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ABSTRACT
A study was done to observe and to analyze the

behavior of various Sub-Grid Scale (SGS) models
in Large-Eddy Simulation (LES) for the flow where
laminar, transitional and turbulent regimes are found
during the evolution. Taylor-Green Vortex (TGV)
flow which shows the fundamental mechanisms of
vortex stretching and breakdown, transition to tur-
bulence and turbulent decay was selected as a chal-
lenging test case for this study. It is initially lami-
nar at early times. However, the effects of viscous
interactions result in vortex breakdown and disor-
dering of initially well-organized structures and the
flow undergoes transition to turbulence and decays
in time. From this point of view, it may serve as a
prototype for industrial flows where the flow regimes
can change rapidly. The tested SGS models are the
Smagorinsky, the dynamic Smagorinsky, the Vre-
man model, the WALE model and the one-equation
model. All the models tested capture the overall
physics of TGV flow. However, differences are ob-
served mainly during transition. It is under- or over-
predicted slightly, depending on the grid resolution.
The SGS models capable of scaling their inherent
dissipations produced better results when compara-
ble with the reference DNS solutions.
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NOMENCLATURE
DNS Direct Numerical Simulation
LES Large-Eddy Simulation
RANS Reynolds-Averaged Navier-Stokes
S GS Sub-Grid Scale
TGV Taylor-Green Vortex
WALE Wall-Adapting Local Eddy-Viscosity
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K Mean resolved kinetic energy
L Domain length
Q Vortex detection criterion based on the 2nd

invariant of the velocity gradient tensor
S (n) High-order velocity-derivative moments,

skewness (n=3) and flatness (n=4)
U Characteristic velocity
− dK

dt Dissipation of resolved kinetic energy
Cs,CW ,Ck,Cε Constants in SGS models
Pksgs Production term
Re Reynolds number
Reλ Taylor micro-scale Reynolds number
S i j Strain-rate tensor tensor
∆ Grid size
δi j Kronecker delta
λ Taylor micro-scale
u velocity vector
∇ Nabla operator
ν Kinematic viscosity
νsgs Sub-grid scale kinematic viscosity
ω Vorticity
ω2 Enstrophy
ρ, ρ0 Density, Initial density
τ Non-dimensional time
τi j Sub-grid scale stress tensor
gi j Velocity gradient tensor
k Wave number
ksgs Sub-grid scale kinetic energy
p, p0, p∞ Pressure, initial pressure, ref. pressure
t Time
u0, v0,w0 Initial velocity field
ui Velocity component
xi Space component

Subscripts and Superscripts
< > Space averaged
¯ Grid filtered˜ Test filtered
rms Root mean square



1. INTRODUCTION
Most of industrial and engineering flows are in-

herently turbulent. They may also be transitional,
i.e., subject to rapid changes in their flow regimes
in both time and space due to structural necessities,
instabilities in their origins, surface porosity, heat ef-
fects, etc. Their transitional/turbulent behaviors must
be predicted accurately to prevent high costs and to
make the flows feasible as well. Numerically, the
most direct way on ensuring this is Direct Numerical
Simulation (DNS). In DNS, all the scales of turbu-
lent are resolved properly. However, due to its ex-
cessive grid resolution and time-step requirements, it
is only available for relatively low Reynolds number
flows in simple geometries. The Reynolds-Averaged
Navier-Stokes (RANS) approach, which models all
the scales, has been used for many years with a re-
duced accuracy and limited capability. Nowadays,
RANS is not accomplishing current demands of engi-
neering. As a result, Large-Eddy Simulation (LES),
where most of the scales are resolved by grid and
the contributions coming from the Sub-Grid Scales
(SGS) are modeled, is becoming a natural choice.

LES is attractive method since it has a balance
among accuracy, capability, numerical cost and in-
dustrial/engineering demands. The major drawback
of LES is lacking of a universal SGS model which
is equally applicable to all kinds of flows including
curvature, separation-reattachment, buoyancy, heat
transfer, etc. Because of this reason, LES research
mainly focuses on developing efficient SGS mod-
els and its applications. Since choosing appropriate
models can not directly be known a priori, analyzing
the behavior of models and comparing them are al-
ways useful for many purposes, as it has been done
by many researchers for various flows.

