ERCOFTAC Bulletin, Special Issue (March, 2007) on ”Wall modelling in LES”, pp. 19–24
Fig. 15 corrected and some corresponding text (in red)

HYBRID LES-RANS: ESTIMATING RESOLUTION
REQUIREMENTS USING TWO-POINT
CORRELATIONS AND SPECTRA
Lars Davidson
Division of Fluid Dynamics, Department of Applied Mechanics
Chalmers University of Technology, SE-412 96 Göteborg, Sweden
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Introduction

In the present study, hybrid LES-RANS is used to simulate fully developed channel flow. Four different resolutions are used. The resolutions are analyzed using
two-point correlations (streamwise and spanwise directions), the corresponding spectra, the spectra of the SGS
dissipation and by presenting the wave number at which
the maximum spectral SGS dissipation takes place. The
issue of overly large resolved kinetic energies on coarse
grids is discussed.
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Case
Baseline
2∆x
2∆z
4∆x

Numerical details

∆x
0.1
0.2
0.1
0.4

∆z
0.05
0.05
0.1
0.05

Nx
64
32
64
16

Nz
64
64
32
64

Table 2: Test cases.
28
26
24
22

2.1 The Momentum Equations
U + 20
The Navier-Stokes equations with an added turbu18
lent/SGS viscosity read
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Figure 1: U velocities.
: Baseline;
: 2∆x;
:
where νT = νt (νt denotes the turbulent RANS viscos2∆z; ◦: 4∆x; +: U + = (ln y + )/0.4 + 5.2.
ity) close to the wall for y ≤ yml , otherwise νT = νsgs .
The turbulent viscosity, νT , is computed from an algebraic turbulent length scale, see Table 1, and a transport
where νT = ck 1/2 `. The location at which the switch is
equation is solved for kT , see below. The density is set
made from URANS to LES is called the interface and
to one in all simulations. A driving constant pressure
is located at yml from each wall. In the inner region
gradient, δ1i , is included in the streamwise momentum
(y ≤ yml ) kT corresponds to RANS turbulent kinetic
equation.
energy, k; in the outer region (y > yml ) it corresponds
to subgrid-scale kinetic turbulent energy, ksgs . The co2.2 Hybrid LES–RANS
efficients are different in the two regions, see Table 1.
A one-equation model is employed in both the URANS
No special treatment is applied in the equations at the
region and the LES region and reads
matching plane except that the form of the turbulent
viscosity
and the turbulent length scale are different in


3/2
kT
∂
∂
∂kT
∂kT
the
two
regions.
kT = 0 at the walls. Greater detail is
+
(ūj kT ) =
(ν + νT )
+ P kT − C ε
given in [1].
∂t
∂xj
∂xj
∂xj
`
PkT = −τij s̄ij , τij = −2νT s̄ij

`
νT
Cε

URANS region
2.5n[1 − exp(−0.2k 1/2 n/ν)]
2.5k 1/2 n[1 − exp(−0.014k 1/2n/ν)]
1.0

LES region
`=∆
0.07k 1/2 `
1.05

Table 1: Turbulent viscosities and turbulent length
scales in the URANS and LES regions. n denotes the
distance to the nearest wall. ∆ = (δV )1/3
.

2.3 The Numerical Method
An incompressible, finite volume code is used [2]. For
space discretization, central differencing is used for all
terms except for the convection term in the kT equation for which the hybrid central/upwind scheme is employed. The Crank-Nicolson scheme is used for time
discretization of all equations. The numerical procedure is based on an implicit, fractional step technique
with a multigrid pressure Poisson solver [3] and a nonstaggered grid arrangement.
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Figure 2: Resolved fluctuations in the streamwise direction. See caption in Fig. 1.
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Figure 4: Resolved shear stress. See caption in Fig. 1.
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Figure 3: Resolved fluctuations in the wall-normal direction. See caption in Fig. 1.

