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Abstract
Shock wave turbulent boundary layer interactions (SWTBLI) commonly
arise in turbomachinery and aerospace applications and on the exte-
rior of high speed aircrafts. In all these cases, SWTBLI can signifi-
cantly change the flow and hence the physical load imposed by it. De-
spite numerous experimental investigations, only a basic understand-
ing of SWTBLI has been achieved. The bulk of the existing calculations
are from Reynolds averaged Navier-Stokes computations since the high
computational cost has long hindered more advanced and accurate cal-
culations. This thesis deals with large eddy simulations of SWTBLI to
develop numerical methods and subgrid models and to gain a deeper
understanding of the phenomenon.

A semi-implicit preconditioning scheme has been developed. It uti-
lizes the high aspect ratio of the cells close to the walls to decouple the
implicit time stepping formulation in all but the wall-normal direction.
The scheme allows the otherwise explicit Runge-Kutta scheme to take
five times larger time steps than is possible with a pure explicit scheme.
The scheme reduces the computational time by 60 % without any reduc-
tion in the accuracy of the calculations.

It is shown that large scale movement of the whole shock is not a lo-
cal phenomenon. For strong enough shocks, elliptic leakage can trigger
movement of the part of the shock closest to the wall. This movement
has however no direct relation to the bursting events of the boundary
layer approaching the shock. It is also shown that strong separation can
occur without triggering any shock motion at all.

A zonal hybrid method for computation of wall-bounded flows was
developed. Data from a direct numerical simulation of channel flow at
Reynolds number 500 were filtered and the subgrid stresses expanded
in a series using proper orthogonal decomposition. The series was trun-
cated. A feed forward neural network was trained to estimate the coef-
ficient of the series. The neural network and the orthonormal base from
the expansion were applied together with a Smagorinsky subgrid model
to channel flow at Reynolds number 500 with good results. Generaliza-
tion to higher Reynolds numbers is briefly discussed.
Keywords: Transonic flow, shock wave/turbulent boundary layer inter-
action, LES, semi-implicit numerical scheme, SGS modeling
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Nomenclature

Latin symbols

a Speed of sound
an POD coefficient number n
cb Blending coefficient
Cf Skin friction coefficient
cp Specific heat capacitivity at constant pressure
cv Specific heat capacitivity at constant specific volume
e Internal energy
F Flux vector
F Filtered flux vector
h Enthalpy
k Turbulent kinetic energy
M Mach number
p Pressure
Pr Prandtl number
Q Flow variables
Q Filtered flow variables
qi Heat flux vector
~q Vector for primitive variables
R Gas constant
Re Reynolds number
Sij Strain rate tensor
T Temperature
〈uiuj〉 Resolved Reynolds stresses
u, v, w x- , y- and z- velocities, also denoted u1, u2 and u3

V Cell volume
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Greek symbols

∆ Filter width
δ99 Boundary layer thickness
δij The Kronecker delta
∆t Time step
∆x, ∆y, ∆z Cell length, height and width
γ Specific heat ratio
λ Eigenvalue
µ Dynamic viscosity
ν Kinematic viscosity
φn POD mode number n
ρ Density
τij Viscous stress tensor
O Ordo

Subscripts

∞ Freestream condition
0 Total quantity
t Turbulent quantity

Superscripts

Space filtered quantity
˜ Favre filtered quantity
′′ Deviation from Favre averaged value
+ Wall friction units
SGS Subgrid scale quantity

Other symbols

〈 〉 Filtered in homogeneous directions

Conventions

Nodes and The grids, which are structured grids, are built up of
cells. nodes. A cell consists of eight nodes, one in each corner.

The flow data are represented as averages over these cells.
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Chapter 1

Introduction

1.1 Motivation
Shock wave turbulent boundary layer interactions (SWTBLI) have been
studied for many years. These situations commonly arise in turboma-
chinery, aerospace applications and on the exterior of high speed air-
craft. In all these cases, shock wave boundary layer interactions can
significantly change the flow and hence the physical load imposed by
them. The rapid pressure rise associated with a shock will impose high
strain rates in the material of the walls and will decrease the life span
of the material, especially in the case of significant shock movement.
SWTBLI is an important issue in attempts to predict heat transfer since
the heat loads will change dramatically with different shock positions.
The performance of the object studied can also be significantly altered if
shocks and boundary layer separations do not occur where expected. It
is therefore desirable to have reliable and effective prediction tools for
SWTBLI. No such tools currently exist, however. Instead, compromises
must often be made in performance to ensure dependability.

The experimental material on SWTBLI is vast, but most of it is pro-
duced using intrusive methods [1] and only a basic understanding of
the phenomenon has been achieved in older experiments [2]. There
are newer techniques, of course, such as particle induced velocimetry
(PIV) and laser doppler anemometry (LDA), that can give a deeper un-
derstanding [3], especially when combined with numerical simulations
(see for example [4]).

The bulk of the existing calculations are from Reynolds averaged
Navier-Stokes (RANS) computations since the high computational cost
has long hindered more advanced calculations. In recent years, large
eddy simulations (LES) [5], [6] have been made that show much better
agreement with experiments than RANS calculations [7]. This gain in
accuracy comes however at a cost that is unacceptable for industrial ap-

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Experimental geometry to create transonic flow. The arrow
indicates flow direction.

plications. Hence, there is an obvious need to develop numerical models
that retain most of the accuracy of LES at a cost not much higher than
RANS. This task requires a deep understanding of the modeled phe-
nomena. LES is used in this work to gain greater understanding since
LES seems to be the only tool apart from direct numerical simulation
(DNS) which gives results that are sufficiently accurate.

1.2 Internal transonic flow
Internal transonic flows can be created by several different configura-
tions but nominally two dimensional flows are often chosen since they
facilitate studies of more specific phenomena. From an experimental
point of view, two dimensional flows are easier to investigate than three
dimensional flows but more difficult to realize since so called end-wall
effects are often an issue. From a numerical point of view, it is rel-
atively cheap to implement two dimensional flows since the demands
on domain size and number of walls that need to be resolved decrease
drastically as compared with a three dimensional flow.

The exact geometry used to create the two dimensional flow is often
inspired by the applications to wings, turbomachinery and aerospace
devices. The geometry used in this work is shown in figure 1.1 and
resembles the cut-through profile of a traditional nozzle. The arrow in-
dicates the flow direction. As the subsonic flow reaches the bump it will
accelerate. This acceleration can be controlled by the outlet pressure;
lower pressure gives stronger acceleration. For some conditions, the ac-
celeration will result in a sonic pocket that is terminated by a shock
as sketched in figure 1.2. The domain shown in figure 1.1 is a part of
an experimental rig located at the Department of Energy Technology
at the Royal Institute of Technology (KTH) in Stockholm. Experiments



1.2. INTERNAL TRANSONIC FLOW 3

Figure 1.2: Principal sketch of internal transonic flow with a shock.

M < 1 M > 1 M < 1

have been conducted by Oliver Bron and Timmy Sigfrids and the flow
conditions in this work are guided by their experiments [8], [9].

There are two boundary layers in the channel, one along the ceiling
and one along the bottom wall. The term SWTBLI refers foremost to
the interaction between the shock and the lower boundary layer. The
incoming boundary layer is often characterized by the incompressible
shape factor defined by

H =
δ∗

θ
=

∫∞

0

(
1 − u

u∞

)
dn

∫∞

0
u

u∞

(
1 − u

u∞

)
dn

(1.1)

where δ∗ is the displacement thickness, θ is the momentum-loss thick-
ness, u is the wall parallel velocity and n is the wall normal direction.
The shape factor is also known as the form factor. Its importance can
be recognized by the fact that, if the Mach number before the shock and
the shape factor of the boundary layer approaching the shock are kept
constant, the interaction between the shock and the boundary layer is
then almost independent of the Reynolds number [2].

However, it is more or less impossible to actually keep the shape
factor constant when changing for example the Reynolds number. As
the turbulent boundary layer accelerates at the front of the bump, a re-
laminarization process starts. The relaminarization begins in the outer
parts of the boundary layer and reduces the thickness of the boundary
layer [10]. The strength of the relaminarization process can for example
be described by the acceleration parameter

K =
ν

u2
∞

du∞

ds
(1.2)

given by Jones and Launder [11], where s is the streamwise direction.
As can be seen, K is directly proportional to the kinematic viscosity,



4 CHAPTER 1. INTRODUCTION
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Figure 1.3: a) Shock foot with compression fan. b) Lambda shock pat-
tern. s and r are the mean separation and reattachment points respec-
tively.

and the most common way to change the Reynolds number is, at least
in computational fluid dynamics, to change the viscosity.