In this study, we perform LES of Taylor-Green
Vortex (TGV) flow with five different SGS models.
TGV is the simplest fundamental flow that represents
vortex stretching and energy cascade processes that
lead to turbulence[1]. Initially, it is well-organized
and laminar. At later times, the viscous diffusion
plays an important role in dynamics and distorted
structures are formed. The decay rate of the ki-
netic energy reaches its peak after a couple of eddy-
turnover time, around ≈ 9. Then the flow struc-
tures die out due to the viscosity, following approxi-
mately the power-law spectrum. This transitional be-
havior is entirely determined by the viscosity. For
Reynolds number, Re ≥ 1000, this picture becomes
very clear[2]. Numerically, the kinetic energy should
be preserved during the inviscid simulations, due to
the lack of the viscous effects.

TGV basically represents the mechanism of
transition to turbulence and its decay. From this
point of view, it can be regarded as a canonical
example to some industrial/engineering flows and
serve as an appropriate test case for especially
turbulence modeling approaches.

The outline of the paper is as follows. Section
2 briefly describes the governing equation in LES,
SGS models used in this study and the solver as well.
Section 3 provides information about the numerical
setup of TGV flow. Section 4 presents the results
with detailed analyses and discussions.

2. SIMULATION METHODOLOGY

The central differencing finite-volume method
was used to discretize the governing equations on
a collocated grid. Second-order Crank-Nicolson
scheme was employed for time advancement[3]. The
numerical procedure is based on an implicit frac-
tional step technique combined with an efficient
multi-grid pressure Poisson solver [4].

The grid-filtered incompressible Navier-Stokes
equations in LES read

∂ūi

∂xi
= 0

∂ūi

∂t
+

∂

∂x j
(ūiū j) = −

1
ρ

∂p̄
∂xi

+ ν
∂2ūi

∂x j∂x j
−
∂τi j

∂x j

(1)

Here, τi j are the SGS stresses given as uiu j − ūiū j.

Most SGS models are eddy-viscosity models of
the form ,

τi j −
δi j

3
τkk = −2νsgsS̄ i j (2)

which relates the SGS stresses to the large-scale
strain rate tensor, S̄ i j,

S̄ i j =
1
2

(
∂ūi

∂x j
+
∂ū j

∂xi
) (3)

The SGS models used in this study are the Smagorin-
sky, the dynamic Smagorinsky, the Wale model,
the Vreman model and the one-equation model of
Yoshizawa. While the first four models compute
νsgs only using algebraic relations, the Yoshizawa
one-equation model solves an additional equation for
SGS kinetic energy, ksgs.

For the Smagorinsky model[5], νsgs is obtained
via

νsgs = (Cs∆)2|S̄ | (4)

where |S̄ | =

√
2S̄ i jS̄ i j. The Smagorinsky constant,

Cs, is set to 0.1 and ∆ is equal to grid size.

The dynamic Smagorinsky model tested here is
the one proposed in [6]. It uses the same analogy
with the Smagorinsky model. However, Cs in Eq.4
is not constant anymore. Instead, it is computed dy-
namically using a test filter as

Cs =
1
2

=
Di jPi j

Pi jPi j
(5)



Here,

Di j = Ti j − τ̃i j

Ti j −
δi j

3
Tkk = −2C2

s ∆̃
2| ˜̄S | ˜̄S i j

Pi j = ∆2˜|S̄ |S̄ i j − ∆̃2| ˜̄S | ˜̄S i j

(6)

where (˜) denotes the test filter usually taken as twice
the grid filter and Ti j is the SGS stresses on the test
filter. This model allows backscattering, i.e., nega-
tive Cs from the small scales to the resolved flow.

The Wall-Adapting Local Eddy-Viscosity
(WALE) model[7] employs the traceless symmetric
part of the square of the velocity gradient tensor
which is

S d
i j =

1
2

(ḡ2
i j + ḡ2

ji) −
1
3
δi jḡ2

kk (7)

and calculates νsgs using

νsgs = (CW∆)2
(S d

i jS
d
i j)

3/2

(S̄ i jS̄ i j)5/2 + (S d
i jS

d
i j)

5/4
(8)

with CW = 0.33.
The Vreman model[8] is also an eddy-viscosity

model that has the following algebraic relation

νsgs = 2.5Cs
2

√
Bβ

αi jαi j
(9)

with

αi j =
∂ū j

∂xi

βi j = ∆2
mαmiαm j

Bβ = β11β12 − β
2
12 + β11β33 − β

2
13 + β22β33 − β

2
23
(10)