3

Results

The flow was computed for Reynolds number Reτ =
uτ δ/ν = 4000 (δ denotes the half width of the channel) and four different computational grids are used, see
Table 2. The extent of the computational domain is
xmax = 6.2 and zmax = 3.2 for all cases. The number of
cells in the y direction is 80 with a constant geometric
stretching of 15%. The gives a smallest and largest cell
+
+
= 2.2 and ∆ymax
= 520, respectively.
height of ∆ymin
The grid spacing in the wall-parallel plane in viscous
units is (∆x+ , ∆z + )=(400–1600, 200–400). The matching line is chosen along a fixed grid line at y + = 125
(y = 0.0313) so that 16 cells are located in the URANS
region at each wall.
The velocity profiles are presented in Fig. 1. It can
be seen that the Baseline case and Case 2∆x give almost
the same results, whereas coarse spanwise spacing (Case
2∆z) gives much poorer results. The coarsest streamwise grid spacing (4∆x) also yields poor agreement.
Figures 2 and 3 present the resolved fluctuations in
the streamwise and wall-normal direction. As can be
2
seen, u2rms increases as the grid is coarsened, while vrms
decreases as the grid is coarsened in the streamwise direction and increases upon coarsening in the spanwise
direction; however, their product increases in all cases
compared to the Baseline case. This can be explained
as follows. The driving force term in the streamwise
momentum equation must be balanced by the sum of
the resolved, viscous and modelled shear stress. When
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Figure 5: Resolved fluctuations in the spanwise direction. See caption in Fig. 1.
integrating the streamwise momentum equation, Eq. 1,
in x, z, and t, we get


∂ ū
0 0
0 = y −hu v i + (ν + νT )
−1
∂y y
y
(2)
|
{z
}
τtot

where the terms represent the prescribed driving pressure gradient, the resolved turbulent shear stress at y,
the viscous and modelled turbulent shear stress at y,
and the wall shear stress, respectively. We obtain the
usual result: the total stress must behave as
τtot = 1 − y

(3)

When the grid is coarsened, the non-linear interaction
is weakened so that the correlation between the streamwise and wall-normal resolved fluctuations is diminished. This results in too small a resolved shear stress.
The equations respond by increasing the resolved fluctuations by increasing the bulk velocity and hence the
velocity gradient, ∂ ū/∂y, which is the main agent for
producing resolved turbulence. The bulk velocity, and
hence the resolved fluctuations, are increased until the
resolved shear stress is large enough to satisfy Eq. 3.
This phenomena also occurs for under-resolved DNS, see
[1]. When the total turbulent (i.e. resolved plus modelled) kinetic energy is over-predicted in hybrid LESRANS, as in the present simulations, it is often referred
to as double-counting, meaning that the turbulent kinetic energy is accounted for twice, both by resolved
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Figure 9: Spectrum of resolved streamwise fluctuations,
u0 = (Euu (κx )∆κx )1/2 . y = 0.083. See caption in
Fig. 1.

and modelled fluctuations. However, as explained above
the reason is the prescribed driving pressure gradient in
Eq. 1 along with the requirement in Eq. 3.
Figure 4 shows that the resolved shear stresses are
essentially independent of grid resolution.
It should be stressed that the process of increasing
the resolved fluctuations until the total shear stress satisfies Eq. 3 will not occur in a general flow case with
an inlet and outlet (i.e. a flow case with no prescribed
driving pressure gradient). In a general flow case, the
resolved shear stresses will simply remain too small and
the result will be underpredicted resolved shear stresses.
The spanwise resolved fluctuations are affected by
grid coarsening in the same manner as the wall-normal
ones: streamwise and spanwise coarsening cause a decrease and an increase, respectively, see Fig.5.
Figures 6 and 7 present the streamwise and spanwise
two-point correlations, which are defined as Buu (x̂) =
hu0 (x)u0 (x − x̂)ixzt and Bww (ẑ) = hw0 (z)w0 (z − ẑ)ixzt ,
respectively (subscript xzt is added here to emphasize
that two-point correlations are averaged over x, z and
t). The two-point correlations are all presented for
y + ' 330 (y = 0.083); the integration length scale decreases slightly closer to the wall and increases further
away from the wall. Here we have chosen not to nor2
malize the two-point correlations with u2rms and wrms
,

