Lars Davidson: MTF270 Turbulence Modeling
http://www.tfd.chalmers.se/lada/comp_turb _model 1

MTF270: Turbulence modelling, Summary
of lectures

Lecture 1

» Boussinesq approximation: density variation only in grav-

itation (buoyancy) term
dpoti O o op 02w OTij
(poviv;) = — -

ot + 61'3' 69@ + M&I‘jﬁij @I‘j
p is hydrodynamic pressure: pof; — (p — po)gi

— po3(0 — 6o)g;

If we let density depend on pressure and temperature, dif-
ferentiation gives

_(9p dp
e (8) 0+ ().

Incompressible = dp/0p =0

1 8p)
=— (=) =
’ Po <39 P
dp = —poBdl = p — po = —Ppo(6 — o)

pofi=(p— po)gi = —poB(0 — 6o)g;

» Temperature equation
00  Ov;f 020

where o = k/(pc,). Introducing 6 = 6 + 0’ we get the mean
temperature equation

0v;0 0’0 ol
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»Total (viscous plus turbulent) flux: momentum and tem-
perature equation

00 k
q2.tot _ q2 4+ q2.turb — . vé@’, 0= —
pcy  PCp  PCy O pCp

01

_ _ 1o
Ttot = Tvisc + Tturb = M&l‘ — PU1Vy
2

0.1

Rewlds shear stress. — :
00— puivh [ Ty; - - - ¢ (001 /0x2) [ Ty

0.2 0.4 0.6 0.8 '10

»v;vi-equation

Ao} ov; —0u p (O, O
= J 1.,/ J !t ¢ ) J
v = —VV,.~— — UV +— =+ =
lk ozr " Fox J k@xkl P <8xj 5’@-)
Cs P; T,
— v 8QW
—— |V, + —L6y + L0 | + v §
Ox, | 7k p i 0 ik 0x,L0x}
Dijq Dij
—_— —_ 61}’. 81}’.
—g; 800" — g;Bvi0 — 20— —L
! J ) 6’3% 6’3%

e Unkown terms

II;; Pressure-strain
D;;; Turbulent diffusion
ei; Dissipation
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» 00’ equation
00 0 - 0% oo
b — (V04 s + U0 =« + =k (1)
61}’ 0 _1op 0! v
i T Ok + -~ + — giB0’
ot 8:Uk (Ukv UkU Ukv ) p 6?351 axkaﬂfk axk Ji B

(2)

Multiply Eq. 1 with v, and multiply Eq. 2 with ¢, add

them together and time average

0
26 k(v,ﬁ + v + v 0') + (9’6 o (v, + vV} + vivy)
9’ ap/ / 020/ 92 L
_ _ 7 / Il L g,00'0
P 81’2 v 8$ka$k v ﬁxk&rk g 6
o 00—y, 00) 0
. 9 — Y "0
oxy R . Uil g ox Yk 69% p 8352 8xk Ukl
P I Djp ¢
oG o) 00"
? . 9/2
—I—l(V + a) axkaﬂfk I(V + ) 8xk 8xk B
Dig €io
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»The k equation: take the trace of the W equation and
divide by two
ok Lo ok W@@i ov; OV}
ot . j@le . ! j@l‘jl . 8.%’]' @ycjl
Ck Pk £

_i v ]i/—l—lv’v’ —I—Vﬂ
Ox; I\p 207 O0x;0x;

Dk - D}
e Unkown terms

DF Turbulent diffusion

¢ Dissipation

—g; Bt
k
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»The Boussinesq assumption

The diffusion term of time-averaged Navier-Stokes

i v 8@i+8@j — vl :>i (v + 1) 51—1¢+
Ox; Ox;  Ox; v Ox; Y\ O,

0v; 0v; 5
VU = —1 <6acj + ale) +| 5045k
k3/2 k2
v x 'l = kY2 = Cp—
€ €

v,
le-

)}
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Lecture 2

» Production term in k£ equation

—— 0 dv;  0v;\ 2. 0| Ou -
PF = 2~ Vi {( - +ﬂ) — §5 8?);1 i _ AZEREY

"Iox; dx; = O, Y oy Ox;