The information transport by pressure waves traveling upstream
through the subsonic boundary layer is sometimes referred to as elliptic
leakage. Due to this elliptic leakage, the adverse pressure gradient at
the shock will influence the boundary layer some distance upstream of
the shock. This distance is known as the interaction length and scales
with δ∗ for a given shape factor but increases with increasing Reynolds
number based on δ99 [2]. If the shock is strong enough, the adverse
pressure gradient will cause the turbulent boundary layer to separate.
The stronger the shock is, i. e. the higher the Mach number before the
shock is, the stronger the separation will be. Strong separation is iden-
tified by high Reynolds stresses, a large degree of anisotropy, large flow
structures behind the shock and a high probability of back-flow in the
separated region. The innermost part of the shock itself, the so called
shock foot, will also change character with the shock strength. For weak
and moderately strong shocks, there will be a compression fan that con-
verges to the shock. For stronger shocks, the compression fan is in-
sufficient to raise the pressure and deviate the flow direction as much
as required, and the fan is then replaced by two shocks in a so called
lambda shock pattern. Both cases are sketched in figure 1.3.

The aforementioned end-wall effects are possible to avoid by con-
sidering an axisymmetric configuration instead of a nominally two di-
mensional one [12]. The geometry of this work was initially intended
as a pre-study geometry. The main geometry was a three dimensional
bump to which there is no axisymmetric counterpart. There is almost
no quantitative experimental data available from any of the geometries
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and the 3D geometry was out of the question in lack of extensive vali-
dation data.

1.3 Large scale shock movement

A flow case with SWTBLI can also feature so called large scale shock
movement. This means that the shock moves back and forth over a dis-
tance comparable with the boundary layer thickness or the interaction
length. Furthermore, the frequency of the movement is often very low
compared to any number of U/L that can be constructed of a velocity
scale U and a length scale L in the vicinity of the shock. The movement
of the shock can of course be achieved for example by a fluctuating out-
let pressure, but it is also possible to get what is believed to be a self
excited movement. The latter is interesting because the exact prereq-
uisites for self excitement are not known. Movement seems however to
be present only in connection with strong separation of the boundary
layer [2]. Since strong separation is often achieved by strong shocks,
the lambda shock formation is commonly observed when the shock fea-
tures large scale shock movement [9], [13]. Neither is it known how
the self excited shock movement is created nor what parts of the flow
or flow structures that determine the frequency of the shock movement.
While many experiments and calculations have been done that feature
large scale shock movement [2], [8], [13], [14], there have also been sim-
ulations of seemingly similar flows but where the shock is steady. The
latter can be seen in [5] and in chapter 3 here.

The connection between flow structures and unsteady shock move-
ment has chiefly been investigated for supersonic flow in a compression
ramp such as the one depicted in figure 1.4. Thomas et al. [15] related
the shock movement to the frequency of wall pressure fluctuations in
the separated region and to the turn-over time of the separation bubble.
There are significant differences between the transonic case and the su-
personic compression ramp. In the supersonic case, the separation bub-
ble is ’trapped’ between the shock and the compression ramp, whereas
transonic flows feature not one but several separation bubbles. Thus,
no single turnover time can be computed for the transonic cases. On the
other hand, several investigations of supersonic compression ramp flow
have indicated the bursting frequency of the incoming boundary layer to
be the frequency of the shock movement. See for example [16] and [17].
To detect possible burst events in the incoming boundary layer Wu and
Martin [16] applied an indicator function at a distance of 0.5δ99 from the
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Figure 1.4: A supersonic com-
pression ramp with 24◦ deflec-
tion angle. Sketch taken from
[16].

Figure 1.5: Whitcomb supercrit-
ical airfoil. Flow from left to
right. U is the free stream ve-
locity. 2 indicates the separation
region behind the shock.

wall. The indicator function, IM , was defined by

IM =





1 if M > 〈M〉 + σM

−1 if M < 〈M〉 − σM

0 otherwise
(1.3)

where σM is the standard deviation of the Mach number distribution.
They found that bursts and shock movement had a main frequency of
0.14U∞/δ.

The most common configuration for studying transonic SWTBLI is
the supercritical airfoil such as the one shown in figure 1.5. Shock move-
ment in such a configuration is known as the “buffeting phenomenon”.
Recent numerical investigations [18],[19] support the theory proposed
by Lee [20]. Lee suggested that the separation (point 2 in figure 1.5)
causes large scale structures that are convected downstream. As these
structures reach the trailing edge (point 1 in figure 1.5) they interact
with the flow coming from underneath the airfoil. This interaction
causes radiation of acoustic waves which in turn propagate upstream to
the shock leading to a feedback mechanism. Since geometries for inter-
nal transonic flows do not have trailing edges, no feedback mechanism
such as that in the airfoil case can be present. It is however interest-
ing to note that it is upstream traveling waves from far downstream of
the shock that determine the large scale shock movement rather than
bursting events in the incoming boundary layer or direct interaction be-
tween the shock and separation bubbles directly behind the shock.

Handa and Masuda [14] made experiments and quasi one-dimensional
computations of a transonic diffuser. They investigated two different
maximal Mach numbers before the shock (1.26 and 1.48) and the shocks
reached from the lower boundary layer to the boundary layer in the ceil-
ing. They suggest that, as pressure waves generated by the turbulence
in the separated region hit the roof, new pressure waves are created
that travel upstream along the roof and move the shock as they reach
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it.
Much of this thesis is concerned with the question of large scale

shock movement and its possible connection with SWTBLI.

1.4 Advantages and limitations of LES
This section describes briefly the advantages of LES over unsteady RANS
(URANS) which is the main alternative to LES for transonic flows.

RANS models are almost always derived considering time averaged
cases. Assumptions, constants and closure relations are all calibrated
for steady flows. This can be seen in for example [21] and [22]. Still the
models are used in an unsteady mode which is valid only if there is a
time separation between the resolved and modeled scales. Typical for
two equation RANS models used in unsteady mode is that the turbulent
length scale is severely overpredicted [23] and Dolling [1] pointed out
that the major reason that URANS cannot be used in transonic flow is
that it fails to predict the flowfield unsteadiness.

It is possible to try to mend some of the deficiencies of RANS models
by ad hoc adjustments. Sinha et al. [24] tried to modify three differ-
ent RANS models to better predict the separation point in a compres-
sion ramp flow. They succeeded, but the process made the prediction
of the reattachment point worse for two out of three models. Along the
same line, Thivet et al. [25] applied realizability constraints on the k−ω
RANS model in an attempt to predict heat transfer in crossing-shock-
wave/boundary-layer interactions. Their results improved compared to
the original formulation, but “not sufficiently to meet the experimen-
tal data”. These examples demonstrate that the details of solutions
obtained by URANS simulations cannot be trusted since there are no
guarantees that the underlying assumptions are compatible with the
current flow. More on the deficiencies of RANS for SWTBLI can be found
in [7].

The idea in LES is to model only the smallest scales of turbulence,
i. e. the highest wave numbers of the turbulent spectrum. The small-
est structures are assumed to be locally isotropic and are thereby eas-
ier to model. Every scale of the flow down to the scales of the initial
subrange must then be resolved. This makes the demands on resolu-
tion much higher than in RANS. See for example [26] for more on basic
principles of LES. The assumption that the turbulent spectrum has an
inertial subrange is much more seldom violated than assumptions made
in RANS models. There are however some parts of the flow where the
smallest scales are not isotropic. The buffer zone and viscous sublayer
of boundary layers are two of them, and there, the turbulence must be
resolved to a much higher degree than in other parts of the flows. This
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makes the number of nodes needed for LES of wall bounded flows in-
crease at least like Re1.8 [27]. The same is true for the turbulence in
separated regions of SWTBLI [1]. The severe demands on resolution is
of course the biggest hinder for LES. As noted by Knight et al. [7], very
few large eddy simulations are carried out at Reynolds number corre-
sponding to those of experiments.

The numerical scheme will have stronger impact on the results in
LES than in RANS since more of the turbulence is resolved with the
former method. A study of the impact of truncation and aliasing errors
is presented by Kravchenko and Moin [28]. The most extreme exam-
ple of coupling between the subgrid model and the numerical scheme
is monotone integrated LES (MILES) where the numerical scheme is
chosen to incorporate the effects of the subgrid model. See for example
Urbin and Knight [29] and Moroianu [13] for examples of MILES for
compressible flows.

LES will, if care is taken to ensure that the flow is well resolved and
an accurate numerical scheme is used, give results far more accurate
than RANS [7] and sometimes comparable to filtered DNS [30]. The re-
sults are however not always perfect. Garnier et al. presented LES of
Shock/Boundary-Layer Interaction [6]. First order statistics was in very
good agreement with experiments, but not all of the turbulent stresses
were. Another Achilles heal is heat transfer which is better predicted
by LES than by RANS, but still far from well predicted [7]. In general,
there are no guarantees that LES will give better predictions than a
special RANS model for a specific flow case. But in almost all bench-
mark cases, LES has proved to give results that are at least as good as
the best results obtained by any RANS model [31].