The last model introduced here is the one-equation
model by Yoshizawa[9]. The SGS kinetic energy
equation solved by the model reads

∂ksgs

∂t
+
∂

∂x j
(ū jksgs)

=
∂

∂x j

[
(ν + νsgs)

∂ksgs

∂x j

]
+ Pksgs −Cε

ksgs
3/2

∆

(11)

with Pksgs = 2νsgsS̄ i jS̄ i j , νsgs = Ck∆ksgs
1/2, Ck =

0.07 and Cε = 1.05.
Due to the formulations, the SGS models pre-

sented here, except the constant Smagorinsky model,
theoretically have capability to detect flow regions
including transitional, laminar, shear, wall and to
scale or vanish their SGS dissipations properly.

3. FLOW SETUP
The initial velocity field is given by

u0 = U sin(kx) cos(ky) cos(kz)
v0 = −U cos(kx) sin(ky) cos(kz)
w0 = 0

(12)

and the initial pressure field provided by the solution
of the Poisson equation is

p0 = p∞+(ρ0U2/16)(2+cos(2kz))(cos(2kx) cos(2ky))
(13)

where k is the wave number, 2π
L . L is the domain

length 2π.

Boundaries are triply-periodic. Since the charac-
teristic velocity is bounded by the unity and the char-
acteristic length is set to 1, the Reynolds number is
defined as the inverse of the kinematic viscosity, 1/ν
and set to 1600 . This also leads to an eddy-turnover
time of order unity. The Taylor micro-scale Re num-
ber (Reλ) can be defined as

√
2Re, giving an initial

value of 55. Simulations were performed on uni-
form 643 and 1283 grids and followed up to 15 non-
dimensional time-units with a time-step of 2.5×10−2.

4. RESULTS AND DISCUSSION

Fig.1 shows how the initially well-organized
structures lose their symmetries in time due to the
energy cascade and the vortex stretching and start to
break into smaller ones.

Fig.2 compares various flow diagnostics such as
evolution of the mean resolved kinetic energy (K),
skewness, flatness and Taylor micro-scale λ com-
puted by each model. K, which is computed as
K = 1

2 〈ūi〉
2, decreases due to increase in dynamic,

viscous interactions. Skewness (n = 3) and flatness
(n = 4) are the high-order velocity-derivative mo-
ments (structure functions) given by

S (n) =
1
3

∑
S i(n) (14)

where

S i(n) = (−1)n
〈
(
∂ūi
∂xi

)n
〉

〈
(
∂ūi
∂xi

)2
〉

n
2

(no summation on i) (15)

The skewness characterizes the rate at which en-
strophy increases by vortex stretching. Whereas,
the flatness is a measure of the intermittency of
the vorticity field driven by vortex stretching and
folding. Their average values given in the literature
change from 0.2 to 0.7 for skewness, and from 3
to 40 for flatness [10]. All the models produce
similar results which are in the given range and
show the same behavior. The largest discrepancies
between model results and the reference solution
are observed in skewness, both around t/τ ≈ 4 and
around transition time. The same discrepancy was
also observed by Hahn[11].

The Taylor micro-scale averaged over the three
homogeneous spatial directions is given as,

λ =
1
3

∑
λi (16)



Figure 1. Q = − 1
2
∂ui
∂x j

∂u j

∂xi
iso-surfaces at τ =

0, 10, 20, 50 from top to bottom respectively. (Q =

0.019)
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(a) Mean resolved kinetic energy
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(b) Skewness
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(c) Flatness
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(d) λ

Figure 2. Evolution of various flow diagnostics in
time on fine grid



where

λi =

√√
〈(ui)2

rms〉

〈( ∂ūi
∂xi

)2〉
(no summation on i) (17)

The Taylor micro-scale is a length scale which was
first introduced by Taylor[12]. It does not have an ex-
act physical meaning [13]. However, it is often used
to define a Reynolds number that characterizes grid
turbulence [14]. It is an intermediate length scale be-
tween integral and Kolmogorov’s length scales. It is
roughly assumed that, below the Taylor micro-scale,
fluid viscosity significantly affects the dynamics of
turbulent eddies in the flow, the turbulent motions are
subject to strong viscous forces, and kinetic energy is
dissipated into heat [15].