»Modelled & equation

Ok Ok 0 f(  w\ok\_
ot j@xj N A 8]}j O 61'3' ©

»c equation

Cf = P+ Df +GF — ¢

Use same source terms as in k equation and add turbulent
time-scale ¢/k to get the right dimensions:

PF—° + G = %(Cglpk — C=9€ + C€3Gk) (3)

»The final form modelled ¢ equation

Oe Os ¢ 0 v\ Oe
o p—— = —(cqPF —c. LGFY 4+ N R
8t+v]8xj k(cl 02€+03G)+8xj [<u+ ) ]

Summary of lectures



Lars Davidson: MTF270 Turbulence Modeling

http:/www.tfd.chalmers.se/lada/comp_turb_model 7
»The heat flux:
3@ Uy
—vl0 = —« , Qp = —
! ! 8.%’ : ! Ot

» Diffusion term in k£ eq: compare with heat conduction:

o 89
qi = 81}2
Flux of k:
1 vy Ok 1 0Vl 0 ok
S R B ]ZZ: —
= 3 = s T T2 0w, o, (”ﬁax)

»Dissipation term in the RSM, ¢;; Small-scale turbu-
lence is isotropic

2 o2
1. vl = vy = vy’

= 255@']’

2. All shear stresses are zero = ¢;; = 3
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»Slow pressure-strain term

T /

Ti,
U1

ovy/Ory < 0 and p’ > 0 so that p’a <0
L1

oy v
> 0 > (
6952 ’ 81}3

If this happens then

1 0v - .
Vs x 7 |(F = 8) + (oF = oF)| = -
3 1, —
= _B |:_U/12_§ <U112+U52+Ué2>] -

t 2

p
t
P
t
o, O} 5 2
ij1 =1/ (8:5' + 8:;) - Targ (UQU} - §5ijk>
i ?
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Lecture 3

» Decaying grid turbulence

[

i) O L2

a) 1 b) T3
»v;v; equation
dviv’. 'Oy O
_ YT P i j
+ y 4
vl dzy p <8xj 8:@) € @

stress tensor which is defined as

vivh 2
Qj; = Tj — §62] (5)
When isotropic, a;; = 0. We introduce a;; (Eq. 5), ¢;;; and
eij = (2/3)0;; into Eq. 4 so that

_ (d(kaij) 2 dk 2

(St 03 ) = e = e

Using 0, - = —¢ gives

~ dai. I 2. ¢ € 2 ¢ €

T dxlj = —Clgaij — §5”% + Eaij =+ g(ssz - E%j(l - Cl)

da;j/dz < 0 (the turbulence becomes isotropic) = ¢; > 1.

Summary of lectures



Lars Davidson: MTF270 Turbulence Modeling
http://www.tfd.chalmers.se/lada/comp_turb _model 10

»Pressure strain: rapid part

L2, Y2
L1, Y1
1 0% _ 28@- v B 0? (U'-v" B v’-v’.>
p@xjﬁxj 6.1'3' 81}2 69@281;] v ¢
I rapid term L slow term
0% y
8:Uj8:r:j

»There exists an exact analytical solution given by Green’s
formula (derived from Gauss divergence law)

1 [ f(y)dyidyadys
p(x) = —
Ar Jv ly — x|

where dy,dy,dy; = dV = dy>. The integral is carried out for
all points, y, in volume V.

3
/ p

X) = —— 2
p( ) 4 Jy . 8yj 0y; . Iayiayj

rapid term slow term

V; a?{; 2 / ! (Vv
Ovi(y) 9v;(y) 4 9 (vi(y)vj(y) — Ui(Y)Uj(y>> ‘ydzf X|

2
Diio = —Cap (H-j — g%‘Pk) IP model
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» Wall models of pressure-strain:

DQij = Pij1 + Pijo + Pijrw + Pijow

(SIS

k
2.55|n (i — xi0) €

8_
(I)22,1w = —20114%%2]07 =

Traceless =

8_
Dy 1y = P33100 = CleUQQ
The wall model for the shear stress is set as
3 £—r-
D9 14y = —Eclw%?}/ﬂfé