1.5 Hybrid methods
The calculations discussed in chapter 3 are computationally very heavy.
Even with 20 processors, they each took between one and three months
to complete. Such long times are of course not acceptable in industrial
applications and demonstrate that LES is a far too expensive method
for any practical use outside the academic world. The high cost of LES
is caused by the region close to solid wall since there is no LES model
that is suitable for modeling the highly anisotropic flow there. Instead
of modeling the turbulence, it must be resolved and hence the demands
on resolution approaches those of DNS.

A common technique is to use one computational method close to
the wall and another in the outer region. These so called hybrid meth-
ods, or zonal methods, have been explored for example by Davidson and
Peng [32], Hamba [33] and Tucker and Davidson [34], all of whom used
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some RANS model close to the wall up to some matching plane and LES
outside that plane. The argument in favor of these methods working
is that the LES and the RANS formulations of the Navier-Stokes equa-
tions are the same when the stress terms are expressed in terms of the
turbulent viscosity, νt. Hence any model can be used for νt. LES is used
away from walls since it provides good accuracy at a reasonable com-
putational cost everywhere except for regions close to walls. Close to
walls, RANS is currently the only feasible method for calculations at
high Reynolds number and is thus applied there.

There are however conceptual problems in this approach. For plane
channel flow, hybrid methods give a sudden increase in the mean stream-
wise velocity somewhere outside the matching plane [32]. The reason
is that RANS gives much higher values of νt and will therefore affect
a much larger part of the turbulent spectrum while LES has levels of
νt that damp only the smallest resolved scales. This will manifest it-
self as a jump in resolved turbulent scales at the matching plane, as
demonstrated in [35].

Some remedies have been suggested. Tucker and Davidson [34] used
a one-equation k − l model in both the RANS and LES regions, and the
regions differed in how the filter length scale was chosen. The results
for plane channel flow improved when the transition from RANS to LES
was made in a smooth manner instead of abruptly changing the filter
length scale definition at the matching plane. Several authors have
used forcing at the matching plane to reintroduce resolved LES scales
from modeled RANS scales. See for example [36], [35], [37] and [38]. Hy-
brid methods with forcing produce good mean velocity profiles for plane
channel flows, but the forcing conditions are rather arbitrary. This is to
some extent due to the problem pointed out by Temmerman et al. [39]:
resolved turbulence is transported from the LES region into the RANS
region, which responds by increasing the turbulent viscosity and thus
diminishing the effect of the forcing. This is however not always the
case. In the work of Davidson and Billson [37], forcing resulted in a
lower value of νt.

An alternative approach to the problem at the matching plane is
given by Hamba [33]. The value of νt on the RANS side of the match-
ing plane is much higher than on the LES side. To obtain the same
level of νt on the LES side, the filter width must be increased by ap-
proximately a factor 5, depending on the exact location of the match-
ing plane. However, the filter operator described in equation (2.8) and
the spatial derivatives in the Navier-Stokes equations (equation (2.1))
do not commute in the mathematical sense but do so only to a second-
order approximation in terms of the spatial derivative of the filter [40].
Hence, this rapid change in filter width will give rise to serious errors
unless accounted for in some way. Hamba adopted a scheme with addi-
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tional filtering of the data on the LES side of the matching plane and
obtained an improvement for computations of plane channel flow.

Since none of the suggested remedies works without a substantial
amount of ad hoc adjustment, either the RANS method or the LES
method must be replaced. Since the main objective is to be able to make
LES without completely resolving the boundary layer, it would be di-
rectly counterproductive to remove the LES part. It is therefore the
RANS model that is discarded and replaced. Some initial work on this
is presented for incompressible flow in chapter 4.



Chapter 2

Large eddy simulation
technique

2.1 Governing equations
The solver for the Navier-Stokes equations is based on the G3D series
of codes developed by Lars-Erik Eriksson [41]. The conservative forms
of the continuity, momentum and energy equations governing viscous
compressible flow, solved by the code, can be written in the form:

∂

∂t
Q +

∂

∂xi
(Fi − Fvi) = 0 (2.1)

where

Q =




ρ
ρu1

ρu2

ρu3

ρe0




Fi =




ρui

ρu1ui + pδ1i

ρu2ui + pδ2i

ρu3ui + pδ3i

ρh0ui




Fvi =




0
τ1i

τ2i

τ3i

τjiuj − qi




where in turn

τij = −2

3
µ

∂um

∂xm
δij + µ

(
∂ui

∂xj
+

∂uj

∂xi

)
(2.2)

qi = −µcp

Pr

∂T

∂xi
(2.3)

To close the equation system, callorically perfect gas is assumed, i.e. the
following relations can be used

p = ρRT (2.4)
e = cvT (2.5)
h = cpT (2.6)
cv = cp − R (2.7)

11
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cp is a constant and µ is the dynamic viscosity. R is the ideal gas con-
stant.

2.2 Large eddy formulation
A filtered quantity, Φ, is obtained from the unfiltered quantity, Φ, by the
integral operation

Φ(xi, t) =

∫

R3

G(ri, xi)Φ(xi − ri, t) dr1dr2dr3 (2.8)

For each xi, the filter function G(ri, xi) has a maximum at ri = 0 and
G(ri, xi) ≤ G(0, xi) ∀ri ∈ R3. Furthermore, G(ri, xi) is normalized so
that ∫

R3

G(ri, xi) dr1dr2dr3 = 1 ∀xi ∈ Ω (2.9)

where Ω is the computational domain. Hence, for a specific xi, Φ(xi, t)
will be a weighted average of all values within some volume centered at
xi. The size of the volume can be represented by some length scale ∆
which is called the filter width.

The large eddy formulation is obtained by applying the filter oper-
ation to the governing equations. The result, however, is often written
using the Favre notation since the results then look very similar to the
unfiltered equations. The Favre averaged quantity, Φ̃, is related to Φ by

Φ̃ =
ρΦ

ρ̄
(2.10)

and to the unfiltered quantity, Φ, by

Φ = Φ̃ + Φ′′ (2.11)

Φ̃ is the resolved part of Φ and Φ′′ the unresolved part. Since G(ri, xi)
is often related to the computational grid in some way, Φ′′ is called the
subgrid fluctuations of Φ.

The modeling approach used in the code is very similar to the one de-
scribed by Erlebacher et.al [42] which gives details about the modeling
assumptions.

2.2.1 The continuity equation
Upon filtering, the continuity equation becomes

∂ρ̄

∂t
+

∂(ρ̄ũi)

∂xi
= 0 (2.12)

which needs no modeling.
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2.2.2 The momentum equations
Applying the space filter to the momentum equations gives

∂(ρ̄ũi)

∂t
+

∂(ρ̄ũiũj)

∂xj
= − ∂p̄

∂xi
+

∂τ̄ij

∂xj
+

∂τSGS
ij

∂xj
(2.13)

Only the last term on the right hand side in equation (2.13) needs mod-
eling. It can be written as:

∂τSGS
ij

∂xj
=

∂

∂xj

(
−ρ̄(˜̃uiũj − ũiũj) − ρ̄( ˜̃uiu′′

j + ũ′′
i ũj) − ρ̄ũ′′

i u
′′
j

)
(2.14)

τSGS
ij is the subgrid stress tensor and is modeled in the code by

τSGS
ij = µt

(
S̃ij −

1

3
S̃mmδij

)
− 2

3
ρ̄kSGSδij (2.15)

where S̃ij is the Favre filtered strain rate tensor given by

S̃ij =
1

2

(
∂ũi

∂xj
+

∂ũj

∂xi

)
(2.16)

The turbulent viscosity, µt, and the subgrid kinetic energy, kSGS , depend
on the subgrid model (see section 2.2.4).

2.2.3 The energy equation
When the energy equation is filtered, the following expression is ob-
tained:

∂(ρ̄ẽ0)

∂t
+

∂(ρ̄h̃0ũi)

∂xi
= − ∂q̄i

∂xi
+

∂(τijuj)

∂xi
+

∂Φi

∂xi
(2.17)

There are two terms that need modeling in equation (2.17), the deriva-
tives of τijuj and the last term on the right hand side which, written
out, is

∂Φi

∂xi
=

∂

∂xi

(
qSGS
i + ρ̄ũkũ

′′
ku

′′
j +

1

2
ρ̄˜̃ukũku

′′
j +

1

2
ρ̄ũ′′

ku
′′
ku

′′
j (2.18)

+ρ̄

(
1

2

(
˜̃ukũkũj − ˜̃ukũkũj

)
+
(
˜̃uku

′′
kũj − ˜̃uku

′′
kũj

)
+

1

2

(
ũ′′

ku
′′
kũj − ũ′′

ku
′′
kũj

)
+
(
˜̃uku

′′
ku

′′
j − ũkũ

′′
ku

′′
j

)))

where
qSGS
i = ρ̄cp

(˜̃T ũi − T̃ ũi + T̃ ′′ũi + ˜̃Tu′′
i + T̃ ′′u′′

i

)
(2.19)
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represents the subgrid heat fluxes and is modeled using

qSGS
i = −cp

µt

PrT

∂T̃

∂xi
(2.20)

PrT is the turbulent Prandtl number which is given by the user. ũ′′
ku

′′
j

is modeled with τSGS
kj . The differences in triple correlation and the term

ρ̄ũ′′
ku

′′
ku

′′
j can be modeled, but has in the work by Larsson [43] been found

to have negligible effects in RANS. Since the subgrid fluctuations in
LES are considerably smaller than in RANS, the terms are neglected
here as well. The term ρ̄ ˜̃ukũku

′′
j is discarded by the same arguments.

