different fluids (air, water, ...)

»1;: depends on the flow, i.e. v, = v(x;)

2

(37.4)

(37.5)
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»Now we need to model the turbulent viscosity in the Boussinesq aaumption (Eq. 37.5).
»Recall the dimension of v:  »m?/s

» v, estimated as a turbulent velocity fluctuation times a turbulent length scale

Vy X UL
» The velocity scale: k'/>  »Dissipation (energy transfer eddy-to-eddy): ¢ oc U®/L
y

= Lo k¥?/e »Weget

v =C,—, C,=0.09. (37.6)
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“See Section 8.2, The Exact k£ Equation
» L = vv!/2 appears in the expression for the turbulence viscosity.
» The first step is to derive the k£ equation.  »Take N-S for v}, multiply by v, and time average

, 0 | 5 1,0 p — Bl 40 0? | _]+6’vz’.v§./
U |00 — UV =——; — Vv v; — U v;
Z@xj t Y . P Zc‘?a:i b pl Z@xjé?a;j ' ' (%;j ’
v | % VI
Using v; = v; + vj, the left side can be rewritten as

/ 0 - (5 / — / 0 |_ / - /.1

Vi~ (0 + V) (0 + V) — ;0] =Vim— | Uiy + V05 + V;v;

J I LT II 1

» Term I 1s rewritten as

v;a—x] (0:0)) = vz’-v}a—%n%zv —— =y
» Term II
0o _
o2 (vlD;) o 0%y O O (i) Ok
i(’?xj LRI Ij ! j@azj Tri;<2 j@xj 2 B ‘7(‘93:]-
» Term 111
0 0

O O’ o' o /v o (vl O’
/ Iod N —nilay /) !,/ (Y 171 _ J v vy o )
(o v;V;) =0;0; —I—vjvz- = U, = (VA%
Oz T Oz Trick2 70x; \ 2 ) Trick 10 2 T
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v’ -

0v; ok 0 (v}vg-
J

02 Ov v,
J ro(37.7)

i ——lv’ 9 p — p|] + v [v; — U] +
2 _. 0 i@xip b "Ox;0x; Zl l@xj

(V)

+
"Iox; Oz Oz,
’ T+ 11111 ' v 4
» First term on the right side (Term IV)

L 0
1 ,0p 1opv, 1 0v
__vi = —— -+ —p/
p (’9332- Trick 1 P aZUZ' P €L

» Second term on the right side (Term V), omit v

0! 0 ([ ov ovl Ov! 0 ovl vl 0%k

, o 1 [Oviv]
vV ———— = V. — = @ — — — — —
Zaxj(‘?xj Tricklal'j (%j ! al'j (%j Trick26$j 2 (%j al'j (%j 6’@0@

» Third term on the right side (Term VI)

/,,/ l,,/
dvpu; Qv —

(%j K (%j K
» Insert Terms IV, V and VI in Eq. 37.7
al'j B ! j@xj 6$j P jp 2 Jo 6$j 6’xj8:pj

T T 1 TI1 vV

ov; Ov;
al'j (%j

(37.8)
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ok ov; Ov,

L = —W(%i — 0 lv’p’ + lv’-v’.?ﬂ —v—| —v
aiﬁj ‘ Jé’xj 6’@ P J 20! 6’@ 6’%8@7
I 11 11 Y

The terms have the following meaning.

I. Convection.

I1. Production, P*. The large turbulent scales

extract energy from the mean flow. It is largest

O; for small wavenumbers. It can be written as
—U; oz, P* = —v/v!.S;;. Hence only Sj; creates turbu-

lence, not €);;

II1. The two first terms represent turbulent diffu-
sion by pressure-velocity fluctuations, and ve-
locity fluctuations, respectively. The last term
1s viscous diffusion.

IV. Dissipation, e. It is largest for high wavenum-
bers

e The £ equation in symbolic form:

. Ky small eddies
large eddies CF — Pk Dk ¢
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“See Section 8.3, The Exact £ Equation: 2D Boundary Layers
»In 2D boundary-layer flow, 0/0xy > 0/0x1, v <K v1, We get

ok 00k 0 l—— ok (% ov!
0xq i 0x9 __Ulv20$2 0x9 pp vy + 2U2UU B Vﬁ—xg 6’% Ox;
0.04
0.03}
0.02r
0.01r
ol
-0.01¢
-0.02¢
-0.03} y
0 10 20 30 40 00455 200 300 400 500
T .
Zoom near the wall Outer fégion

—: PF ot —ey VL =00 0o+ —O0) )2 003 0 vk /D3,
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40

35
307
251
Loy 207
15¢
10}

Velocity gradient

0.2 0.4 0.6 0.8

ovy [Oxy

The production term

Reynolds shear stress

40
+a
S 20
0 1 1 1 1
0.2 0.4 0.6 0.8
! 2
B — 01Uy /U7
; ,0@1
—UVVy

0.02
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4 See Section 8.6, The transport equation for v;v; /2
» The main source term in k eq is P*.  »Hence, k gets energy via P*.  »From where?