The general form reads:

e [[—— - -
— !,y !,/ !,/
(Dij,lw — Clw% <Ukvmnk,wnm,w5ij — §Ukvink,wnj,w — §Ukvjni,wnk,w> f

The analogous wall model for the rapid part reads

3 3

Dijow = Couw (q)km,an:,wnm,w(sz'j — Eq)k:i,an:,wnj,w - Eq)k:j,Qni,wnk,w) f
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»The modelled v/v)

o
_ Ov]
v =
g 8a:k
——0v;  ——0v;
— v, — v v
k@x k@xk
8 N
_61E (U;’U} — g(Sij)
2
—Cy (Pij — §5¢jpk>
YAV 5 3——
—|—01wa | VLVl M O — S VUK
—§vjvknknz 1f
3
+Cow [ Prm2ninmbi; — §(I)z'k:,2nknj
3
—§<I)jk,2nkm |f
o)
_|_
V@xkc‘?xk
4 8 Vy aW
8$k O 8.%’m
G — gy
2
—gé?(sl'j

- equation with IP model

(unsteady term)

(convection)
(production)

(slow part)

(rapid part)

(wall, slow part)

(wall, rapid part)
(viscous diffusion)

(turbulent diffusion)

(buoyancy production)

(dissipation)
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Lecture 4

» Boundary layer flow where v, = 0, 01 = v1(x2).

0v; ——0v;
P, = -] vka—j - Ujvk@xk
In this special case we get:
6?1;1
P = -2
1 Uva@l‘Q
61)1
P —
12 2 85192
Py =0
e (2
@22’1 = CIE <§]€ - Ug) >0
1 —— 0
@22’2 = CQ§P11 —Co— U1U28 ; > 0

1o = 0: No sink term in v1v2 eq? Answer: the pressure

strain term ®;5; and ®;9.

Summary of lectures
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»The Algebraic Reynolds Stress Model (ASM)

RSM : Cij—Dij Zf)ij—l—q)ij—éij
k—e: CF—DF=PF ¢

Assumption in ASM:

oo~

/
D;j = ﬂ (Ck_Dk>

Cl'j— = 2

!,,/
:>Pij+q>ij—€ij:1}i]:j (Pk—é‘?)

This gives
T 25”]{: N E(l — ) (P — %%’Pk) + Djj 1w + Pij2w
I3 c1+ Pkje —1

»®;; in boundary layer flow

— 01y — 071
P = —2vjvh— Py = —02— Py =10
11 Uva@xg’ 12 (%) 8:1;2’ 22
e (2 —
@22,1 = ClE <§]{3 - Ug) >0
E—— o
Qo1 = —c1—vivy <0 (Gf vjvy > 0)

€12 = 0126 = 0,

Summary of lectures
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»Stable stratification because 96/0x3 > 0.

ég > 90 Pl 9
P2 < Po N
Iz
el 00/0x5 > 0
vy 0 ap/ [0y < 0
F Z3
8_1 < 8_0 1
P1 > Po J

Gij = —givi0 — g; v = v eq.: Gz = 29Bv50

which is the source term in the v/ v# eq due to buoyancy. Now
we need v40'. Its main source term reads

B —— 00 —— Q3 —5 00
Py = U?’Uk(‘?xk v,.0 o — Vs 9 <0

Psy makes v39’ < 0 so that G353 < 0 which dampens vf (but
not v2, v/2) as it should.

» Lk — ¢ model

_n o

G = 0.5Gs; = gl = gBF, v =
(oy] 61‘@

For g; = (0,0, —g) it reads G* = gBvi@ which gives

Gk — _gﬁﬁﬁ
0 013

which dampens k (i.e. v2, v, vi2).

Summary of lectures
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»Streamline curvature. Streamline aligned with the 6 axis.

2

v, eq. with u =0 %—@:O (6)
r or

dvg/Or > 0. Hence (vy), > (vg),, Which from Eq. 6 gives

(Op/or) 4 > (Op/Or),.