Finally, τijuj in equation (2.17) is replaced by τ̄ijũj.

2.2.4 Subgrid Models and Constants
Two different subgrid models are used.

The first subgrid model is a compressible version of the Smagorinsky
model [42] with a fixed filter width. In this Smagorinsky model µt and
kSGS are given by

µt = CRρ̄∆2

√
S̃mnS̃mn (2.21)

kSGS = CI∆
2S̃mnS̃mn (2.22)

Constants CR and CI were set to 0.012 and 0.0066 respectively [44]. The
dynamic viscosity is set to a constant value (see chapter 3). The filter
width is set to the average value of (∆x∆y∆z)1/3 for the inner part of
the boundary layer where the subgrid model has its strongest influence.

A LES should be tested for its dependence on the subgrid model.
The Smagorinsky subgrid model is not always accurate enough, but the
flaws are difficult to correct since its length scale needs to be damped out
close to a wall and the damping functions commonly used, for example
van Driest damping [45], do not work in separated regions. Thus a mod-
ified version of the WALE model, developed by Nicoud and Ducros [46],
is tested.

The original model is developed for incompressible flow and it thus
gives only µt:

µt = ρ̄ (Cw∆)2

(
Sd

ijSd
ij

)3/2

(
S̃ijS̃ij

)5/2

+
(
Sd

ijSd
ij

)5/4
(2.23)

where Cw = 0.3 and

Sd
ij =

1

2

(
∂ũi

∂xl

∂ũl

∂xj
+

∂ũj

∂xl

∂ũl

∂xi

)
− 1

3

∂ũm

∂xl

∂ũl

∂xm
δij (2.24)
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The modification is to use the relation between µt and kSGS in equation
(2.21) and (2.22) to rewrite equation (2.15) as

τSGS
ij = 2µt

(
S̃ij −

1

3
S̃mmδij

)
− 2

3

C
′

I

ρ̄

(µt

∆

)2

δij (2.25)

Using the the coefficients from the Smagorinsky model, C
′

I is found to
be 45.8, which is also used in the modified WALE model. To make the
stresses realizable, their diagonal entries were forced to be non-positive.
Further improvement is achieved by changing the filter to be given by
(∆x∆y∆z)1/3, i. e. to a function of the grid, and the dynamic viscosity to
follow Sutherland’s law [47].

There is evidence that SGS models with only one length scale are
not functional in areas with large anisotropy, for example in separated
regions [1]. However, this type of problem can be remedied if the grid is
fine enough in the critical regions.

2.3 Space discretization
For spatial discretization, one scheme is used for the inviscid terms and
another for the viscous terms. The filtered and modeled version of equa-
tion (2.1) can be written in the form

∂Q
∂t

+
∂

∂xi
(Fi −Fvi) = 0 (2.26)

where

Q =




ρ̄
ρu1

ρu2

ρu3

ρe0




Fi and Fvi can be identified as the filtered and modeled counterparts of
the inviscid and viscous parts of the total flux and are also known as
the convective and the diffusive fluxes. Equation (2.26) is discretized
on a structured non-orthogonal mesh using the Finite Volume Method
(FVM). Integrating equation (2.26) over some arbitrary volume, Ω, gives

∫

Ω

∂Q
∂t

dV +

∫

Ω

∂

∂xi
(Fi −Fvi) dV = 0 (2.27)

Taking Ω to be a cell in the grid and introducing Sj = njS as the face
area normal vector and Q as the cell average of Q over Ω, the Gauss
theorem can be used to rewrite equation (2.27) as

∂Q
∂t

V +

∫

∂Ω

(Fi −Fvi) dSi = 0 (2.28)
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Since the code uses implicit filtering, i. e. the filter is a box filter of grid
cell size, Q = Q and the bar notation will be dropped from here on. The
integral of the fluxes is approximated by

∫

∂Ω

(Fi −Fvi) dSj =
all faces∑

k=1

(Fk
i −Fk

vi) · Sk
i (2.29)

where Fk
i and Fk

vi are the cell face averages of the convective and diffu-
sive fluxes respectively and Sk

i is the area of the cell faces. In total, the
finite volume formulation of equation (2.26) is

∂Q
∂t

V +

all faces∑

k=1

(Fk
i −Fk

vi) · Sk
i = 0 (2.30)

The inviscid fluxes are discretized in space using a fourth order cen-
tral scheme to which is added a small amount of upwinding. The up-
winding is a third difference multiplied with a user defined constant
and applied to the characteristic variables, which are in turn evaluated
using a planar wave assumption. This construction makes the space
discretization of the inviscid fluxes third order accurate in terms of dis-
sipation, but still makes it fourth order in terms of dispersion.

A second order central scheme is used for the viscous fluxes.
At strong pressure gradients, such as at shocks, extra diffusion is

needed to prevent the calculations from diverging. Here a term scaled
by the second derivate of the local pressure and the spectral radius of
the discretized flux operator is added in the calculations of the inviscid
fluxes [48]. The user defined coefficient that guides the level of extra
dissipation is set to a level just high enough to prevent divergence.

The discretization schemes and shock handling diffusion are described
in detail in appendix A.

The scheme as described in appendix A assumes an uniform Carte-
sian grid. Stretching and curvature of the grid introduce errors of order

O
(

∂2ξi

∂xj

)
(2.31)

where ξi is the grid of the computational (homogeneous) domain [49]. Of
course, this requires that the transformation is second order continuous
which has been ensured by using smoothing routines [50] when con-
structing the meshes. The box filter of grid cell size will also introduce
an error when the grid is non-homogeneous since the filter operator and
the spatial derivatives do not commute. The leading error term will be
of order [40]

O
(

∂2∆

∂xi

)
(2.32)
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Figure 2.1: Typical cut-through plane of a structured, Cartesian grid
used for computations of a wall bounded flow.

This makes it even more important to stretch the grid as little as pos-
sible. The maximum stretching of the grids used in this work is in the
wall normal direction and is 10 %. The streching in the streamwise and
spanwise directions are negligible.

2.4 Time stepping
Time stepping is performed by a a three stage, low storage Runge-Kutta
method combined with a semi-implicit precondition scheme. The gen-
eral outline resembles the ordinary use of the Runge-Kutta method,
which is as follows. By using the latest known data, Qn that is valid
for time step n, ∂Q

∂t is approximated using the methods described hith-
erto in this chapter. This term is denoted

(
∂Q
∂t

)n. The three stages are
then

Q∗ = Qn + ∆t
(

∂Q
∂t

)n

Q∗∗ = 1
2

(
Qn + Q∗ + ∆t

(
∂Q
∂t

)∗)

Qn+1 = 1
2

(
Qn + Q∗ + ∆t

(
∂Q
∂t

)∗∗)
(2.33)

where ∆t denotes the size of the time step between time step n and
n + 1. Super scripts ∗ and ∗∗ denote sub-time steps. More on Runge-
Kutta schemes can be found in [51].

In the following discussion of the semi-implicit preconditioning, it
will be assumed that the grid is Cartesian. If it is not, it can be trans-
formed into a Cartesian one (see for example [52]). All formulations will
then apply to the transformed equations instead. This transformation
is actually done in the code but will not be described here.

Simulations of instationary flows using a pure explicit time step-
ping formulation require the same ∆t to be used in the whole domain.
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Given a discretized solution to the Navier-Stokes equation and a maxi-
mal allowed CFL number, the maximum time step for each cell can be
calculated from the definition of the CFL number:

CFLi,j,k = | ui,j,k | ∆t

∆xi,j,k
+ | vi,j,k | ∆t

∆yi,j,k
+ | wi,j,k | ∆t

∆zi,j,k

+ ai,j,k∆t

√
1

∆x2
i,j,k

+
1

∆y2
i,j,k

+
1

∆z2
i,j,k

(2.34)

where a is the speed of sound. The indexes refer to the grid as shown
in figure 2.1. The cut-through plane of the grid depicted there has very
high aspect ratios, i. e. ∆y � ∆x and ∆y � ∆z, which is typical for the
wall proximate region of grids used for computations of wall bounded
flows. Due to the no-slip conditions at the walls, the velocities there are
typically small; consequently, the CFL number for cells close to walls
can be approximated by

CFLi,j,k ≈ ai,j,k∆t

√
1

∆y2
i,j,k

(2.35)

This expresses the fact that the maximum allowed time step for cells
close to walls is restricted by sound waves in the wall normal direction.
Actually, for most structured grids, the global time step will be limited
by these wall proximate cells. While these sound waves do not have to
be explicitly resolved, their effect must be accounted for. Hence, an idea
could be to use an implicit time stepping method close to the wall and
another away from it. However, this can be done in an even better way.

