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1.

Tensors

1.1

Index notation

Before introducing concepts of tensor algebra we introduce the index notation. The index
notation simplifies writing of quantities as well as equations and will be used in the

remaining of this text. There are two types of indices:

e Free indices are only used once per quantity and can take the integer values 1, 2

and 3. For example for one free index i:

a; < ap, agand ag

a;=b < alzbl,agzbgandagzbg
Similarly we can have two (or more) free indices ¢ and j:

a;j & a1, G2, G13, A1, A2z, (23, 431, A3z and dss

a;j = by; & a;n = bu, a1g = big, a3 = biz, ..., azz = by and azz = b33

e Summation indices are used twice per term and indicates a summation of that index

from 1 to 3. For example:

3
Qi < Z Qg
i=1
3
a; bz ~ Z a; bl

3

3
aijbiy & YD aiby

i=1j=1

This sum over repeated indices is often called Einstein’s summation convention.

Often these two types of indices are used together. A simple example is the equation

system

3 3 3
ai:ﬂjbj < G,l:Zlebj, GQZZTijjanda?):ZT3jbj

where i is a free index and j a summation index. Another way to express this equation

system is to use matrices (in this example two column matrices 3 X 1 and a square matrix
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3 x 3):
a1 Ty Ty T3 by
as | = | Tor T o by (1 . 1)
as T31 T3z T33 b3

which also sometimes is written by using index notation:

[ai] = [T3;] [b;] (1.2)

Problem 1 Explain the following symbols: A;;, A;jj, Aij, a;Aqij, c;bjAij.

For each index tell whether it is a summation/dummy index or a free index.

Problem 2 Use index notation to re-write the following expression: fiu; + fous + f3us

Answer: f; u;

Problem 3 Expand a;;i, b, by giving the terms explicitly.

Answer: ajy by, = 301 Yh_ @ik bi = a111 b1+ @112 bia+ ar13 biz + asi1 bay + iz bas +
213 baz + @311 b1 + azi2 b3z + az13 bss,

ok bike = 2051 Yoy @aizk i = @121 b1y + @122 bia+ arag bis + Ao bay + 200 boo + agos bos +
a321 b31 + @322 b3z + azaz b33,

ik bik = Yj—1 Yy @izk bie = @131 b1y + 13 bio 4 @133 bis + agsy ba1 + azsa oo + agzs bag+

a331 b1 + assa b3y + assz bas

Assignment 1 (a) Use index notation to re-write the following expression: byjcid; +
biacody + bizcsdy + barcida + baacadsy + bagcady + baycids + baacads + bascads.
(b) Show for what condition on A;; does b; A;; = Ajj by, hold (for all b;)?

Matlab example 1 An example of using Matlab commands for matrix definitions (for
T and b) and multiplication a; = T;; b; is given below:

>> T=[123; 456; 78 9];

>> b=[1 2 3]’;

>> a=Tx*Db
a =
14
32

50




1.2
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Figure 1.1: Illustration of vector a.

Vectors

Orthonormal base vectors

To describe many physical quantities (such as force, displacement, velocity) both magni-
tude and direction must be given. Hence, these quantities can be described by vectors (1st
order tensors) in a 3-dimensional Euclidean space. By introducing a set of right-handed
orthonormal basis vectors {&1, és,e3} any vector a = /@ can be expressed as a linear

combination these basis vectors, é;:
a = a1é1 + agég + a3é3 = alé, (]_3)

as shown in Figure 1.1. The coefficients a; or (a1, as,a3) are the components of a with
respect to the basis ;. The length (=Euclidean norm) of a vector a is denoted a or |al.

For normalized vectors (describing only direction) the following notations are introduced:

a
2. =a="2 1.4
é a - (1.4)

whereby a vector a can be written as a = a é,. Examples of normalized vectors are the

basis vectors {€é;, és, €3}.

m Example 1.1 Assume that the vector a = a1€; + asés + azés = a;&;. The normalized

vector a is obtained as follows:

181 + ases + asés

\ a3 + a3 + a}

a=
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Figure 1.2: Illustration of scalar product.