Summary of lectures
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Lecture 5
r
” VP~ 502 5y streamline

— ov
RSM, 02 —eq.: Pij = — 20 vhot (7a)
85132
—_— — 00y — 07
RSM, U’lUIQ — €q. : P12 = —’U/128—x1 — ’Ué28—x2 (7b)
_ v
RSM, v —eq.: Py = —21}/11}/2£ (7¢)
8x1

. ph_ om )" | (012
k—e P Vt{(axz) -+ (83}1) (7d)

Summary of lectures
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»Stagnation 2D flow

x2

-

x1

The flow pattern for stagnation flow.

— 001 —5 00 001
RSM : 0.5 (P Py) = —0?— — == -
( n 22) I 8%1 2 8.%2 8.%1

o1\ 052\
. pk _ 1 2
" = 2Vt { (&’Iﬁ) * (3:132) }

(0 — )
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» Realizability

v_?z()foralli

v’

i : . S
> < 1 no summation over i and j, i # j

12 ,,12 1/
(77

—ry 81}1 2
= —k -2 = —k—213
3 Vt— 921 3 ViS11
511 largest in the principal coordinate directions
[Sij — 0ij A =0
which gives in 2D

511 — A 512
591 82— A

The resulting equation is

N —-LPA+1° =0
I?P =5;=0 continuity

1
137 = 5 (5ii55; — 5j5:5) = det(Cly) = —5:5i;/2

N = (57 =& ()

2
— 2 2 5,515\ /2 Eo ok 2\
2 _ _k_2 )\ — —k—2 ( ] Z]) = < - -
e A =30 3\
In 3D

- - 1/2
= (25
3

Summary of lectures
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»Non-linear eddy-viscosity models

The anisotropy tensor is defined as

Cll'j = _2C,u7_5ij

1 _ _
+ o7’ <§ik3=§k’j — g@k@k@j) + o (QunSrj — 5 j)
2 (& A ls & 3/ - & ST
+ 37 | Qi — ngerk@j + a7 (SinSkeQj — QitSen5i;)

2

+ o570 <Qz‘£Q€m§mj + 5360 Qmj — ngnang@mdiJ

+ 66T3§kg§k;g§ij + C7T3QMQM§M

Qij _ 1 0v; B c%j

2 61']' 8952
The advantage is better normal stresses

2 2

—]C 0.8 ]{3 61)1

3 12 85192
— 2 0.5 81}1
2=—k—-—k
T (8362)
2
B

2k - 110 (O
12 81’2
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Lecture 6
»The V2F Model
po2  dpov2 0 Nl ——
= —2050p' /09 —

axl ax2 851'52 (:u—'_ﬂt) ax2 . UQ(I)p/ 'CCQI PE22

Opvvf  Opvpf 0 v P
— B0y — 22
8561 85192 8562 <'LL + Nt) 8562 +. 22 pER + P k 8 P
Tk

An equation is solved for fk < ®9 (IP & Rotta model).

0% f Dy 1 [0} 2 k K3/
2L _f=——2=__|2_°Z Tx—, Lox—

dx3 / kK T\k 3] o e

2 10)) 2 2

Farfromwalla—x% ~ ( so that —f — —%— T (% §>

=
dpov2  dpo2 0 dul2

— Booy —
8561 8562 85192 (Iu + Nt) 8562 + 22 pea
2 —
Lo F
.
1.5¢ .

—L1=0.04,5=1
---L=0.08,S=1

0.8
X2

Summary of lectures
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»V2F model. Wall boundary conditions

Near the wall, the v2 equation reads

82 ) )

0= 8U§ + fk — %5
20V2 V2
f=-=r2
S

»The SST (Shear Stress Transport) model

1. Combination of a & — w model (in the inner bound-
ary layer) and k£ — ¢ model (in the outer region of the
boundary layer as well as outside of it);

2. A limitation of the shear stress in adverse pressure
gradient regions.

»w =¢/(B*k) = ¢/(c,k). Use this to obtain an eq. for w

do_d( e\ _ 1de_ e db_ 1de_ wik
dt — dt \p*k)  Brkdt Bk*dt  Brkdt  kdt

» Production term

s S S S _ Y pk
Pw_ﬁ*kpg P —Cglﬁ*kQP CPF=(Ca 1) P

Summary of lectures
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» Destruction term
1 w g2 w .