Take the first part of equation (2.33) for the cell with indexes i, j, k
and write (

dQi,j,k

dt

)expl.

=
Q∗

i,j,k −Qn
i,j,k

∆t
=

(
dQ
dt

)n

i,j,k

(2.36)

The corresponding implicit formulation would be
(

dQi,j,k

dt

)impl.

=
Q∗

i,j,k −Qn
i,j,k

∆t
=

(
dQ
dt

)∗

i,j,k

(2.37)

where the rightmost term is then of course unknown. Now, equation
(2.37) can be Taylor expanded in time. Using the facts that ∆y � ∆x
and ∆y � ∆z close to walls, the following expression can be derived:

(
dQi,j,k

dt

)impl.

+
∆t

2∆yi,j,k

(
∂F t

2

∂Q

)n

i,j+1,k

(
dQi,j+1,k

dt

)impl.

−

∆t

2∆yi,j,k

(
∂F t

2

∂Q

)n

i,j−1,k

(
dQi,j−1,k

dt

)impl.

=

(
dQi,j,k

dt

)expl.

(2.38)
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where F t
2 = F2 − Fv2. Equation (2.38) couples cells only in the wall

normal direction and can be applied to columns of cells from the wall
and out to some jmax where the relations ∆y � ∆x and ∆y � ∆z are no
longer valid.

After the system given by equation (2.38) is solved for each column
of cells at walls, equation (2.37) is used for the pre-conditioned cells
and equation (2.36) for all the other cells to obtain Q∗. The method is
repeated for each stage in the Runge-Kutta method.

The usage of equation (2.38) is shown in paper I included in this the-
sis to be equivalent to making one iteration using Newton-Raphson’s
method for the y-direction. Paper I also presents a validation of the
method for flat plate boundary layer flow with a slight adverse pressure
gradient. The inlet Mach number is equal to 0.7 and Reτ = 632, also at
the inlet. Each cell that is treated by the precondition scheme requires
six times more computational time than cells to which the precondition-
ing is not applied. The amount of time saved using this scheme is hence
dependent on how large a part of the grid cells lies close to a wall. In a
transonic case like those described in section 1.2, the scheme allows five
times longer time steps and saves about 60 % of the time that would be
required if the fully explicit scheme was used.

The details of the implementation of the semi-implicit precondition-
ing (also given in paper I) are chosen to retain accuracy, not to maximize
efficiency. There are several possibilities for saving even more computa-
tional time but no such options were tested.

2.5 Boundary conditions
The discretization scheme used for the convective fluxes can be reformu-
lated as a so called non-reflective boundary condition. This is described
in detail in section A.4 in the appendix. As the name suggests, such a
boundary condition does not reflect waves reaching the boundary. This
is strictly true only for plane waves approaching the boundary aligned
with the boundary normal direction. Waves that are not aligned with
the boundary normal will, by this method, be misinterpreted as a plane
wave, resulting in the wave being partially deflected. The drawback of
this boundary condition is that it requires five independent properties
to be specified at the boundary. It is hence suitable for inlet boundary
conditions but not for outlet boundaries where only a minimum of vari-
ables should be specified. Too many specifications prevent a natural
development of the flow in the domain.

A very good way to handle an outlet boundary is to add a buffer zone,
i. e. an extension of the domain where the dissipation is drastically in-
creased. Waves that do not dissipate as they approach the outlet bound-
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ary will then definitely dissipate before they reach out of the buffer zone
back into the original computational domain. A buffer zone was imple-
mented by for example Andersson [53] and Bogey and Bailly [54].

A buffer zone is however computationally extremely expensive. It
often increases the number of computational nodes by at least 25 %. To
save computational time, a simpler boundary condition is applied to the
outlet boundary. The condition uses zeroth order extrapolation for all
variables but the static pressure, which is set to a fixed value. Such a
boundary condition is totally reflective in terms of acoustic waves giving
artificial pressure fluctuations of the order of 100 Pa. Hence, this simple
method is not suitable for acoustic computations but is accurate enough
for most other computations.



Chapter 3

Shock/boundary layer
interaction

With the semi-implicit preconditioner, calculations of transonic flows
take a little less than half the time otherwise necessary. This enables
thorough investigation of a transonic flow over a bump.

The computational domain is a numerical model of a part of an ex-
perimental test rig located at the Department of Energy Technology,
KTH. The experimental test section shown in figure 1.1 is 0.44 m long,
0.10 m wide and 0.12 m high. The computational domain consists of
this test section but has been shortened by 0.08 m and translational pe-
riodicity was assumed in the spanwise direction for a width less than
that of the test section. Furthermore, the ceiling has been replaced by a
symmetry plane.

The dynamic viscosity has been increased by a factor of 11 compared
to the experiments. It is far too costly in terms of computational re-
sources to make an LES of the flow with the correct Reynolds number.
It is better to make well resolved large eddy simulations of the case at a
reduced Reynolds number than to make poor simulations at the correct
Reynolds number.

The investigation of this flow is described in detail in papers II and
III included in this thesis. Only the most important results are given
here.

3.1 A baseline case
A flow case for which measurements showed large scale shock move-
ment is simulated. A Mach number contour of an average flow field is
shown in figure 3.1. Several simulations are made to ensure grid con-
vergence and that the results are not heavily dependent on the subgrid
model. Figure 3.1 is produced using a 4 cm wide domain, and the modi-

21
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Figure 3.1: Mach number contour plot for transonic flow over a bump.
The inlet free stream Mach number is 0.7 and the maximum Mach num-
ber before the shock is 1.27. The contour level difference is 0.05.

fied WALE model is used as the subgrid model. Special care is taken to
ensure the inlet boundary layer at x = −0.09 m to be physically correct.
The mean profiles are taken from measurements made by Sigfrids [9].
Fluctuations from DNS of fully developed channel flow is rescaled ac-
cording to measurements made by Johansson and Castillo [55].

The results have been compared with the few experimental data
available and show satisfying agreement.

Figure 3.2 shows the probability of backflow along the bottom wall
and figure 3.3 shows the maximum of the resolved Reynolds stresses.
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Figure 3.2: The probability for
Cf to be less than zero as a func-
tion of the streamwise position.
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As can be seen in figure 3.3, the 〈uu〉 stresses are amplified by sev-
eral hundred percent and the stresses become highly anisotropic at the
SWTBLI (x ≈ 0.07 m). Furthermore, visualization and power spectra
of two-point correlations in space and time show that large scale flow
structures are produced in the separated region. The high probability
of backflow, production of large scale flow structures and strong ampli-
fication of the Reynolds stresses indicates that the SWTBLI induces a
strong separation of the boundary layer.

The shock position was defined as the streamwise position where
the streamwise pressure gradient was at its largest. This position was
constant in time for all wall normal distances covered by the shock. The
existence of large scale flow structures in the separation region and the
lack of shock movement suggests that strong shock induced separation
is not a necessary condition for large scale shock movement.

Looking at time space correlation of the streamwise velocity directly
beneath the shock reveals that the dominating frequencies are 250 Hz,
1.2 kHz, 1.6 kHz, 2.1 kHz and 2.8 kHz. Only the lowest frequency is
transported downstream, all other emanate from the separation region.
Specifically, the frequency of 1.2 kHz can be found to be a dominating
frequency of the separation. Together with the above observations, it
can be concluded that direct interaction between the shock and large
scale flow structures directly behind the shock is not a triggering event
of large scale shock movement.

The indicator function, IM , given by equation (1.3) applied to a posi-
tion x = 0.05 m and 0.5δ99 from the wall shows that the boundary layer
features bursting events with a main frequency of 0.133U∞/δ99. Hence,
bursting events in the incoming boundary layer seem not to be able to
trigger large scale shock movement.

The lack of large scale shock movement in this baseline case is in
disagreement with many experiments of transonic SWTBLI, for exam-
ple those presented by Bron [8], but in agreement with LES presented
by Sandham et al. [5] and experiments presented by Bachalo and John-
son [12].

3.2 Search for large scale shock movement
Motivated by several other investigations of SWTBLI, changes were
made to the domain configuration and the boundary conditions. In case
1, the symmetry plane was lowered to y = 0.08 to produce a choked flow.
Another choked configuration was created by keeping the geometry of
the baseline case but lowering the outlet pressure. The important dif-
ference between cases 1 and 2 is that the former has a relatively larger
mass displacement since the bump covers a larger part of the domain.
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Case Domain hight Outlet pressure Ceiling
baseline 0.1186 m 103.5 kPa no
1 0.08 m 103.5 kPa no
2 0.1186 m 101 kPa no
3 0.12 m 101 kPa yes
4 0.12 m 96 kPa yes

Table 3.1: Summary of the cases.