Problem 4 Determine the unit length vector along a =4¢é; +6é, — 12 és.
Answer: @ =2/7e1+3/7éy —6/7é;3

Scalar product

To each pair of vectors a and b there corresponds a real number a - b, called the scalar

product. The scalar product is defined as (see Figure 1.2):
a-b=abcosb (1.5)

where 6 is the angle between the vectors. The vector projection of b on a is defined as
the orthogonal projection of b on a line parallel to a and is equal to b cos(f). It can be
obtained from the definition of scalar product as b - é,. Further, it is possible to express

the length of a vector a = |a| as follows

a=lal=va a (1.6)

By now applying the scalar product between the orthonormal basis vectors {é;, &, &3},

the following results are obtained

where
1 h =4
0ij = ety (1.8)
0 when 7 # j

The symbol 9;; is called the Kronecker delta symbol. The scalar product between vectors

is a bilinear operator and has the following properties:

a-(ab+pc) =aa-b+pa-c

(da+p5b)-c =aa-c+pb-c

where a and [ are scalars. These properties can now be used to show that the scalar

product between two vectors a and b may be written as:

a-b= aiéi : bjéj = aibjéi : éj = aibjtsij = aibl- (]_9)
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Figure 1.3: Illustration of vector product.

and that the scalar product is commutative i.e. a-b = b-a. The components a; of
a vector a can be extracted by scalar multiplication with corresponding base vectors e;

which is shown by the following derivation:

éi-a:éi~ajéj:ajéi-éj:ajéij:ai (110)

Problem 5 Compute the projection of the vector a = 4é; + 6 é; — 12 é3 on the line
defined by the vector b=1¢é; +1é5+ 1é3
Answer: —2/\/§

Problem 6 Expand the following expressions of the Kronecker delta ¢;;:
0i50i5, 0ij0jx0ki, OijAik

Answers: 3, 3, Aji.

Vector product

Another product that is useful is the vector product a xb, which is illustrated in Figure 1.3.
The result is a vector that is orthogonal to the plane spanned by a and b (with a right-
handed system) and has the length

la x bl =absind (1.11)

By applying the vector product to the orthonormal basis vectors {&;, é2, €3}, the following
results are obtained

éi X éj = eijk;ék:a (112)
where the permutation symbol e;ji, is defined as

1 when ijk =123, 231 or 312
eijk=14 —1 when ijk=321, 213 or 132 (1.13)

0 otherwise
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The vector product is bilinear, i.e.

ax(ab+f8ec) =aaxb+faxc

(da+ b)) xec =aaxc+pbxe
whereby the vector product between two arbitrary vectors becomes
axb= (a,él) X (b]é]) = aibjéi X éj = aibjeijkék. (114)

From this we can note the relation @ x b = —b x a which is found by using the properties
of the permutation symbol. The permutation symbol and the Kronecker’s delta symbol

are linked by the so-called e-§ identity:

€ijm€kim = Oik0j1 — 0it0jp. (1.15)

Problem 7 Compute the unit normal to the plane

(-1,6,2)
]

(0,4,1)
N o
€3
&

(2,2,0)

€

Answer: fv ~ +(—0.45 &5 + 0.89 &3)

Problem 8 Show that e;;;0;, = 0

Problem 9 Prove that for three arbitrary vectors a, b and ¢ the following relation
holds:
ax(bxe)=(a-c)b—(a-b)c

Open product

Open product (also called outer product) between two vectors a and b results in a 2nd

order tensor T' (also called dyad) as follows
ab= (liéi bjéj = Qa; bj éz éj = ﬂjézé] =T (116)

The open product is bilinear but not cummutative i.e. ab # ba in general. 2nd order
tensors will be further exploited in Section 1.3. In literature the open product is sometimes

for clarity denoted by ®, i.e., the dyad is written as a ® b.