respectively. When normalized, the comparison of the
two-point correlations is very different, but the reason
for the difference is primarily different levels of the resolved fluctuations. We can see from the two-point correlations that there are oscillations in Buu (x̂) for Cases
2∆x and 4∆x. The two-point correlations also give an
idea of how many grid cells are used to resolve the large
scales. The large scales in the streamwise direction are
resolved by 2 (Case 4∆x) to 10 (Baseline case) cells
whereas the large scales in the spanwise direction are
covered by only 1 (Case 2∆z) to 5 (Baseline case) cells.
Thus, Figs. 6 and 7 indicate that all cases except the
Baseline case have insufficient resolution.
Figure 8 presents the one-dimensional spectra
Euu (κx ). The thick dashed line shows the −3/3 slope.
The spectra are computed by taking the Fourier transform of the two-point correlation, Buu (x̂), in Fig. 6. The
spectra are all presented for y + ' 330 (y = 0.083) but,
when plotted in log-log as in Fig. 6, they show the same
behaviour across the channel, the main difference being that they are shifted along the Euu axis as u2rms
varies across the channel. The smallest wavenumber is
κx,min = 2π/xmax . The largest wavenumber included
in the plots is κx,max = 2π/2∆x, where we have assumed that two cells are required to resolve a wavelength. For the Baseline case, for example, this gives
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Figure 10: Energy spectra Eww (κz ). The thick dashed
line shows −5/3 slope. y = 0.083. See caption in Fig. 1.
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κx,min = 2π/6.4 = 0.98 and κx,max = π/0.1 = 31. It
can be seen in Fig. 8 that the spectra in all cases have
a −1 slope, which indicates that the mesh resolution for
these cases is too low. There is a pile-up of energy in the
small streamwise scales for Cases 2∆x and 4∆x. This
phenomenon is present across the channel. In DNS and
LES this phenomenon is usually attributed to too low a
dissipation, which indicates too a low resolution. Here,
it means that SGS dissipation
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Figure 12: Spectra of approximated εSGS,11 and
εSGS,33 . y = 0.083. See caption in Fig. 1.
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Figure 11: Ratio of SGS dissipation in the wall-parallel
plane and in the y direction. εSGS,x+z = εSGS,11 +
εSGS,33 + εSGS,13. See caption in Fig. 1.

εSGS = hνT

0.01

(4)

is too small. This may be because the grid is too coarse
or that the turbulent viscosity, νT , is too low. Note
however that it is not necessarily the time-averaged SGS
viscosity that is too low; the SGS dissipation may also
be too small because the correlation between νT and
(∂ ūi /∂xj )(∂ ūi /∂xj ) is too small. A SGS turbulence
model with larger correlation between the instantaneous
SGS viscosity and the small-scale resolved velocity gradients would perhaps work better in this case. Filtered SGS models [4] or variational multi-scale methods [5, 6, 7] might be an alternative since the SGS viscosity in these methods is computed using small-scale
resolved fluctuations.
As noted above there are oscillations in the two-point
correlation for Cases 2∆x and 4∆x (Fig. 6). If these

oscillations are smoothed out, the resulting spectra for
Case 2∆x take a form similar to that of the spectra in
Fig. 10. Hence the pile-up of energy in the small scales
for Cases 2∆x and 4∆x is not a result of the oscillations
in the two-point correlations.
For high wavenumbers (κx > 10), the streamwise
spectra for the Baseline case and Case 2∆z exhibit
a clear “dissipation” range (i.e. a steeper slope than
−5/3). If the spectra had been obtained from DNS
or experiments it would indeed have been a dissipation
range, but in the present case we are using a turbulence
model and hence what is seen in the spectra is a SGS
dissipation range.
Apart from energy spectra Euu (κx )∆κx , it is illustrative to plot the streamwise, resolved, spectral fluctuation, u0 (κx ), see Fig. 9. Recall that (for details, see [8])
u2rms =