\Ifw = W\IIE — E\Pk = 052? — Eg = (052 — 1)/6 w2

» Viscous diffusion term
pr -t O _vwlk vOuk vk

Y Bk 8x§ k 5’x? ok 8x§ k 8x§

0

Oow

vi| o 5k+k8w B g@_ 2v 0w Ok
Ox; w@xj Ox; g -

k

k Ox3 k Oz, 0x; * Ox

(-

Summary of lectures
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The w eq. (which really is an ¢ eq. when the k — ¢ con-
stants are used)

0 0 v\ Ow W g 5 2 v\ Ok Ow
— () = —— ) == ~pk_ “ _t
6$j(u]w) @I‘j [<V+ O'w> 8.%]] +ak Bw + k <V+ 0'5> 61‘281}2
a=Cq—1=044,8 = (Cop — 1)8* = 0.0828

Inner region: k — w coeff; outer region: k£ — ¢ coeff. Blending
function

Ly kY2
= tanh(£4), £ x —t (8)

Ty — WTp

F7 = 1 in the near-wall region and I} = 0 in the outer re-
gion. The [S-coefficient, for example, is computed as

Bsst = F1Bi—w + (1 — F1)Br—-c (9)

» SST model. Limitation of shear stress.

The k — w gives too high shear stress. The JK model

based on —v' v}, = a1k (a; = c/?) gives good results.
102 i

» Two formulas for v;. @ = 0v;/0xs. Formulate JK model
with Boussinesq.

(%

=
ho ™~
Q
B

1

Vs —
— W ! max(ajw, F5(2)

ai

JK Model: v, ==

k —w model: v, =

€ =0
|
?r{o‘

S

FI5 is one near walls and zero elsewhere

» The idea is that

e the second part, a; £/ (which mimics the Johnson-King
model), should be used in APG flow (where P* > ¢)

e the first part, k£ /w (which corresponds to the usual Boussi-
nesq model), should be in the remaining of the flow

Summary of lectures
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Lecture 7

»LES

in RANS:

(®) = % /_i@(t)dt, b= (D) + D, (B)=0

in LES:
B 1 z+0.5Ax B L
(I)(.I',t) - _/ (I)(é,t)df, ¢ =+ (I)H? o 7£ 0
Ax r—0.5Ax
ov; 9 ,_ 1op . 0*v;  Omy

o oz (vi2) = _;8@ 8%8% dx;’
» Filter and derivative

dp 1 [Op,, 2 0 (1 op
or; V V@xidv 8x2< / pdV) Ox;

g—i 8i2<1/pdv>+0((Ax)) gxﬁ@(( z)?)

» Non-linear term

5;—;?; = aij (vi07) + O ((Az)?)

Left side : %(UM). 8?6] (v705) + %(@'@')l = %(@i@j)
Right side : ._%(ij) + %(@i@ﬁ = _g;lj

81)2 9, 1 0p 0*v;  Omy

>t T ow, ) = e o an,  on,

Tij = VU5 — U;U;

Summary of lectures
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» Filtering (used for turbulence modelling)

1 Am/Q 1 0 Al’/Q
Uy = — v(€)dE = — / v(&)d +/ v(&)d =
I RO m( @ [ 5)

_L (e A N L1 3\ (8 1
T Az \ 2 AT BT\ gt Ty 4Ty

1

=3 (Or—1 + 607 + Ur41) # 01

» Resolved & SGS scales (GS & SGS)

A I
E

resolved cut-off SGS
scales K

Re

I=large scales
II=—5/3 range
III=dissipation range
k < k. Grid Scales
k > k.. Sub-Grid Scales

Summary of lectures
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» Physical and wavenumber space.