1.2 Vectors 9

Column matrix representation of components

In a given coordinate system defined by the basis vectors {€&1, és, €3}, the vector compo-

nents a; can be collected in a column matrix as follows
[a] = [a;] = [a1 az as]" (1.17)
An example is the base vector é; that is represented by the following column matrix
[&1]=[100]" (1.18)
Therefore, the scalar multiplication between two vectors can be obtained as
a-b=ab; =[a]" [b]. (1.19)

m Example 1.2 Assume that a = a;€é; and b = b;e;. The matrix representation of the

components of the dyad a b is given as:

(llbl Cllbg a1b3
[ab] = |asby azby asbs

asby asby asbs

Matlab example 2 Example of scalar product in Matlab

>> a=[1 2 3]’; b=[3 4 5]’;
>> c=sum(a.*b)

C=

26

Matlab example 3 Example of cross product in Matlab

>> a=[1 2 3]’; b=[3 4 5];
>> c=cross(a,b)
c =

-2

4
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Coordinate system transformation

A vector must be invariant with respect to coordinate system. Assume two different
sets of orthonormal basis vectors {&;, és, €3} and {é’l, ey, ég}. The vector b can then be

written as
b=be; = be, (1.20)

The components b; can be extracted from b as

In matrix notation this can be written
(b] = [135] [b5] = [} - &5] [by] (1.22)
where the transformation matrix [l;;] is orthogonal, i.e. [l;]" = [l5]". This can be

understood if we assume that the components 0 are known and then the components b;

can be extracted from b (similarly to (1.21)) as

by = &; - &b (1.23)
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Assignment 2 A thin rigid bar OA with mass m and length 5a is attached without
friction in a joint at O. The bar is kept in equilibrium by two light cables AB and
AC acc to the Figure. The cable AB is attached to the bar at B with coordinates
(3a;0; 3a) and the cable AC is attached to the bar at C with coordinates (—a; 2a; 5a).

)|
\

S A
(@)

Determine the forces in the cables AB and AC at equilibrium (g is the acceleration

of gravity in the negative z direction).

Assignment 3 Give the component of the vector a in the rotated coordinate system
{&’}. This coordinate system is obtained from the coordinate system {&;} by rotating

around the es axis according to the figure.

N
€, A

/6

» €]

The components of the vector @ in the coordinate system {&;} are given as [—1 4 3]T.

Matlab example 4 Example of Matlab input file to define e;;;-operator and vector

product ¢, = a; bj ;5

hdefinition of permutation symbol
perm=zeros(3,3,3);
for i=1:3




1.3

12 Chapter 1. Tensors

for j=1:3
for k=1:3
Tototo
if ( (i==1) & (j==2) & (k==3)) | ((i==2) & (j==3) & (k==1)) |
((i==3) & (j==1) & (k==2))
perm(i,j,k)=1;
elseif ( (i==3) & (j==2) & (k==1)) | ((i==2) & (j==1) & (k==3)) |
((i==1) & (j==3) & (k==2))
perm(i,j,k)=-1;
end
Tothto
end
end
end
hcomputation of vector product c_k= a_i b_j perm_ijk
a=[1 2 3]’;
b=[4 5 6]°;
c=zeros(3,1);
for k=1:3
c(k)=0;
for i=1:3
for j=1:3
c(k)=c(k,1)+a(i)*b(j)*perm(i,j,k);
end

end

end

2nd order tensors

Representation of 2nd order tensors

2nd order tensors are physical quantitites that describe how vectors change with e.g.
direction and position in space. Examples of 2nd order tensors that we will explore later
are the stress tensor, strain tensor, velocity gradient and the deformation gradient. A 2nd

order tensor T is represented in a orthonormal coordinate system {é;, &;, &3} as
T =1T,¢ee;, (1.24)

where Tj; are the nine components of T' and é;€; are the base dyads. The base dyads é;é;

are 2nd order tensors themselves and T is built up by a linear combination of these scaled
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by the components T;;.