nk
X

Euu (k)∆κx

(5)

k=1

where nk = 64 (Baseline case) denotes number of cells
in the spanwise direction and hence
u0 (κx ) = (Euu (κx )∆κx )1/2
The largest fluctuations in Fig. 9 can be compared with
urms at y + = 330, which is equal to 3 for, for example,
the Baseline case (see Fig. 2). Figure 2 shows that when
the mesh is coarsened in the streamwise direction, the
resolved fluctuations increase. Figures 8 and 9 show
that it is the amplitudes of the fluctuations with the
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Figure 13: Maxima of modelled energy dissipation spectra. See caption in Fig. 1.
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εSGS,approx ' hνT ih

∂ ūi ∂ ūi
i
∂xj ∂xj

(6)

we obtain the streamwise and spanwise components of
the spectral SGS dissipation as [9]
ε(κx )11,SGS,approx ' κ2x h2νT iEuu (κx )∆κx
ε(κz )33,SGS,approx ' κ2z h2νT iEww (κz )∆κz

(7)

How important are these components of the SGS dissipation compared to the components involving the wallnormal direction, and especially that including ∂ ū/∂y?
Figure 11 shows the ratio of the SGS dissipation in

ε0SGS

εSGS , ε0SGS

mid-range length scales (1.8 < κx < 10 or 2π/10 =
1000
0.62 = 3.1∆x < ` < 2π/1.8 = 3.5 = 17.5∆x) that are
enhanced for Case 2∆x when the mesh is coarsened in
the streamwise direction, whereas the amplitudes are
100
increased for all length scales for Case 4∆x. Coarsening
the grid in the spanwise direction (Case 2∆z) results
in a small increase in the amplitudes of the mid-range
length scales and a larger increase in the intensity of the
50
small scales (κx > 10).
PSfrag replacements
Figure 10 shows the spanwise spectra of the spanwise
fluctuations. Here we actually find some tendency of the
spectra of the Baseline case and Case 2∆x to exhibit a
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of energy in the small scales. This indicates that the
spanwise resolution is too low.
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Figure 15: SGS dissipation.
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The SGS dissipation, or the production of SGS tur: εSGS (left scale);
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bulence, Pk,SGS , is given in Eq. 4. If we assume that
the wall-parallel plane to the total SGS dissipation. At
y + ' 330, for which location all the spectra above have
been presented, the contribution of εSGS,x+z to εSGS is
close to 25% for all cases except Case 2∆z. Thus it is relevant to look at the spectral content of εSGS,11 (κx ) and
εSGS,33 (κz ) presented in Fig. 12. For the Baseline case,
the peak of εSGS,11 (κx ) is located at κx ' 0.3κx,max, see
Fig. 12a. When the mesh is coarsened in the streamwise
direction (Cases 2∆x and 4∆x), the peak moves, as expected, to even lower wavenumbers. For Case 2∆x a
peak also appears at the maximum wavenumber; it reflects the pile-up of energy at the highest wavenumbers
in Fig. 10. The behavior of εSGS,33 (κz ) in Fig. 12b for

the Baseline Case and Cases 2∆x and 2∆z shows that
the SGS dissipation in the spanwise direction takes place
in the smallest resolved scales. Both Cases exhibit a region (10 < κz < 30) where the SGS dissipation is constant. Cases 2∆z and 4∆x both exhibit a peculiar form
of εSGS,33 (κz ), indicating that the resolution and/or the
SGS model is inappropriate; no region of constant SGS
dissipation is found in the former case, but it increases
monotonically up to 0.12 (not visible in Fig. 12b). In the
latter case the peak of εSGS,33 (κz ) occurs at κz ' 10.
Above we have presented the spectra at y = 0.083.
Figure 13 shows the maximum spectral dissipation
across the channel, and Fig. 14 presents the corresponding wavenumber. For example, the maximum spectral
εSGS,11 (κx ) ' 0.02 at y = 0.083 occurs at κx = 10 (see
Fig. 12a). This can alsobe seen in Fig. 13a; at y = 0.083
we see that νT (y) · max κ2z Eww (κz )∆κz ' 0.02 and in
κz