Two cases in which the ceiling was included were also simulated, one in
which the flow was not choked (case 3) and one with choked flow (case 4).
The cases are summarized in table 3.1. In all cases, the resolution is the
same as in the baseline case for which grid convergence was proved. In
cases 3 and 4, the ceiling boundary layer has the same resolution as the
baseline case boundary layer has at the inlet, i.e. ∆x+ ≈ 100, ∆z+ ≈ 15
and ∆y+ ≤ 1.0.

Looking closely at figure 3.2, a small peak can be discerned before
the main peak. As the shock becomes stronger, this first peak grows to
the same height as the second peak. The dual peak can be explained
by the sketch in figure 3.4. When the boundary layer approaches the
shock, it separates and a small, thin but stable separation bubble forms.
Behind the bubble, a second, much larger, separation bubble is forms.
There is a shear layer between the two bubbles where fluid is exchanged
between them. The second separation bubble is unstable however and
now and again detaches. When it does, the flow behind the first bubble
temporarily reattaches, creating the dip in the probability of backflow.
The reattached flow meets backwards flowing fluid that fills in for the
detached bubble from behind. The flow detaches and a new large sep-
aration bubble forms behind the first stable one. The frequency of the
separation of the rear bubble is in the order of 2 kHz and is hence not
directly coupled to the movement of the innermost part of the shock.

Mean Mach number contours for cases 1–4 are shown in figure 3.5.

Figure 3.4: Sketch of streamlines at the wall beneath the shock. The
hight of the first separation bubble is approximately one millimeter.
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Figure 3.5: Mach number contour plots. The inlet free stream Mach
number is 0.7 and, the contour level difference is 0.05. The maximum
Mach number before the shock is (a) 1.4, (b) 1.3, (c) 1.28, (d) 1.38.
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None of the cases features large scale shock movement of the whole
shock. The innermost part of the shocks in cases 1, 2 and 4 are how-
ever unstable. The standard deviations of the positions of the inner-
most part of the shocks are between 2 mm and 3.3 mm. The frequen-
cies of the movements are between 350 Hz and 1 kHz. It can be seen
by looking at the frequency content of the time correlation between
the separation and the shock movement, that the separation triggers
the shock movement. By considering that the Strouhal number of the
dominating frequency of a phenomenon should be within the range 0.1–
0.3 [56, 57, 58, 59], it is argued that the information is carried upstream
by elliptic leakage through the boundary layer. The fact that time-space
correlations beneath the shock show that frequencies of the separated
flow structures are carried upstream strengthen this argument.

The characteristics of the movement of the innermost part of the
shocks of case 1 and 2 turned out to be very similar. Both have 350 Hz
and 600 Hz as their dominating frequencies, the standard deviations of
the shock positions were comparable and the distributions of the shock
positions were both bimodal, i. e. the shocks have two preferred posi-
tions. Hence, the degree of mass displacement does not seem to have
any strong influence on the shock movement in this case.

By considering animations of dp̄/dt it is concluded that the there are
no pressure waves that can transport information within the domains
considered here which could possibly move the whole shock. Rather, the
results of these simulations support the hypothesis of Bogar et al. [60],
who presented measurements of transonic SWTBLI. Their wind tunnel
was not closed but the air was ejected a distance downstream of the
sonic throat. When they altered the length of the test section, Bogar
et al. concluded that if the test section was long enough for the upper
and lower boundary layers to merge, the frequency of the shock move-
ment scaled with the distance from the shock to the merging point. Oth-
erwise, the frequency of the shock movement scaled with the distance
from the shock to the outlet. Biswas [61] used the same domain to make
3D RANS calculations and came to the same conclusion. He added the
observation that suction slots in the walls could play the same role as
the exit or the merging point of the boundary layers. This theory cannot
be confirmed by LES since the computational domain would be much
larger than can be handled, at least in the near future.



Chapter 4

A new subgrid model

Section 1.5 explained why it is necessary to explore new computational
methods. As mentioned there, the focus here will be on developing a
new zonal method. In order not to complicate things too much, this
development will be presented for incompressible fluids.

4.1 Reconstruction of turbulent channel flow
A summary is given here of paper IV included in this thesis. The first
step is to develop a method that can reproduce the results of a DNS of
turbulent channel flow at Reynolds number 500 based on the channel
half height. DNS data u, v, w and p are given on a Cartesian grid. A box
filter of streamwise and spanwise size ∆x+ = 196 and ∆z+ = 49 is used
to obtain filtered data ūi and p̄ and subgrid stresses τ tot

ij = uiuj − ūiūj.
No filtering is done in the wall normal direction.

In incompressible flow, the spherical part of subgrid stress tensor
1/3τ tot

kk δij is often included in the pressure. The current method is fully
capable of modeling the total subgrid stress tensor but, to avoid prob-
lems at the matching plane, only the deviatoric part of the subgrid
stress tensor, τij = τ tot

ij − 1/3τ tot
kk δij , will be modeled.

The matching plane is arbitrarily placed at y+ = 62. Proper orthog-
onal decomposition (POD) is used to give the exact representation

τij(x, y, z, t) =

∞∑

n=1

an(x, z, t)φn
ij(y) (4.1)

of τij for all cells closer to a wall than 62 viscous units. The orthonormal
basis functions, φn

i , are often referred to as POD modes and an as POD
coefficients. More on POD can be found in [62] and [63]. The series is
found to be truncatable at node number 30 with only very small losses
of accuracy.

27
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Figure 4.1: Transfer of tur-
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Figure 4.2: Velocity profiles for
DNS (◦ ◦ ◦), pure LES (· · · ), hy-
brid LES-RANS (−·−) and POD-
NN ( ) and (−−−).

To turn the (truncated) POD representation into a subgrid model,
we ask “what values do the POD coefficients assume for a given set of
events [h1, . . . , hM ]”. The events are such that they can be calculated
from filtered data, for example resolved velocity gradients. Two meth-
ods for calculating the most probable values of an given [h1, . . . , hM ] are
investigated, linear stochastic estimation (LSE) and neural networks
(NN). A feed forward NN with two hidden layers is found to be superior
to LSE for any given set of events.

A priori tests where the events are calculated from filtered DNS data
show that the POD-NN system reproduces the correct dynamics of the
subgrid stresses. For example, the transfer of turbulent kinetic energy
from resolved scales to subgrid scales is shown in figure 4.1.

The POD-NN is implemented in a numerical code and the subgrid
stresses below the matching plane are calculated by

τ̂ij = cbτ̂
NN
ij + (1 − cb)τ

Smag
ij (4.2)

Mixing is needed to obtain a stable numerical scheme. Outside the
matching plane, τ̂ij is given by an ordinary Smagorinsky model. van
Driest Damping is applied to the Smagorinsky model on both sides of
the matching plane. The blending coefficient, cb, is set to 0.9 in the
greater part of the region except close to the matching plane, where it
is damped. Figure 4.2 compares the velocity profiles obtained for two
different distributions of cb with velocity profiles obtained by pure LES
and by an ordinary RANS-LES hybrid scheme. The improvement is re-
markable.
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Reynolds stresses from a POD-
NN calculation.
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Figure 4.4: ◦ ◦ ◦, ∗ ∗ ∗ and
+ + + are 〈uu〉, 〈ww〉 and 〈vv〉
Reynolds stresses from DNS
and , − · − and − − − are
resolved 〈uu〉, 〈ww〉 and 〈vv〉
Reynolds stresses from the pure
LES solution.

The results are not perfect however. This can be seen by looking at
the resolved normal Reynolds stresses shown in figure 4.3. For com-
parison, normal Reynolds stresses obtained from pure LES are shown
in figure 4.4, which clearly shows that the pure LES solution has far
too high fluctuations in the streamwise direction and very little fluctu-
ation in the other directions. The POD-NN on the other hand has much
more realistic levels of resolved streamwise fluctuations, but the 〈uu〉
Reynolds stresses show a kink at the matching plane. This kink can
also be found in the velocities in figure 4.2. The possible reason is that,
despite the damping of the blending coefficient cb, there will be a huge
jump in modeled shear stresses at the matching plane. The POD-NN
system below the matching plane will give stresses at a level consistent
with the filter width while the Smagorinsky model outside the match-
ing plane will give far too weak shear stresses. This suggests that the
matching plane should be placed further from the wall.

Another possible explanation is that the NN needs some regulariza-
tion. The network is not trained to handle flow produced by a Smagorin-
sky model and hence not fitted to deal with the high resolved Reynolds
stresses there.
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Reynolds stresses from DNSfor
Re = 550 (−·−), Re = 950 (−−−)
and Re = 2000 ( ).