» Answer: from K = v;0;/2.  »Let’s derive the transport eq. for K.
Multiply the RANS equations by v; so that

0V;U; 1 0p 62_2' avz{vl‘
’UZ-< Mj) =0 Py - .

—_— V —_
Oz pOx;  Ox;0x; Oz
1 | 11 T m IV
Term I:
0
B 6’@1}7 L 6’?72' BT 6)_j 1_ (9?_}2'?_}2' 6’??7[(
U; =0V, V;—— U;0; = =U; =
8xj ‘70:133- aZCjTrick22 J aZCj &z;j
Term II:
_0p . . _O0p
—; main source term in, for example, channel flow —v1—— >0
aiUZ' 6’%‘1
Term III:
0 0v; 9, _ 0v; 0v; 0v; *K 0v; 0v;
Iz = v— V; —V = v —V .
Ox; \Ox; ) Trick1 Ox; Oz O0r;0x;Tick2 Ox;0x;  O0x;0x,

[ —————

9/0;(v;v/2)
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Term I'V:

62}’@; 0v;vv ] —— O
—; = ——— ol —.

0r; Trick1 Oz, "0z,
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> K = %@z@i equation
Ov;K W&Di v 0p 0 S JOK  0v; 0v,
Ov;  '"10x; pdx; Oz \ Oz 0x;

1
J ox g
—Pk, sink ~Souree Emean, SINK

>k = 2v/v] equation (see Eq. 37.8)

= —V;V; — —U; -V 0V, — V—| —UV
(%j | ! jé’le 6$j P ]p 2 7 6$j . (%j(%jl
Pk source e, sink

/
6@665@ \€

@ P* >@

Transfer of energy between mean kinetic energy (K'), turbulent kinetic energy (k) and internal energy

(denoted as an increase in temperature, AT'). K = %?7@?7@ and £ = %v;vz’
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4See Section 11.7.1, Production terms
» The exact k eq. reads (see Eq. 37.8)

0v;k —— 00, J |15 15— ok ov! Ov!
= vl _ Yy Vo —v——| — Lt 38.1
aiﬁj UZUJ@ZL’j 6$j [pvjp i QUJUZUZ V@I’j V(%j aiﬁj ( )
» Production term needs to be modelled.
0v; ov;  0v, 2 OV ov;, 2. 0V
pPho— = — ‘ L) — 26,0k —L =215, —— — =6 k—t
v’v](‘?a;j [Vt (&Uj " &UZ) 3 ] Ox; iy j 70,
. OV o
= 2Vt§ij<§ij -+ QZJ) — k{)’:ﬂ :2Vt5ij5ij
» Also the diffusion term needs to be modeled. Example: heat flux is modelled as
/9/ V¢ 00 > I 00
! 0, 0x; 1 0x;
» The diffusion term in £ eq, Eq. 38.1, is modelled as
Ly g o Ok 10w 0 (i Ok
270 01, 0T 2 Oz, Ox; \ 0,0z,
YSee Section 11.8, The k — ¢ model
»Modelled k equation
Ok Ok 0 V¢ Ok
Ui =2148;:8;i+—— — | =— 7 — 38.2
By —I_Uj(%j V188 ‘7+6’$j { (V + Uk) (%]} 3 (38.2)
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“See Section 11.5, The € equation
k2
> = C — = Weneed an equation for e:  »Look at k£ equation in symbolic form:
CF =P"+DF—¢

»c equation in symbolic form:

OF =P¢4+Df—°©
» Use the source terms as in k eq, and add turbulent time-scale ¢ /k to get correct dimensions:

P — U = CglP - 0528)

k(
» The final form of the modelled € equation

Oe e ¢ 0 v\ Oe
Y KHU—) a—%] (38.3)
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» Summary of the £ — € model.

e The Reynolds stress tensor, vgvg, needs to be modeled, see Eq. 36.1

e We use the Boussinsq assumption, see Eq. 37.5, to replace the unknown vz’.v} with the turbulent

viscosity, 74 (a new unknown).
2
e We make a model for v, = C),— , see Eq. 37.6, which includes k and ¢
£

e We formulate modeled equations for £ (Eq. 38.2) and € (Eq. 38.3)

e Now we have closed Eq. 36.1. The equations we need to solve are

— The time-averaged continuity equation (Eq. 36.1)
— Three time-averaged Navier-Stokes equations (Eq. 36.1)