Fig. 14a it can be seen that at y = 0.083, κx,max ' 10.
Figure 13 shows that the maximum spectral SGS dissipation takes place in the URANS region, both for the
streamwise and the spanwise components. In the LES
region the spectral SGS dissipation decreases monotonically for increasing wall distance. Figure 14a shows
that, for the Baseline case, the maximum SGS dissipation moves towards lower wavenumbers (larger scales)
for increasing wall distance. In both Cases 2∆x and
4∆x the maximum SGS dissipation takes place at the
highest wavenumbers (smallest resolved scales) across
the channel.
Figure 14b presents the wavenumber at which the
spanwise component of the spectral SGS dissipation attains its maximum. In the inner region (y < 0.4) the
maximum SGS dissipation takes place at the highest
wavenumbers for the Baseline case and Cases 2∆x and
2∆z.
The spectra of the components of the SGS dissipation in Fig. 12 indicate that, when the grid is coarsened
too much in one direction, this is exhibited as a monotonic increase of SGS spectral dissipation for increasing wavenumbers (without any region of constant SGS
dissipation). This occurs for both Case 4∆x and Case
2∆z. It seems that, for the streamwise component, this
is close to taking place for Case 2∆x as well (double
peak in Fig. 12a). Figure 14 shows that, when it occurs,
it takes place across almost the entire channel.
Figure 15 presents the SGS dissipation, εSGS , see
Eq. 4. As can be seen, it increases strongly near the
wall in the URANS region, where it attains values 1000
times larger than those in the LES region. Figure 12
shows the streamwise and spanwise spectral components
of the SGS dissipation. The SGS dissipation in Fig. 12
is due to the instantaneous total strain rates, ∂ ūi /∂xj .
In Fig. 15 the SGS dissipation due to the fluctuating
resolved strain rates
2

∂hūi
0
(8)
εSGS = εSGS − hνT i
∂y
is also included. As can be seen, ε0SGS and εSGS do
not differ a great deal for y + > 200. However, in the
URANS region (i.e. for y + < 125), the difference is very
large. As the wall is approached, εSGS increases rapidly
because of an increasing ∂hūi/∂y, whereas the increase
in ε0SGS is much smaller. If, as mentioned above, new hybrid models based on the variational multi-scale methods are to be developed, this fact must be kept in mind.
The turbulence viscosity in the URANS region should

probably not be computed with test-filtered strain rates,
∂ û0i /∂xj (û0i = ûi − ūi where .̂ denotes test filtering). Instead the instantaneous resolved strain rate, ∂ ūi /∂xj ,
should be used.

4

Conclusions

Four different grid resolutions have been investigated:
Baseline (∆x, ∆z), two cases with coarsened grid in the
streamwise direction (2∆x, ∆z and 4∆x, ∆z) and one
case with coarsened grid in the streamwise direction
(∆x, 2∆z). It is found that poor streamwise resolution
results in oscillating streamwise two-point correlation.
Poor spanwise resolution yields almost zero two-point
correlation at separation of one cell. The energy spectra of u2rms exhibit a −1 slope for all cases. For Cases
2∆x and 4∆x, there is a pile-up of energy at the small2
est resolved scales. The energy spectra of wrms
for the
Baseline case and Case 2∆x exhibit a −5/3 range. The
spectra of the components of the approximated SGS dissipation shows a reasonable form for the Baseline case
and Case 2∆x.
The conclusion of the summary above is that the
resolution for the Baseline case and Case 2∆x seems to
be reasonable when looking at all quantities except the
energy spectra of u2rms .
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2006.
[9] J.O. Hinze. Turbulence. McGraw-Hill, New York, second
edition, 1975.

