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What is soot

[1] https://phys.org/news/2017-02-darkness-soot-air-pollution.html

[1]

• Released from industries and cars

• Around 10 mega tons per year

• One of the main sources

 of air pollution

Soot as air pollution

[2] Soot and short-lived pollutants provide political opportunity

[2]

Carbon Black (CB)

[3]

• Exact structure as soot

• Industrially produced

• Various industrial applications: 

       Lithium batteries, tire, paint, ink, etc.

• Most valuable flame-made nanoparticle ($ 17B / year)

[3] https://bonlineen.cloneheads.net/category?name=carbon%20black%20uses
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Soot formation

[4]

[4] https://thomsonlab.mie.utoronto.ca/detailed-and-fundamental-modeling-of-soot-formation/
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1 Formation of soot precursors (like 

Methane, Acetylene, etc.) in the 

gas phase via chemical reactions

2Soot precursors collide and PAHs 

are formed. PAHs grow by HACA

3
PAHs collide and premature soot 

particles (dimmers) are formed. 

The size range is 1-3 nm.

4

1

2

The size of particles increases by 

two surface growth mechanisms:

1) HACA, 2) PAH adsorption

5

Agglomeration happens and particles 

attached together. This makes 

morphology of particles complex

6

In the presence of oxidative agents, 

particles undergo oxidation leading to 

size reduction and potential fragmentation
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Modelling of soot

Morphology of particles

Soot Modelling

Carbon Black properties

Mitigating air pollution
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2 Sectional Population Balance Model (SPBM)

1 Monodisperse Population Balance Model (MPBM)
Assuming all particles to be 

identical, not very accurate

Considering PSD. 

Accurate and feasible

Tracking all individual 

particle make it impossible 

for practical scenarios
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1

Eulerian description of particles:

𝑛𝑝 =
𝑁𝑝𝑟𝑖

𝑁𝑎𝑔𝑔
𝑑𝑝 =

6

𝜋

𝐶𝑡𝑜𝑡𝑊𝑐𝑎𝑟𝑏𝑜𝑛

𝜌𝑠𝑜𝑜𝑡𝑁𝑝𝑟𝑖𝐴𝑣

1/3

𝑑𝑚 = 𝑑𝑝𝑛𝑝
0.45 𝑑𝑔 =

𝑑𝑚

𝑛𝑝
−0.2 + 0.4

Particle Morphology

Agglomerate number density

𝜕

𝜕𝑡
𝜌𝑁𝑎𝑔𝑔 + ∇ ∙ 𝜌𝑢𝑁𝑎𝑔𝑔 + ∇2 ∙ 𝜌𝐷𝑁𝑎𝑔𝑔 =𝜌 𝑆𝑎𝑔𝑔

2 Primary particle number density

𝜕

𝜕𝑡
𝜌𝑁𝑝𝑟𝑖 + ∇ ∙ 𝜌𝑢𝑁𝑝𝑟𝑖 + ∇2 ∙ 𝜌𝐷𝑁𝑝𝑟𝑖 =𝜌 𝑆𝑝𝑟𝑖

3 Total carbon content

𝜕

𝜕𝑡
𝜌𝐶𝑡𝑜𝑡 + ∇ ∙ 𝜌𝑢𝐶𝑡𝑜𝑡 + ∇2 ∙ 𝜌𝐷𝐶𝑡𝑜𝑡 =𝜌 𝑆𝐶

Source terms
Inception Surface growth Coagulation Oxidation 

Any properties of interest

They all depend on the 
particle morphology and the 

gas phase properties

What is Population Balance Models
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Inception

Sectional Population Balance Model (SPBM)