— Two equations for k£ (Eq. 38.2) and € (Eq. 38.3)
— The equation for turbulent viscosity, v; = C,k?/e (Eq. 37.6)
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9 See Section 11.14, Wall boundary conditions
» Two options for treating the wall boundary conditions.

e Coarse mesh near the walls. Assume that the logarithmic law applies. This is called wall functions

e Fine mesh. Modity the turbulence models to account for the viscous effects.
This 1s called Low-Reynolds number models
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wall

4See Section 11.14.1, Wall Functions
L2
.P
¢ 51’2
|

L

7
Wall-adjacent cell.

» We don’t resolve the boundary layer. We assume that the velocity obeys rhe log-law at this location

1 (u,
» The log-law reads Ay (u xQ) + B
Ur K v
[t 1s re-written as
v 1 Eu, 1
A ( “ xQ), E=90, B=-lE
Ur K v K
Friction velocity 1s computed as
KU1 P
Uy =
In(Eu dxs/v)
» It is obtained by iteration.  »Finally
(39.1)

»subscript P denotes the wall-adjacent cell
is used a force wall boundary condition.

2
Tw = PU
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»B.c. for k.

» In the log-region, production and dissipation in the k£ eq. are large. The k eq. reads

In the log-region

Inserting Eq. 39.3 into Eq. 39.2 gives

O:

Boundary along a flat plate. Energy balance in £ equation.

! ./
U1y

0Uq
0 =P" — pe :—pvivéa—@ —pe = 0= —vjvy
Tw ) 6@1 (9’(71 —’Ui’l}é
0 0xo 0x9 vy
u; 2 1/2, 2
—5:77—5 with v, =CLk%/e = ]{p:CM_/UT
t

Vi

2

o
T

Production
Dissipation
Diffusion

/ o Convection

200 400 600
_|_
L9

800 1000

1200

01
— —¢

6$2

(39.2)

(39.3)

(39.4)
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»B.c. fore.
» Velocity gradient in the log-region: when deriving the log-law we assumed

01 /0xs >~ u, [/ (Kxs)

2

T

» Shear stress in log-region —vjv) ~ u

- L
» The production term reads P = —uv;v, —
Ors  KOTo
Eq. 39.2 gives
3
U
_ Pk __ T
=r K5$2

» Note that both the k£ and ¢ b.c. are applied at the wall-adjacent cells in the interior domain.
» Hence, formally they are not b.c.

» The b.c. for the wall-parallel velocity 1s expressed as a wall shear stress
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4See Section 11.14.2, Low-Re Number Turbulence Models

» In Low-Re number models we resolve the boundary layer, i1.e. we use a refined grid near the wall.

» First (wall-adjacent) at z3 <1 »B.c. v; = 0.

» The turbulence near the wall is not fully turbulent: »the viscous effect is large.
= We must modify the turbulence model.

» Analyze the turbulence near the wall. »Taylor expansion of v near the wall (also valid for ;) gives

v = ao—l—almg—l—agmg—l—...
vh = by + b + boxs + . .. (39.5)
V3 = co+cla;2+02x§+...

» At the wall: v} = v}, = v = 0 which gives ay = by = .
» Furthermore 0v| /0z, = 0v}/0x3 = 0:  »continuity eq. gives 0vh/dxs =0 = by = 0.

Equation 39.5 now reads

V1 =ai1ry + &2%’% + ...

vh = boxs + . .. (39.6)
V3 =C1T2 02:13% + ...
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Ull = a1Ty + CLQ.I'%—I—...

’Ué — bQZC% + ...
vh = 1T + x5+ ...
» Using Eq. 39.6 we can write
212 _ 2.2 _
(% = a1x3 + ... = 0Oz
22 —
vy b2x2 = Oz
12 _ _
v3 cle + ... =0z
VU, = a1bys + ... = Oz
_ 12 9,2
k = s(af +ci)xs + ... T

001/0xy =a1+ ...
0vy/0xy =aj;+ ...
0@5/0332 = 2boxo + . ..
ovs/0xy =c1+ ...

|
CRCECECRCRCRCRCRG

8

NONHFNONONDN NDWNN N NN

8

I
Q

(%i (%i
E
@IQ @xg
2

g+ g =0(9)+0(23)+0(a})

O(x5)

S

@IQ 8%2 8%2 8%2
O(x))

7N N /\/\/\/&3/\/‘\/‘\/‘\/‘\
— — N N N N N N N N N

|
Q
DO H~ O

8

(39.6)

(39.7)
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4See Section 11.14.3, Low-Re k£ — € Models

» Now let’s compare the exact and the modeled £ equation near the wall

» The exact k equation (see Eq. 37.8)

Ok Ok —0n Oy 9 A WL o ol

0w, P 0m, T P 0, Oy 00, \ 272 T Moy “axjaxj
(- VS (- ~~ -4 e’