m Example 1.3 The matrix representation of the components of T' are obtained as

100 010 Ty T Tis
T)=T;é&;] =T |0 0 0| +T12 {0 0 O] +...= |To; Ty Tog
000 000 Ty T3 T
| |
Scalar product between 2nd order tensors and vectors
Now consider a linear transformation of a vector b into a
T
b N
This may be written symbolically by introducing a scalar product as
a=T-b (1.25)

where the linear operator T is a second-order tensor. Before proceeding we define the

scalar product between a base dyad e;e; and a base vector € as:
m Example 1.4 Two example of results are: (€1€3) - €; = €; and & - (é2&5) =0 "

The scalar product between a 2nd order tensor and a vector is assumed to be bilinear. If

we use index notations then such a scalar product can be written as:
——

a;

Often we omit the basis and simply write the relation between the components, i.e.

It is then implicitly assumed that the same basis vectors are used for all variables. Fur-
thermore, standard matrix manipulations can be used in numerical implementations to

compute the components a;
a Ty T Tl |0

ag| = |Tor T Tag| |b2
as Ty T3 Ts3| |b3
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If we switch the order of the vector and the 2nd order tensor in the scalar product

N——
Ck

or in short ¢ = b; Tj,. A consequence of these results is that:

T -b=b-T*

AA

where the transpose of the tensor is defined as T = T} é;é;. In matrix notations and

operations this corresponds to

Tll T12 T13 bl Tll T21 T31
Ty T Tos| [bo| = |bibabs| | T2 To T
T31 T32 T33 b3 T13 T23 T33

An example of a 2nd order tensor is the stress tensor o from which the traction vector

t(n) can be obtained as t(n) =n - o.

S

m Example 1.5 By using this scalar multiplication twice it is possible to find the compo-

nents of a 2nd order tensor 7T;; by

éi -T- éj = éz . (Tklékél) . éj = Tkléikélj = Tij (130)

A special 2nd order tensor is the identity tensor §:

with the property that it does not transform a vector a when scalar multiplied with 4,
ie. 0-a=aand a-d = a (or written by using only the components ¢;; a; = a; d;; = a;).

The components for § can be collected in the following matrix form:

5] = (1.32)

o O =
o = O
_ o O
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Multiplication between 2nd order tensors
Scalar multiplication (also called single contraction) between two base dyads is defined as
(€i&;) - (ere;) =&;(&; &) e =& dj e = ;e (1.33)

This scalar multiplication is assumed to be bilinear and therefore the scalar multiplication

of two 2nd order T and U can be written as
T -U-="1T,ee; Uyere,=T;;Uyé;0;,& =T,;U; & =V (1.34)
——
Vi
or in terms of components T;; Ui, = Viy. Hence, when using a matrix notation then the
components of V' can simply be obtained by a standard matrix multiplication between
[T;] and [Ujx]. Further, by applying the transpose operator to such a product it can be

shown that
vi—(r-u)'=vu". 1" (1.35)

m Example 1.6 To show (1.35) we use the index notation:
Vij = Vi = T Ui = Uy, T
| |

Another operator that we introduce is the double contraction operator between two base
dyads

If we assume bilinearity of that operator then double contraction between two 2nd order

T and U results in a scalar o« and is obtained as

T : U:T‘U Uij = (137)

Problem 10 If @ and b are vectors and A and B are 2nd order tensors show that
a) (a-A)-b=a-(A-b)

b) (A-B)' =BT A"

¢)(A-a)-(B-b)=a-(A"-B)-b

Problem 11 The components of the 2nd order tensors and vectors are given as:

1 20 300 2 1
[Aijl=12 3 4|, [Bijl=10 3 1|, J[a]= (3], [b]=1]-1
0 4 2 01 2 1 2

Compute
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d) A:(ab)
Answers: a) [8, 17, 14]T, b) 1, ¢) 24, d) 19.