4.2 Towards higher Reynolds number

4.2.1 Matching plane location

Another POD-NN system was created from DNS of fully developed chan-
nel flow of Reynolds number 1000. The DNS at Reynolds number 1000
had the same spanwise resolution as that at Reynolds number 500, but
twice the resolution in the streamwise direction and only 10 % stretch-
ing in the wall normal direction with min(∆y+) = 0.3. The matching
plane was placed at a distance of 106 viscous units from the wall.

At the time of the printing of this thesis, this new POD-NN system
still contained some errors and therefore, no results are presented. Two
trends are however distinguishable. Firstly, it is harder to converge the
training of the network. An analysis leading to fewer but statistically
more significant events is desirable. Many of the connections in neu-
ral networks are usually not needed and some can even be hampering
for the performance of the network. This is specially true for large net-
works and the ones used here are problably no exceptsions. There are
several methods to identify and remove the unnecessary and/or ham-
pering connections [64] and besides having a stabilizing effect, it can
also speed up the network considerably. Secondly, the numerical sta-
bility seems to be enhanced compared to having the matching plane at
y+ = 60 and the kink in the velocity profile seems to disappear almost
completely. Hopfully more results will be presented in the future.
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4.2.2 Scaling issues
All variables in this chapter have so far been expressed in viscous units.
One advantage is of course that the innermost 10% of the velocity profile
is virtually independent of the Reynolds number [26]. The same is not
true for the Reynolds stresses, however, as can be seen in figures 4.5
and 4.6. These data are taken from the work of Jimenez et al. [65].
To make the POD-NN system a more general subgrid model, a scaling
must be found that makes the Reynolds stresses in the region of interest
independent of the Reynolds number. Furthermore, the inner scaling is
based on the velocity gradient at the wall and hence is not defined at
stagnation points. It would be advantageous to find a scaling that is
defined for all type of wall-bounded flows, not only attached boundary
layers.
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Chapter 5

Conclusions and
recommendations for
future work

This work spans over a fairly wide range of issues in fluid dynamics.
There are lessons to be learned in each issue treated here and a great
many possibilities for future investigations.

The development of the semi-implicit preconditioning scheme in pa-
per I shows that much of computational resources can be saved by sim-
ply using efficient and intelligently chosen numerical methods. The
semi-implicit preconditioning scheme was developed to be as accurate
as possible but, as discussed in paper I, there are several ways in which
it can be made more efficient. The implementation of the scheme also
requires some hands on work to ensure that the assumptions of the
method are fulfilled. Such checks could be built in into the scheme,
and this would enable a variable time step length that would make the
scheme both more efficient and accurate.

The numerical investigations of the SWTBLI in papers II and III
show that large scale shock movement in transonic flows is unlikely
to be a local phenomenon. The investigations are believed to be very
accurate and the results trustworthy, but a few more things can be done
to give the simulations even higher credibility.

Firstly, a buffer zone should be added to the outlet. However unlikely
it is that the reflected sound waves from the static pressure boundary
condition hinder large scale shock movement, their influence cannot
be excluded completely until they are removed from the simulations.
Secondly, the numerical scheme should be altered. There are more so-
phisticated shock capturing schemes, and the schemes used for space
discretization could be of higher order and/or complemented to include
the Leonard stresses. The latter have been shown by Andersson using
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the same code to have an influence on the high frequency content of ra-
diated sound [53]. Thirdly, a study should be conducted to determine
the role of the Reynolds number. Other studies have shown that, for
fixed inlet boundary conditions, there are some effects of the Reynolds
number not only on the separation characteristics [66] but also on the
angle of attack for which the buffeting phenomenon occurs on transonic
wings [67], even though the latter effect is very weak. A study of the
influence of Reynolds number would of course require immense compu-
tational recourses and is probably not possible in the nearest future.

As described in section 2.2.4, the WALE model was modified to make
it suitable for compressible flows. However, the values of the constants
used are only derived from the Smagorinsky model which, in this work,
is of minor importance since the computations were shown to be insensi-
tive to the choice of subgrid model. For future use of the model it would
be relevant to make a full investigation of the constants as well as the
accuracy of the model.

It would certainly be beneficial to have quantitative, and not only
qualitative, experimental data to with which to make comparisons. The
series of experiments conducted at KTH showed great promise. The
work of Olivier Bron [8] ensured repeatability and accuracy of the flow
conditions and gave a fairly complete qualitative picture of the flow for
different boundary conditions. It is regrettable that this work was not
followed up by accurate PIV measurements as was first intended, since
the experimental data available are of little use for assessing on the
quality of the computations.

The POD-NN subgrid model seems be able to incorporate much more
physics than any other currently available model. The resolved Reynolds
stresses are much more consistent with the filter used to derive the
equations than in most other models. It is not likely that the model will
ever be used in its current form and there is obviously much work to
be done on scaling of the components of the model and regularization of
the neural network. If these problems can be solved there remains more
work to make the model suitable to a wider range of flows. A DNS sim-
ulation is necessary for each type of wall-bounded flow that the model is
supposed to handle, and the neural network must be trained to in some
way to distinguish between the flow types. Still, the model shows how
elements from different areas of science, in this case POD and neural
networks, can be combined to obtain new tools for computations of tur-
bulent flows and that the future of turbulence modeling must perhaps
be sought in other fields of mathematics than the prevailing transport
equations.



Appendix A

Space discretization

This appendix describes in detail how the fluxes are discretized in the
G3D code. The description will assume that the grid is Cartesian. If
it is not, it can be transformed into a Cartesian one (see for example
[52]). All formulations will then apply to the transformed equations
instead. This transformation is actually done in the code but will not be
described here.

A.1 Convective fluxes
A purely inviscid flow is governed by Euler’s equations, that, if the flow
is smooth, can be written in the form

∂Q

∂t
+

∂Fi

∂Q

∂Q

∂xi
= 0 (A.1)

If only a small area is considered, the flux Jacobian matrices, (∂Fi)/(∂Q),
can be regarded as constants and the linear relation

∂Q

∂t
+

(
∂Fi

∂Q

)

0

∂Q

∂xi
= 0 (A.2)

is obtained where the subscript 0 denotes evaluation at a reference
state. Now assume that this reference state is perturbed with planar
waves. These waves are in a plane that has a normal vector [α1, α2, α3]
with αiαi = 1. Aligning the coordinate system with this vector will
transform equation (A.2) into

∂Q

∂t
+ Â0

∂Q

∂ξ
= 0 (A.3)

where
Â0 = αi

(
∂Fi

∂Q

)

0
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and ξ is the coordinate in the direction of ~α given by

ξ = αixi

Equation (A.3) is a system of one dimensional linear equations describ-
ing the propagation of waves along the ξ-axis. The matrix Â0 may be
diagonalized by its eigenspace vector, T , using some standard eigende-
composition procedure. This will give

T Â0T
−1 = Λ = eigendecomposition(λ1, λ2, λ3, λ4, λ5) (A.4)

The eigenvalues λ1, λ2, λ3, λ4, λ5 are given exactly by

λ1 = αiui

λ2 = λ1

λ3 = λ1

λ4 = λ1 + a
√

αiαi

λ5 = λ1 − a
√

αiαi

(A.5)

where a is the speed of sound. Using the characteristic variables defined
by W = T−1Q, equation (A.3) can be written as the uncoupled system

∂W

∂t
+ Λ

∂W

∂ξ
= 0 (A.6)

which describes the transport of the characteristic variables wi in the
ξ-direction. Each wi can be interpreted as a wave carrying some kind of
information. w1 is an entropy wave, w2 and w3 are vorticity waves and
w4 and w5 can be interpreted as sound waves. Each wave transports its
information with a characteristic speed described by the corresponding
eigenvalue λi.

When calculating the fluxes, the code uses the flow variables in prim-
itive form

~q =




ρ̄
ũ1

ũ2

ũ3

p̄




(A.7)

which are obtained from the conservative variables with second order
accuracy. p̄ is an approximation calculated by p̄ = (γ − 1)(ρe0 + ρ̄(ũ2 +
ṽ2 + w̃2)).