O(z3) O(x5) O@)  O))

The modeled & equation (see Eq. 38.2)
Ok , Ok ov, 2+ 0 (kY Ok )
v v — — —
P 16 I P 26562 He 6@ (9332 akﬁxg a 2 P
P O(x3)

O(z) Ol O

»the exact and the modeled dissipation term behave in the same way

» this is not true for the production term and the turbulent diffusion term
»To make the modeled production term behave as O(x3):
replace C,, with C,, f,, (damping function) where f,, o< O(x;') e.q. f, = 1/x3 or as in Assignment 2

»C), — C,f, also fixes the modeled turb. diffusion term
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»Now we look at the modeled € eq. (see Eq. 38.3) »C, = C,f, = [ X O(x3)

0 _ Oe £ 0 [ Oe 0%e g’
_= —— =C.=P" ~— —Clop—
pm@xl +IOU26£C2 ? 1]6 J+6:U2 (0'5 a$2> +'u6x§ ¢ 2P k
- Vlj - VQJ Vl O ~— j —— =
O(zy)  O(z3) Olxy) O(22) O(z9) Olzy7)

» Modification of turbulent viscosity modifies both production and turbulent diffusion

» Terms that are non-zero when x5 — 0:  »the viscous diffusion term and the destruction term.
»But they can’t balance each other:  pthe first is oc O(z9) and the second oc O(x;?).

» We fix this by multiplying the destruction term by fy oc O(x3)

» Suitable form of fo? »f, = min (z2,1)  wbetter: fo = (1 — exp(—z7))?

2

Taylor expansion gives fo= | 1 — (1 —z3 +23°...) | = (25 —a3°.. .)2

\ .

~~

eXp(—x;)

_ 42 43, 44 2
=25 —2x5° + x5 ... = O(x3)
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95ee Section 11.14.5, Difterent ways ot prescribing € at or near the wall

» Boundary condition for & (since v; — 0 near the wall)

k=0
The exact form of k equation for boundary layer flow
N—=— + Up— = —VUo— — — | —p'v5 + —vyvv, — v—o/ — vV
18331 28332 S N pp 20 grEni 0x9 Ox;0x;

» Boundary condition for No I for e:  »look at the £ eq. near the wall.

» The only non-vanishing terms are

0%k 0%k
0 :Mé’—x%_pg = Ewall = Va—xg (398)

»Eq. 39.8 can be used as boundary conditions of €. Not good. It includes a 2nd derivative of £

»Let’s try somthing else.  »Exact form of the € term near wall (see Eq. 39.7):

o 2+ v 2+ o\* | | (v 2+ v\
=7 (91'2 (91'2 6’%‘2 —v (91'2 (91'2

where we have assumed: 0/0xy > 0/0x1 ~ 0/0x3 and Ov}/0xy ~= V5 /Dxo >> OV, /Oxs.
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B v, 2+ A
==Y (91'2 6$2

» Taylor expansion gives (see Eq. 39.7)
€:V(CL_%—|—C_%) + ...

The turbulent kinetic energy (see Eq. 39.7)

1 — —
kzi(a%—FC%)ﬂf%—F...

(‘jﬁf)i (7e)+ .

so that

Egs. 39.9 and 39.11 gives

(m/%) :
Ewall =2V .
(9332

» This is b.c. No Il for ¢ It also includes a derivative of k.

Not so good ...

(39.9)

(39.10)

(39.11)
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s:y(a_%+c_%)+... (39.9)

1 —
k:§(a%+c%) w2+ (39.10)

» Often the following boundary condition is used

2vk
Ewall = (%) (39.12)
L3

Comparing Eqgs. 39.10 and 39.12 we see that Eq. 39.12 1s satisfied.
» This is b.c. No III for €
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e Summary of the low-Re number model.

— Fine mesh near the wall. The first cell center is located at x5 < 1.
— This means that standard wall b.c. can be used, i.e. v1 = U9 = v3 = k = 0.

— There are three different (I-1II) options for the wall b.c. for :
usually ep = 2vkp/(x3) is used for the wall-adjacent cells

e Summary of wall-functions.

— Coarse mesh near the wall. The first cell center is located at 30 < x5 < 400.
It 1s located in the log region.

— Friction velocity, u,, computed from the log-law.

— A shear stress b.c. is used for the wall-parallel velocity component: 7,, = pu?

— In the log-region we know that the k equation can be simplified as 0 = P* — ¢
= kp=C) !/ 2u3 (kp 1s prescribed for the wall-adjacent cells)

— We use the simplified k equation also for e: 0 = P* — ¢ gives

001 U, u’
vy —e =0=—u—"—¢ =cp=—"
0xo KXo KXo

_ /

e p 1s prescribed for the wall-adjacent cells
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