Surface growth Oxidation

𝑆𝑎𝑔𝑔 𝑖𝑛𝑐
= 𝑆𝑝𝑟𝑖 𝑖𝑛𝑐

=
𝐼𝑖𝑛𝑐

𝐶𝑎𝑔𝑔
1 ×

1

𝐴𝑣

From chemistry

𝑆𝑎𝑔𝑔
𝑖

𝑠𝑔
=

1

𝐴𝑣
 ×

−
𝐼𝑠𝑔,1

𝐶𝑎𝑔𝑔
2 − 𝐶𝑎𝑔𝑔

1 , 𝑖 = 1

𝐼𝑠𝑔,𝑖−1

𝐶𝑎𝑔𝑔
𝑖 − 𝐶𝑎𝑔𝑔

𝑖−1
−

𝐼𝑠𝑔,𝑖

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑖
, 𝑖 = 2, … , 𝑛 − 1

𝐼𝑠𝑔,𝑀𝑆−1

𝐶𝑎𝑔𝑔
𝑛 − 𝐶𝑎𝑔𝑔

𝑛−1 , 𝑖 = 𝑛 

𝑆𝑝𝑟𝑖
𝑖

𝑠𝑔
=

1

𝐴𝑣
 ×

−
𝐼𝑠𝑔,1

𝐶𝑎𝑔𝑔
2 − 𝐶𝑎𝑔𝑔

1 , 𝑖 = 1

𝐼𝑠𝑔,𝑖−1

𝐶𝑎𝑔𝑔
𝑖 − 𝐶𝑎𝑔𝑔

𝑖−1
𝑛𝑝,𝑖−1 −

𝐼𝑠𝑔,𝑖

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑖
𝑛𝑝,𝑖 , 𝑖 = 2, … , 𝑛 − 1

𝐼𝑠𝑔,𝑀𝑆−1

𝐶𝑎𝑔𝑔
𝑛 − 𝐶𝑎𝑔𝑔

𝑛−1 𝑛𝑝,𝑖−1, 𝑖 = 𝑛 

From chemistry

𝑆𝑎𝑔𝑔
𝑖

𝑜𝑥
=

1

𝐴𝑣
 ×

𝐼𝑜𝑥,2

𝐶𝑎𝑔𝑔
2 − 𝐶𝑎𝑔𝑔

1 −
𝐼𝑜𝑥,1

𝐶𝑎𝑔𝑔
1 , 𝑖 = 1

𝐼𝑜𝑥,𝑖+1

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑖
−

𝐼𝑜𝑥,𝑖

𝐶𝑎𝑔𝑔
𝑖 − 𝐶𝑎𝑔𝑔

𝑖−1
, 𝑖 = 2, … , 𝑛 − 1

𝐼ox,n

𝐶𝑎𝑔𝑔
𝑛−1 − 𝐶𝑎𝑔𝑔

𝑛 , 𝑖 = 𝑛 

𝑆𝑎𝑔𝑔
𝑖

𝑜𝑥
=

1

𝐴𝑣
 ×

𝐼𝑜𝑥,2

𝐶𝑎𝑔𝑔
2 − 𝐶𝑎𝑔𝑔

1 𝑛𝑝,2 −
𝐼𝑜𝑥,1

𝐶𝑎𝑔𝑔
1 , 𝑖 = 1

𝐼𝑜𝑥,𝑖+1

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑖
𝑛𝑝,𝑖+1 −

𝐼𝑜𝑥,𝑖

𝐶𝑎𝑔𝑔
𝑖 − 𝐶𝑎𝑔𝑔

𝑖−1
𝑛𝑝,1, 𝑖 = 2, … , 𝑛 − 1

𝐼ox,n

𝐶𝑎𝑔𝑔
𝑛−1 − 𝐶𝑎𝑔𝑔

𝑛 𝑛𝑝,𝑛, 𝑖 = 𝑛 

From chemistry

A set of equations for each section should be solved



7

Sectional Population Balance Model (SPBM)