Matlab example 5 An example of computing the double contraction in Matlab:
>> T=[123; 456; 7 8 9];
>> U=[121; 343; 56 5];
>> alpha=sum(sum(T.*U))
alpha =
186

Symmetric and skew-symmetric 2nd order tensors
As introduced earlier the transpose T'' of a 2nd order tensor T is defined as follows:
T" =Tee; = Tjé8, (1.38)

Many second-order tensors in mechanics are symmetric which means that the tensor and
its transpose are equal e.g. TT = T or in components T;; = Tj;. Another type of tensors is
the skew-symmetric second-order tensors. These have the property that the transpose of
the tensor is equal to the tensor with a minus sign, e.g., T' = —T or Tj; = —Tj;. Clearly,
for such a tensor the diagonal elements (in a matrix representation) must be equal to zero

whereby the components can be collected in the following general matrix

0 Tio Ti3
—Tis 0 Ty (1.39)
=Tz =153 0
Problem 12 Show that A;; = e;jxay, is skew-symmetric (i.e. Aj; = —A;;).

Problem 13 If A;; is symmetric and B;; is skew-symmetric. Show that A;;B;; = 0.

Inverse of a 2nd order tensor

If we assume that the tensor T' gives the linear transformation a = T - b between the
two vectors b and a. Then we can introduce the inverse T~ ! of this transformation as

b=T""'-a. If we express these two relations in components

a; = T;j bj and bz = T;;l Q; (140)
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then it is obvious that the components of the T™! can be found using standard matrix
inversion i.e.
- -1
;'] = (T3] (1.41)
Hence, standard rules for matrix inversion apply also for tensor components such as
(T-Uu)*'=Uu"'-T"

Coordinate system transformation

A 2nd order tensor is invariant with respect to coordinate system. Assume two different
sets of orthonormal basis vectors {&1, &3, €3} and {é’l, ey, ég}. The 2nd order tensor T'

can then be written with either basis vectors:

T =T,ée; = T,&€, (1.42)
The components T}; can be extracted from T' as
T, =& -T-& =¢é &Tueé & (1.43)
In matrix notation this can be written
(7] = ] [Tu) (1) (1.44)

where the orthogonal transformation matrix [l;;] was defined in (1.22).

Higher order tensors

It is possible to construct tensors of any order (or rank) as follows:

In particular, fourth-order tensors are frequently used to, for example, give the relation

(material behavior) between the second-order tensors stress and strain.

Problem 14 a) Determine the transformation matrix when & is parallel to &, +&;— &3
and &, parallel to &, + &s.

Answer:

1/vV3 1/V3 —1/V3
lgl=1 0 1/vV2 1/V2
2/v/6 —1/v/6  1/6

b) The components of the 2nd order stress tensor o have been measured by engineer
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Emil in the coordinate system {é;} with the following results

400 100 0
[o0:;] = [100 200 O MPa
0 0 300

Engineer Emilia uses the coordinate system {&;} (from a)), what are the stress com-

ponents in that coordinate system?

Answer:
367 0 94.3
o] =10 250 866/ MPa
94.3 86.6 283

Assignment 4 Given the Sherman-Morrison’s formula:

«

Aij = 5@']’ + QU then A;l = (51 — U; Uy

14+« Uk Vg
Show that by using Sherman-Morrison’s formula if A;; = B;; + o u,;v; then

(07
1+ozkak_llul

“1_ p-1 -1 -1
Aij fBl-j — B, umfuanj

Principal values and principal directions

A second-order tensor can be, as discussed above, thought of a linear transformation
between vectors, i.e. a = T - b. Important properties of a second-order tensor are its
eigenvectors (principal directions) and eigenvalues (principal values). FEigenvectors are
defined as vectors that do not rotate upon transformation with the second-order tensor.