A Fourier series (see Appendix D)

vi(z) = Z Cp exp(1k,T1))
One period=two cells One period=four cells
04 [ ‘ ‘ ] 04 [ ‘ ‘ ‘
AN TN,
O ] O
—02 , nodel 2 3 0.2 | 1 23 45
0 05 1 15 0 05 1 15
x1/L x1/L

v] = sin(kxq)

two cells : k. 2Ax; = 27 = k. = 27/ (2Az1) = 7/Axy
four cells : K 4Ax; =21 = k. = 27 /(4Ax) = 7/(2Ax;)

»Smagorinsky Subgrid model
1 ov; 00 _
Tig — g(sz’kazkz = —Vsgs (8—13] + 8.7;) - _2ng53ij
Vegs = (CsA)* /25,5, = (CsA)* 5]
A = (AVig)'?

|5| stems from the production term in the & eq., |5%| = 25,;5;;

Summary of lectures
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»One-equation model

Oy O 0 ok
Z7898 7 Uikgos) = — s 7595 P. —
at + axj(vj 9) axj |:(V+Vg ) axj ] + ksgs €
132
Vsgs = CkA]{Z;g/g, Pksgs = 2ngs§ij§ij7 e=C. XS
»Energy path
O(vi)
(7' !
oty 52
o
%
A %f?'
E %,
%

k= %(vév{) = /OOO E(r)dk, ks = %(vé’vé’) /:o E(r)dr
I I

k= §<v2vl> = /0 E(r)dr, K= 5(1)@)(1)@)

K = (o) {w)

Summary of lectures



Lars Davidson: MTF270 Turbulence Modeling
http://www.tfd.chalmers.se/lada/comp_turb _model 29

Lecture 8

»The dynamic model. C' is computed. Test filter, A =2A

107 0*%, T

v, 0 (’5-77*-) =222y - (10)
ot 8.%’j ) P 81’2 8.%’j8.%’j 61'3'
Ty = o) = 070
ot 8.%’j ) P 81’2 8.%’j8.%’j 8]}j
0 (— ~—~ (11)
— %j(l)ﬂ)j — Uil)j)
ﬁij
Identification of Eqgs. 10 and 11 gives
/N A~ ~ 1 1 1 —~
Tij =VVj—0;0;+ T = ,Cij-i- T ij gémTkk = gémﬁkk—l—g% T Lk
(12)
Smag.model for both grid and test level SGS stresses:
1
Tij — §5ikak = —20A2‘§|§Z’j (13)
1 2~ i~
T — 501 T = —2CN |75y (14)
where
i g (axj i mf)’ sl= (28”3”’)
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test filter

grid filter
Ax Ax

7" is computed as (Az = 2Az)

1 E 1 P FE
v vdx < / odx + / @dx)
w P

T 2Az W T 2Az
1 (@W+z7p +@p+@E>

:2Ax(

VAT + U.Ax) =

| —

2 2

I L
ZZ(UW—FZUP—FUE)

test filter cut-off, grid filter

BN
E(x) .
SGS grid scales

SGS test filter scales

<

resolved on test filter

resolved on grid filter

k=m/A ke =m/A

T;j = V;U; — U;U; stresseswith { < A

iU stresseswith ¢ < N

Li; =T;; — Ty stresseswith A </ < A
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Eqgs. 13. 14 into Eq. 12 gives
1 ~2 ~ i~ 27—
£z’j — gdwﬁkk = —2C A | S ‘ S5 — A ‘S‘Sij (15)
1 f\2 ~ |~ 2
£z’j — gdwﬁkk = 20 A | S ‘ S5 — A ‘ ‘SU (16)
1 2
Q= (Eij — §5ij£kk + 20Mij> (17a)
~2

Find a Q which best satisfies Eq. 16 for all i, j

0 1
ag = 4MZ] (,CZJ — §6Zj£kk + 2OMZJ> =0, 82Q/802 = 8M1]sz > 0
We get
L stability problems: needs smoothing
2M,; M;;’ '