Coagulation

𝑆𝑎𝑔𝑔
𝑖

𝑐𝑜𝑎𝑔
=

1

𝐴𝑣
 × ෍

𝑗
෍

𝑘
1 −

𝛿𝑗𝑘

2
𝜂𝑖𝑗𝑘𝛽𝑗𝑘𝜉𝑗𝑘𝑁𝑗

𝑎𝑔𝑔
𝑁𝑘

𝑎𝑔𝑔
−

1

𝐴𝑣
 × 𝑁𝑖

𝑎𝑔𝑔
෍

𝑚=1

𝑀𝑆

𝛽𝑖𝑚𝜉𝑖𝑚𝑁𝑚
𝑎𝑔𝑔

𝑆𝑝𝑟𝑖
𝑖

𝑐𝑜𝑎𝑔
=

1

𝐴𝑣
 × ෍

𝑗
෍

𝑘
1 −

𝛿𝑗𝑘

2
𝜂𝑝,𝑖𝑗𝑘𝜂𝑖𝑗𝑘𝛽𝑗𝑘𝜉𝑗𝑘𝑁𝑗

𝑎𝑔𝑔
𝑁𝑘

𝑎𝑔𝑔
−

1

𝐴𝑣
 × 𝑁𝑖

𝑝𝑟𝑖
෍

𝑚=1

𝑀𝑆

𝛽𝑖𝑚𝜉𝑖𝑚𝑁𝑚
𝑎𝑔𝑔

𝜂𝑖𝑗𝑘 =

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑗
+ 𝐶𝑎𝑔𝑔

𝑘

𝐶𝑎𝑔𝑔
𝑖+1 − 𝐶𝑎𝑔𝑔

𝑖
, 𝑖𝑓𝐶𝑎𝑔𝑔

𝑖 ≤ 𝐶𝑎𝑔𝑔
𝑗

+ 𝐶𝑎𝑔𝑔
𝑘 < 𝐶𝑎𝑔𝑔

𝑖+1

𝐶𝑎𝑔𝑔
𝑖−1 − 𝐶𝑎𝑔𝑔

𝑗
+ 𝐶𝑎𝑔𝑔

𝑘

𝐶𝑎𝑔𝑔
𝑖−1 − 𝐶𝑎𝑔𝑔

𝑖
, 𝑖𝑓𝐶𝑎𝑔𝑔

𝑖−1 ≤ 𝐶𝑎𝑔𝑔
𝑗

+ 𝐶𝑎𝑔𝑔
𝑘 < 𝐶𝑎𝑔𝑔

𝑖

0, 𝑒𝑙𝑠𝑒 

𝜂𝑝,𝑖𝑗𝑘 =
𝐶𝑎𝑔𝑔

𝑖

𝐶𝑎𝑔𝑔
𝑗

+ 𝐶𝑎𝑔𝑔
𝑘

𝑛𝑝,𝑗 + 𝑛𝑝,𝑘

Collision frequency, here it is a fixed value!
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What is available: laminarSoot

reactingFoam

EEqn()

YEqn()

laminarSoot

chemistryPtr->solve(dt)

resetSR()

updateMorphology()

updateInception()

updateGrowth()

updateOxidation()

updateCoagulation()

updateSoot()

Qdot

R(Y)

T, Y

MPBM library

Set the matrix of scrubbing rates to zero

Removal/addition of the chemical 

species due to soot formation

Update particles morphology

Compute the rate of inception and SR_

Compute the rate of surface growth and SR_

Compute the rate of oxidation and SR_

Compute the rate of coagulation

Solve transport equations for tracked variables
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Modification needed for SPBM

reactingFoam

EEqn()

YEqn()

laminarSoot

chemistryPtr->solve(dt)

resetSR()

updateMorphology()

updateInception()

updateGrowth()

updateOxidation()

updateCoagulation()

updateSoot()

Qdot

R(Y)

T, Y

laminarSPBM

chemistryPtr->solve(dt)

resetSR()

updateMorphology()

updateInception()

updateGrowth()

updateOxidation()

updateCoagulation()

updateSoot()

updateSourceTerms()

updateSootVariables()

No change

Should be 

modified to loop 

over all sections

Replaced with 

sectional version

*

*

Distributing 

source terms

Compute overall 

variables



10

Implementation—Defining Fields

𝑁𝑎𝑔𝑔 , 𝑁𝑝𝑟𝑖 , 𝐶𝑡𝑜𝑡 For each section

Morphological variables

For each section

Inception

Surface growth and oxidation 

for each section

Coagulation for each section

Source terms for each section

Overall variables

By user

By user

By user

By user



11

Implementation—Defining Fields

Looping over all sections

Creating a series of a fields that do not need B.C.
The name of the fields is C_agg_sec_i, where i is the section index

Creating a series of a fields that need B.C. (they are computed by solving the 

transport equations)

By defining a group name, there will be no need to specify B.C. for that field

in each section.