In Fig.3, the dissipation of mean resolved ki-
netic energies, −dK/dt, are plotted for different reso-
lutions. Zoomed view of the transition peaks are also
provided. It seems that all the SGS models included
here are having difficulties in handling transition to
turbulence in time. Regardless of the grid resolu-
tion, the transition time is predicted slightly earlier
(t/τsim ≈ 8.2) by the models than the reference DNS
solution (t/τDNS ≈ 9). This behavior corresponds to
over dissipative nature of the SGS models for transi-
tion. Additionally, while the value of the transition
peak is higher than the reference on the fine grid, on
the coarse grid, it is vice versa. It points out an in-
creasing dissipation of mean resolved kinetic energy
with an increasing resolution. All the models also
have different peak structures. The Smagorinsky and
the dynamic Smagorinsky models show the most no-
ticeable differences among the models.

The mean enstrophy is given as the square of
vorticity(ω),

〈ω̄2〉 = 〈|∇ × ū|2〉 (18)

Enstrophy is the resolving power of a numerical
scheme that is a measure of its ability to represent
the flow physics accurately on a finite number of grid
cells [16]. As seen in Fig. 4, it follows a path similar
to the mean kinetic energy dissipation. Its value pre-
dicted by the models increases with increasing grid
resolution which points out high resolution require-
ment of models. The Yoshizawa one-equation model,
the Vreman model and the WALE model show no-
ticeably better performance, as it should be because
of their advanced differential operators in finding Cs
and computing νsgs.

The SGS viscosities plotted in Fig. 5a and 5b
are one of the most important quantities to make
some assessment when doing LES. First of all, no
backscattering is predicted by the models. The
Smagorinsky and the Dynamic Smagorinsky models
behave completely different than the others. Their
computed νsgs values are strongly depend on the grid
resolution. The Yoshizawa one-equation model have
a very smooth path in time, while evolution of the
others are relatively fluctuating in time.
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(a) Coarse grid (643)
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(b) Zoom to transition peak (643)

0 5 10 15 20
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

−
 d

K
/d

t

t/τ

 

 

Ref. DNS (Brachet)

Smagorinsky

Dyn. Smagorinsky

WALE

Vreman model

Yoshizawa one−eq.

(c) Fine grid (1283)
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(d) Zoom to transition peak (1283)

Figure 3. Dissipation of mean resolv. kin. energy



0 5 10 15 20
0

5

10

15

20

e
n

s
tr

o
p

h
y

t/τ

 

 

Smagorinsky

Dyn. Smagorinsky

WALE

Vreman model

Yoshizawa one−eq.

(a) Coarse grid (643)
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(b) Fine grid (1283)

Figure 4. Evolution of enstrophy in time

Production term, Pksgs = 2νsgsS̄ i jS̄ i j in Fig.5c
and 5d computed by the models on the coarse grid is
wider than the fine grid solution which is narrow and
accumulated around the transition time. The mini-
mum values are given by the WALE model and the
Yoshizawa one-equation model. The largest values
are computed by the Smagorinsky and the Dynamic
Smagorinsky models. Unlike the SGS viscosities,
the production is almost independent of the grid res-
olution.

In order to observe the distribution of turbulent
kinetic energy among the wave numbers, the energy
spectrum is also computed at time t/τ = 8.2 when the
dissipation reaches its peak and plotted in Fig.6. Kol-
mogorov’s k−5/3 line in the inertial sub-range is also
plotted for comparison. There is no noticeable differ-
ence among them in the inertial sub-range. However,
at high wave numbers or smaller scales where the
viscous dissipation dominates the flow (i.e., dissipa-
tion range), there is an observable difference between
the Dynamic Smagorinsky and the Yoshizawa one-
equation model. The Dynamic Smagorinsky model
is the most dissipative in this range due to the largest
contribution of µsgs to the total dynamic viscosity.
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Figure 5. Evolution of Pksgs term and νsgs in time
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Figure 6. Turbulent kinetic energy (E(k)) .vs.
wave number (k)

This study shows that SGS models constructed
with advanced mathematical operators, which are
able to describe the flow structures and their inter-
actions in a physically correct way, produce results
close to DNS by adaptively scaling their inherent dis-
sipations. Further tests must be done for the flows in-
cluding other complex features such as spatial tran-
sition and separation-reattachment regions, for better
understanding of the behavior of SGS models.
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