» Numerical method: RANS vs. LES

RANS

LES

Domain
Time domain

2D or 3D
steady or unsteady

Space discretization 2nd order upwind

Time discretization
Turbulence model

1st order
> two-equations

always 3D
always unsteady
central differencing

2nd order (e.g. C-N)
zero- or one-equation

»Start and end time averaging. t.,q—tstart =~ 100H /(0)center
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start end
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Lecture 9

» Numerical dissipation

vr
I-1 I I+1
—@ ® ®

m1:ﬂU—A$<§§I+%UM¥<QE>J+OQA@5

ov _
{(V + Vsgs + Vnum)%} ) 55g5+num = 2(ngs+ynum)3ij3ij
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»Smagorinsky model derived from the one-equation model
e Small isotropic scales: production = dissipation

Pk = 2ngs§ij§ij =&

s5gs

Replace ¢ by v, and A.
Vegs = €9(CsA) = a = 1/3,b=4/3 = v,y = (CsA)/3c!/3
which gives
Vsgs = (CsA)?[5]
»In LES we resolve large scales. Near the wall, the

“large” scales are not that large = very expensive to re-
solve these “large” scales.

Az ~ 100, Azg,,;, ~ 1, Ary ~30 = VERY expensive
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» URANS. The usual Reynolds decomposition is employed

1 t+T
o(t) = ﬁ/ : v(t)dt, v="1—+v"
t—

URANS eqns=RANS, but with the unsteady term retained

e Decomposition of velocities: v = v +v" = (0) + ' + 0"
(note that v” is not shown in the figure above)

e In theory, 7" should be <« resolved time scale= scale
separation. In practice, it is seldom satisfied.

e RANS turbulence models are used: one should choose
a model with small dissipation (i.e. small v;)

e Modelled dissipation (turbulence model) and numeri-
cal dissipation (discretization scheme) may be of equal
importantance

Summary of lectures
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» DES=Detached Eddy Simulations: Use RANS near walls
and LES away from walls

The S-A one-equation model (RANS)

dpl;t_ 0 ,U‘i_,utaﬁt
dt _8.%’j Oy, @I‘j

~\ 2
)—l—cr. term+P—C1pf <%> , d=ux,

~ N\ 2 ~ o\ 2
<%) = <_~) 3 Cz — min{CDESA7 d}7 A = maX{ALUl, ALU?), ALU?,}
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Lecture 10

The S-A one-equation model (DES)
»Two-equation DES models
k — e RANS

Chk=DF4+P—¢, C°=D°+P° -0

k — ¢ DES (modify e7)
]{33/2

CF=DF4+PF—e = COF = Dk—l—Pk—sT, e = max <s, C. A

k — ¢ DES (modify v and e7)
CF=DF4+PF—cp, C°=D"4P —0° u =K%,
1. &7 = max (z—:, CE%/Q): er T = v, k | in LES region

2. {;, = min (CM%/Q, CkA) = 1; decreases in LES region

k —w SST DES (modify 5*kw)

L
C'k:Dk—l—Pk—FDESB*kw,FDESZmaX{ ! 1}

CppsA’
k3/2 k3/2
Dissip. term *kw x — = % kw in LES region
Ly CpEs
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»The grid size is critical to the switching position. Two
examples below: Azy = § and Az = /20

AZL’l =0 A
Ir1 — 5 20
0.2 0.4 0.6 0‘@8 17 0.10 0.2 0.4 0/6 0.8 1
08 ! 5 ) "
' : :
0.7, voop ] 008
0.6 | v
: .
g 057 : : : B 006’
S oap T
| ¥ 0.04f
0.3, K i
0.2r . i 1 o002
0.1 L.
02 04 0.6 0.¢ Y 0.02 003 004 0.05
L, CprsA L, CpesA

1 Ly = K?/e; -1 CppsA, Axy = 6/20; - - : CppsA,
Az = 9; thick dashed line: (v;)

»It may occur that the Fpgrs term switches to DES in
the boundary layer because Az is too small (Az is usually
smaller than Ax)

Hence boundary layer is treated in LES mode with too
a coarse mesh = poorly resolved LES = inaccurate predic-
tions.