If n now is an eigenvector to T' this can be illustrated as

This can be written as

The eigenvectors . are chosen to be of unit length whereby it is possible to identify

the length of the vector T' - n as the corresponding eigenvalues A. The way to find the
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eigenvalues and eigenvectors is to rewrite (1.45) as

A trivial solution to this equation is that n = 0. However, it is possible to find non-
trivial solution if (Ad — T') is non-invertible. From linear algebra we know that then the

determinant of the matrix [Ad — T'] must be zero, i.e.
det (T'—Xd)=0 (1.47)

which is called the characteristic equation. An important theorem from linear algebra is
the spectral theorem which states that for symmetric matrices the eigenvalues are real and
the eigenvectors are orthogonal. In the current course we will only consider eigenvalues
and eigenvectors for symmetric second order tensors (i.e. stress, strain, etc) and for such

a tensor the characteristic equation can be obtained as

Ty —XA T T3
Ty, Too—A Ty | =Tu—A) TN (T—A)+
T13 Tos  T33— A
Tio Tog Thz + Ti3 Tho Tog — Ti3(Tos — A) — Ty (Tin — A) — (T3 — A\) T, = 0

This third order polynomial equation can be summarized as
NN+ LA—13=0 (1.48)
where the invariants of the second-order tensor T' were introduced as
L =Ty, I=I[T;Ty;—TiTyl /2, 13 = det(Ty) (1.49)

After solving the three eigenvalues A, A2 \®) from (1.48) we can solve the correspond-

ing eigenvectors AV, A AP from (1.46).

Problem 15 Find eigenvalues and eigenvectors of:

Answers:
A ~241 A® =1 \® ~ 0414

At = +[-092403830" AP ==x001" A® =+[-0.383 —0.9240]"
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|

Problem 16 Find eigenstresses and eigenvectors of the stress tensor with components:

200 —/3-100 0
—V/3-100 400 0| MPa
0 0 400
Answers:
AW =100 A® =400 A® =500 MPa
T

S0 [VBL s ot a®oa|l V3

n [ 5 3 ] n 001" n 5 5 0
Assignment 5 a) Use the fact that eigenvectors A® of a symmetric 2nd order tensor

T are orthogonal to show that T' can be expressed as
T = \VaMal 4 \@ 2 4 AOaERG)

b) Given that the exponential function of a scalar and a 2nd order tensor are

defined as:
00 fe’e) Tk
exp(a Z , exp(T) = R
= k k=0
Show that
exp(T) = exp(/\( )) MapM 4 exp()\(z)) @p32 4 exp(/\(g))ﬁ(?’)ﬂ(?’)

and use this to compute exp(T') where T' is represented by the the following

matrix (in a &; system)

7] =

S = O
S W =~
N O O

Matlab example 6 An example of using Matlab commands for matrix definitions (for

A ) and computing the eigenvalues and eigenvectors given below:

>> A=[1 2 3; 24 5; 35 6];
>> [n,lambdal=eig(A)
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0.7370 0.5910 0.3280
0.3280 -0.7370 0.5910
-0.5910 0.3280 0.7370

lambda =
-0.5157 0 0
0 0.1709 0
0 0 11.3448

The proof that I;, Iy and I3 are invariant with respect to coordinate system follows from
showing that they will remain the same if expressed in components of another coordinate
system T};. By using the coordinate transformation T;; = I}, T{, ;; and the orthogonal

property of the coordinate transformation matrix [;; we can rewrite I; as:
T T
Il(Tij) =T, = lik Tlgl bi =l lik Tlél = Tlgk = Il(Ti/j) (1-50)
5
Lk

The second invariant 5 consists of I} and T;; T}; that can be rewritten as:

Tij Tij = lz?l; Tl;l llj l;{n T’rlrm lnj = li lz?;n lnj lel Tlél T’r/rm = Tlél Tlél (1'51>
4 s
km nl

whereby I5(Ti;) = I2(T};). To show that I3 also is invariant we first note that since
Ui 1L = i then det(l; 17) = det(l;) det (1) = 1. Now we use this in Is:
_

no sum on ¢

—,3(Tij) = det(Tiﬁ = det(liTk Tlgl llj) = det(lz?l::) det(T,gl) det(llj) = det(T,;l) = 13(Tl;l) (1.52)

Spatial derivatives

1

A tensor field describes how the tensor depends on the spatial location x in the body 2
and the time %, e.g.

e Scalar field (such as temperature, pressure) ¢ = ¢(x,t) or ¢ = ¢(x;,t)
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e Vector field (such as displacement, velocity, force) u = u(x,t) or u; = u;(x;, 1)

e Second-order tensor field (such as stress, strain) T' = T'(x,t) or T;; = T;;(z, t).