To calculate the inviscid flux over a cell face A, data from four cells
are needed. The arrangement is shown in figure A.1. The cell face A is
described by the normal vector, Si. The outline is to use this Si as ξ in
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equation (A.3) to obtain the characteristic speeds

λ1 = ũi
ASi

λ2 = λ1

λ3 = λ1

λ4 = λ1 + aA
√
SiSi

λ5 = λ1 − aA
√
SiSi

(A.8)

where superscript A denotes that the variable is obtained from ~qA =
0.5(~q2 + ~q3). The sign of each of the eigenvalues determines whether the
information is traveling from left to right or from right to left. λi > 0
indicates the former while λi < 0 indicates the latter. A left and a right
upwinding flux for the cell face A are computed from

~q L = C1~q1 + C2~q2 + C3~q3 + C4~q4

~q R = C4~q1 + C3~q2 + C2~q3 + C1~q4 (A.9)

The coefficients C1, C2, C3 and C4 are derived using a third order poly-
nomial ~q(x) to represent the variation of the flow state in the normal
direction

~q(x) = ~A + ~Bx + ~Cx2 + ~Dx3 (A.10)
where x is equal to zero at face A. The face state, ~qL(x = 0), is evalu-
ated using the interpolated value, ~q(0), modified to include upwinding
by adding the third derivative of ~q(x) according to

~qL = ~q(0) + δ
∂3~q

∂x3
(0) = ~A + 6δ ~D

= C1~q1 + C2~q2 + C3~q3 + C4~q4 (A.11)

where coefficient δ in front of the upwind term has been chosen by nu-
merical experiments [68] to be 1/96 to introduce only a small amount of
upwinding. This gives

(C1, C2, C3, C4) =

(
− 1

12
− δ,

7

12
+ 3δ,

7

12
− 3δ,− 1

12
+ δ

)
(A.12)
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which is a scheme that is third order accurate in terms of dissipation
but still fourth order in terms of dispersion. By determination of the
sign of the corresponding eigenvalue, the characteristic variables are
obtained using data from either left or right upwinding, i.e. if λi > 0, ~q L

is used and if λi ≤ 0, ~q R is used. The characteristic variables are given
by

w1 = ρ̄L/R − p̄L/R

(aA)2

w2 =
S1ũ

L/R
2 − S2ũ

L/R
1√

S1S1 + S2S2

w3 =
1√
SiSi

(
(
√
S1S1 + S2S2)ũ

L/R
3 − S3

(
S1ũ

L/R
1 + S2ũ

L/R
2√

S1S1 + S2S2

))

w4 =
1

2

(
ρ̄A

aA

Siũ
L/R
i√
SiSi

+
p̄L/R

(aA)2

)
(A.13)

w5 =
1

2

(
− ρ̄A

aA

Siũ
L/R
i√
SiSi

+
p̄L/R

(aA)2

)

The characteristic variables are transformed back to face approxima-
tions (denoted )̂ of the solution variables in primitive form using

ρ̂ = w1 + w4 + w5

û1 = − S2w2√
S1S1 + S2S2

− S1√
SiSi

( S3w3√
S1S1 + S2S2

− aA

ρ̄A
(w4 + w5)

)

û2 =
S2w2√

S1S1 + S2S2

− S1√
SiSi

( S3w3√
S1S1 + S2S2

− aA

ρ̄A
(w4 + w5)

)

û3 =
1√
SiSi

(
w3√

S1S1 + S2S2

+
S3a

A

ρ̄A
(w4 + w5)

)
(A.14)

p̂ = (aA)2(w4 + w5)

These cell face values are then used in the evaluation of F k
i in equation

(2.30).

A.2 Diffusive fluxes

The diffusive fluxes are treated for each cell face with a second order
central scheme with no upwinding. That is, if treating the cell face be-
tween cell i, j, k and cell i+1, j, k, assuming a Cartesian net, the deriva-
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tives are calculated by

∂~q

∂x
=

~qi+1,j,k − ~qi,j,k

xi+1,j,k − xi,j,k

∂~q

∂y
=

1

4

(
~qi,j+1,k − ~qi,j−1,k

yi,j+1,k − yi,j−1,k

)
+

1

4

(
~qi+1,j+1,k − ~qi+1,j−1,k

yi+1,j+1,k − yi+1,j−1,k

)
(A.15)

∂~q

∂z
=

1

4

(
~qi,j,k+1 − ~qi,j,k−1

zi,j,k+1 − zi,j,k−1

)
+

1

4

(
~qi+1,j,k+1 − ~qi+1,j,k−1

zi+1,j,k+1 − zi+1,j,k−1

)

where i, j and k denote the cell indexes in the x, y and z directions
respectively. These results are then also used in equation (2.30).

A.3 Extra diffusion for strong shocks
In the case of strong shocks, the scheme previously described cannot
handle the discontinuity. Instead, instabilities can cause the calcu-
lations to diverge. To prevent this, extra shock handling diffusion is
added. The method is developed from the ideas of Jameson et al. [48].
As the fluxes are calculated an extra term with the form

CPD max

[ |p̄1 − 2p̄2 + p̄3|
p̄1 + 2p̄2 + p̄3

,
|p̄2 − 2p̄3 + p̄4|
p̄2 + 2p̄3 + p̄4

]
max[λi](Q̄3 − Q̄2) (A.16)

is added to the right hand side of equation (2.30). In equation (A.16) the
indexes of p̄ and Q̄ refer to figure A.1 and index i on λ refers to equation
(A.8). The spectral radius, max[λi], accounts for aspects of the flow other
than the pressure. CPD is a user defined constant which, if shocks are
expected, is normally set to 0.4. In this case, however, CPD can be set to
0.1 or less.
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A.4 Non-reflective boundary conditions
The plane wave analysis described in A.1 can also be used on a bound-
ary with the normal pointing out of the domain. Since there are no cells
outside the domain, some values ~qb are prescribed to the boundary. De-
noting the values in the cell adjacent to the boundary, ~qd, the cell face
values are calculated by ~qA = 0.5 (~qb + ~qd). The situation is depicted in
figure A.2. Then, depending on the sign of the characteristic speeds,
components from ~q L = ~qd and/or ~q R = ~qb are used to calculate the char-
acteristic variables.
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Dubrovnic, Croatia, 2006, pp. 403 – 406.

[24] Sinha, K., Mahesh, K., and Candler, G. V., “Modeling the Effect of
Shock Unsteadiness in Shock/Turbulent Boundary-Layer Interac-
tions,” AIAA Journal, Vol. 43, 2005, pp. 586 – 594.

[25] Thivet, F., Knight, D., Zheltovodov, A., and Maksimov, A., “Insights
in Turbulence Modeling for Crossing-Shock-Wave/Boundary-Layer
Interactions,” AIAA Journal, Vol. 39, 2001, pp. 985 – 994.

[26] Pope, S. B., Turbulent flows, Cambridge university press, Cam-
bridge, United Kingdoms, 2000.

[27] “Introduction to the modelling of Turbulence,” von Karman Insti-
tute for Fluid Dynamics Lecture Series 2000-04, 2000.

[28] Kravchenko, A. G. and Moin, P., “On the Effect of Numerical Er-
rors in Large Eddy Simulations of Turbulent Flows,” Journal of
Computational Physics, Vol. 131, 1997, pp. 310 – 322.

[29] Urbin, G. and Knight, D., “Large-Eddy Simulation of Supersonic
Boundary Layer Using an Unstructured Grid,” AIAA Journal,
Vol. 39, 2001, pp. 1288 – 1295.

[30] von Kaenel, R., Kleiser, L., Adams, N. A., and Vos, J. B., “Large-
Eddy Simulation of Shock-Turbulence Interaction,” AIAA Journal,
Vol. 42, 2004, pp. 2516 – 2528.

[31] “Workshop on Refined Turbulence Modeling,” 11th ERCOF-
TAC/IAHR Workshop, 2005.

[32] Davidson, L. and Peng, S.-H., “Hybrid LES-RANS: a one-equation
SGS model combined with a k − ω model for predicting recirculat-
ing flows,” International Journal of Numerical Methods in Fluids,
Vol. 43, 2003, pp. 1003–1018.

[33] Hamba, F., “A Hybrid RANS/LES Simulation of Turbulent Chan-
nel Flow,” Theoretical and Computational Fluid Dynamics, Vol. 16,
2003, pp. 387 – 403.

[34] Tucker, P. G. and Davidson, L., “Zonal k − l based large eddy simu-
lations,” Computers & Fluids, Vol. 33, 2004, pp. 267 – 287.



44 BIBLIOGRAPHY

[35] Larsson, J., Lien, F. S., and Yee, E., “Large Eddy Simulation of
High Reynolds Number Channel Flow on Coarse Grids,” 13th An-
nual Conference of the Computational Fluid Dynamics Society of
Canada, St. Johns, Newfoundland, Canada, 2005, pp. 61–68.

[36] Davidson, L. and Dahlström, S., “Hybrid LES-RANS: An approach
to make LES applicable at high Reynolds number,” International
Journal of Computational Fluid Dynamics, Vol. 19, 2005, pp. 415–
427.

[37] Davidson, L. and Billson, M., “Hybrid LES-RANS using synthe-
sized turbulent fluctuations for forcing in the interface region,” In-
ternational Journal of Heat and Fluid Flow, Vol. in print, 2006.

[38] Piomelli, U., Balaras, E., Pasinato, H., Squires, K. D., and Spalart,
P. R., “The inner-outer layer interface in large-eddy simulations
with wall-layer models,” International Journal of Heat and Fluid
Flow, Vol. 24, 2003, pp. 538 – 550.

[39] Temmerman, L., Leschziner, M. H. M. A., and Hanjalić, K., “A hy-
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