It works in a same way as mass fraction fields:

src/thermophysicalModels/reactionThermo/mixtures/basicMultiComponentMixture.C
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Implementation—updateMorphology() function

𝑛𝑝 =
𝑁𝑝𝑟𝑖

𝑁𝑎𝑔𝑔

𝑚𝑎𝑔𝑔 =
𝜌𝑠𝑜𝑜𝑡𝑛𝑝𝜋𝑑𝑝

3

6

𝑑𝑚 = 𝑑𝑝𝑛𝑝
0.45

𝑑𝑔 =
𝑑𝑚

𝑛𝑝
−0.2 + 0.4

𝐴𝑡𝑜𝑡 = 𝑁𝑝𝑟𝑖𝐴𝑣𝜋 𝑑𝑝
2

𝑑𝑝 =
6

𝜋

𝐶𝑡𝑜𝑡𝑊𝑐𝑎𝑟𝑏𝑜𝑛

𝜌𝑠𝑜𝑜𝑡𝑁𝑝𝑟𝑖𝐴𝑣

1/3

Looping over all sections
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Implementation—Make functions size dependent

Looping over all sections

Class functions to be size dependent

No modifications for scrubbing part of the functions
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Implementation—updateCoagulation() function

For all pairs of sections
Coagulation doesn’t impact 𝑁𝑝𝑟𝑖!

𝑆𝑝𝑟𝑖 𝑐𝑜𝑎𝑔
= 0

The source term for 𝑁𝑎𝑔𝑔 due to coagulation is:

𝑆𝑎𝑔𝑔 𝑐𝑜𝑎𝑔
= −

1

2
𝛽𝑁𝑎𝑔𝑔

2

MPBM

The source term for 𝑁𝑝𝑟𝑖 due to coagulation is:

𝑆𝑝𝑟𝑖
𝑖

𝑐𝑜𝑎𝑔
=

1

𝐴𝑣
 × ෍

𝑗
෍

𝑘
1 −

𝛿𝑗𝑘

2
𝜂𝑝,𝑖𝑗𝑘𝜂𝑖𝑗𝑘𝛽𝑗𝑘𝜉𝑗𝑘𝑁𝑗

𝑎𝑔𝑔
𝑁𝑘

𝑎𝑔𝑔

−
1

𝐴𝑣
 × 𝑁𝑖

𝑝𝑟𝑖
෍

𝑚=1

𝑀𝑆

𝛽𝑖𝑚𝜉𝑖𝑚𝑁𝑚
𝑎𝑔𝑔

The source term for 𝑁𝑎𝑔𝑔 due to coagulation is:

𝑆𝑎𝑔𝑔
𝑖

𝑐𝑜𝑎𝑔
=

1

𝐴𝑣
 × ෍

𝑗
෍

𝑘
1 −

𝛿𝑗𝑘

2
𝜂𝑖𝑗𝑘𝛽𝑗𝑘𝜉𝑗𝑘𝑁𝑗

𝑎𝑔𝑔
𝑁𝑘

𝑎𝑔𝑔

−
1

𝐴𝑣
 × 𝑁𝑖

𝑎𝑔𝑔
෍

𝑚=1

𝑀𝑆

𝛽𝑖𝑚𝜉𝑖𝑚𝑁𝑚
𝑎𝑔𝑔

SPBM
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Implementation—updateSourceTerms() function

Looping over all sections
Almost similar piece of code for other sections:

Reset both source terms at each time step

Only for the first section

It incudes both HACA and PAH



Implementation—updateSoot() function
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Looping over all sections

Pointer to a volScalarField

Similar equation for 𝑁𝑝𝑟𝑖! Despite MPBM, in SPBM 𝐶𝑡𝑜𝑡 is computed using an algebraic equation:

𝐶𝑡𝑜𝑡 = 𝑁𝑎𝑔𝑔𝐴𝑣𝐶𝑎𝑔𝑔

Function updateSootVariables()determines overall values: 

• Number-based arithmetic averaging for intensive properties

• Summation for extensive variables
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Tutorial case

Constant volume reactor

Initial/boundary conditions

Reaction mechanism:

ABF: 101 species, 544 reactions

OpenFOAM solver:

reactingFOAM

Combustion model:

laminarSPBM

Size sections:

Number of sections: 40

Progression factor, SF: 1.5

Preprocessing Python script for setting up the probe function object

[5]

[5] Appel, J., Bockhorn, H. and Frenklach, M., 2000. Kinetic modeling of soot formation with detailed chemistry and physics: laminar premixed flames of C2 hydrocarbons. Combust. Flame
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Tutorial case—results

Soot particle size distribution at t=0.2 (s)

Evolution of various soot variables over time.
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Future projects

• Implementing commonly used sub-models to provide a more flexibility for the user

• Validating the solver in 2D cases like flames and sprays

• Implementing various collision kernel formulations

• Implementing moving sectional model
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