»The solution is DDES (Delayed DES)

Ly
F = 1—Fq), 1
DES = Inax { CDESA< S)a }

where F is taken as Fj or I5 of the SST model.
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DES: The entire boundary layer is modelled with URANS

Hybrid LES-RANS: Only the inner part (inner part of the
log region) is modelled with URANS. This is also call
WM-LES (WM=Wall-modelled)

» Hybrid LES-RANS
wall

URANS region

LES region

URANS region

x;,ml
wall

x1

One-equation model in both URANS and LES region

T2

okr O 0 Okt Ky
o + a:ljj (U] T) aSEj [(V+VT) 833]:| + kT /
Py = —TijSij,  Tij = —2Ursi, v K12

Inner region (s < x9,,,): £ < Kxo; outer region: £ = A
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»The SAS model: This is a method to improve URANS.
The objective is to reduce v, when the equations want to go
into unsteady, resolving turbulence mode (LES mode).

»An additional source term, Ps g, is introduced in the w

. L
equation. Pg4g Torsn”

12 H U”—( 82, 0% )0'5

Ly x —, Lyk3p = Koo
w U’ 0z ;0x; 0x0xy,

»The von Karman length scale is used to detect unsteadi-
ness; when it happens:

e the Ps s term increases

e — w Increases

e — 1; and k decrease

e — mom.eqns go into (or stay in) unsteady mode

»In URANS, resolved fluctuations may be damped.

1

0.8f
0/ 0y|
Lyksp = kot
Luk3p e /@’62@1/(%%’
0(v)/dy]

L, =
KD = M1 92(0,) J0a3]

0.61
)

0.4r

0.2f

Solid line: L, ;p; dashed line: L, 3p
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Lecture 11

» PANS: Partial-Averaging Navier-Stokes. The k£ and ¢ eqns

read (subscript u=unresolved)

Ok, (ki) _ D

ot 61'3'
Oey N 0(eyuv;) 0

8t 8xj

where

Jr

e
Jr

= C% = 144+ 2£0.48

e

o fi. =k/(k+kyes) and f. = /(e +¢,es) denote the ratio of

1
(v

:2 - Csl + _(052 -

061)7

ﬂ) ak“] + P, — ¢y

Oy al'j

- C Pu_ (. u

0€u> 5?xj] G k. 2k,
Cqa=144, C.o=1.92

modelled to total k£ and ¢, respectively.

e Usually f. = 1; f. < 1 implies that dissipative scales

are resolved.

e If f; is smaller than one (say, f; = 0.4) then:

2

* U
2
K

- = ¢, 1s increased

is reduced

- = k, and v, are decreased

— = the momentum eqns go into LES mode.
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»In LES and DES the large-scale turbulence is resolved:
hence, turbulent fluctuations should be provided as inlet
boundary conditions

»Synthetic fluctuations is one method. The inlet veloc-
ity can be written as a Fourier series

N
vi(x) =2 Z u" cos(k" - x + " )"
n=1

Fin log(r)
» Amplitude 7" related to energy spectrum: @" = (E(x)Ak)"/?

» Usually we generate energy spectra from turbulent fluc-
tuations. Here we do the opposite: we assume a spectrum
and generate turbulent fluctuations. A —5/3 spectrum is
assumed: this gives the amplitude 4" for wavenumber «,,

» Kkmae from the cells size
» 1. x 1/L; from the integral turbulent length scale

P Kmin = /‘3@/2 Ak = (/fmam - Kmin)/N = K1 = Rmin, K2 =
K1+ AK,...EN = Kmaz
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» With this method synthetic turbulent fluctuations are
generated at the inlet plane for M time steps.

» However, they are not correlated in time. An asymmet-
ric time filter is used (V)™ = a(V])™ 1 + b(v})™

The coefficient a is related to the turbulent integral timescale,
T,as a=exp(—At/T)

»The coefficient b is computed as b = (1 — a?)!/? which
ensures that V], .. = v} ..,

»Finally, the turbulent synthetic fluctuations are super-
imposed to the inlet mean velocity.
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