To measure how such quantities change within the body the gradient (differential vector)

operator V is introduced as

. 0
V = eia—xi (1.53)
By applying the gradient operator via an open product (from the left) to a scalar field
¢(x,t), a vector field u(x,t) and a second-order tensor field T'(x,t) the following results
are obtained
Vo= (,?Zéi , Vu= gzzéiéj , VT = ?;:Céiéjék. (1.54)
It can be noted that the tensor fields are always increased by one degree in this using this
procedure. Later we will also need to apply V from the right on a vector field u(x,t)
which is defined as

By instead applying the gradient operator via a scalar product (from the left) to a vector

field u(x,t) and a second-order tensor field T'(x, t) result in

ou; oT;;
Viu=—, V.-T=_—"¢, 1.56
“ 8951 ’ 8.1'1 € ( )
This is also called the divergence with the following notation
diviu) =V -u, div(T)=V-T. (1.57)

For the divergence operator the tensor fields are always decreased by one degree.

Another product that can be used with the gradient operator is the vector product. The

vector product with the gradient operator defines the curl of a vector field

curl(u) = V X u = ¢;;,0;u;€ (1.58)

To further compress the notation we introduce the index form of the gradient operator,
0; = 0/0x; = &; - V, or even more compactly, a subscripted comma which for example
results in:

Vu = ﬁiuj ézéj = Ujﬂ' ézé] s le(T) = @TU éj = ﬂjﬂ' éj. (159)
Later in this text we will omit the base vectors and simply work with the components of

the tensors e.g. du;/0z;, u;j, T;;; etc.

m Example 1.7 a) The temperature varies in the coordinate system {€&;} with coordinates

Ty, Ty as D(xy, 22) = 23 + (z2/a)? + B = 0. The temperature gradient becomes:

Vo = 21’1@1 +2$2/O[2é2
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b) Assume that the displacement field is u(x) = x5 &, + Le(721772)/2 &, The strain € is

defined as € = (Vu + u V)/2 is obtained as

€=1/2(uj; +ui;)é; & = 1/2(—L/ae ™72/ L 1)e, &,+
1/2(1 — Ljaet="7"/%e, &) 4+ 1/2 (—L/ae """/ ¢, &,

c¢) For the displacement field in b) the divergence of u becomes:
V-u=-L/a el-m1—w2)/a
d) For the displacement field in b) the curl of u becomes:

V X U = €193 U271é3 + €213 ’ul’gég = (—L/a e(—a:1—x2)/a — 1) ég

Problem 17 Show that:

a) Via-x)=a+Va- -z

b) V-(axb)=(Vxa)-b—(Vxb) -a
c)V-(A-b)=(V-A)-b+A:Vb

Assignment 6 If a is a vector. Show that:
a) V-(Vxa)=0
b)ax (Vxa)=1/2V(a-a)—a-Va

1.6 Divergence theorem

N
S

1

Gauss’ divergence theorem is an important and useful theorem, which allows us to convert

the volume integral of a divergence into a surface integral as follows

/V-udw:fﬁ,-uds or / ui7idm:j{ﬁiuids (1.60)
Q r Q r
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where ' is the closed boundary surface of €2, and n is the outward normal unit vector to
I'. This theorem can now be applied for tensor fields T by setting u; = Tj1, Tj2 and Tj3.
Thereby we obtain

fQ Tﬂ,i de = fﬁr n; Ty ds

fg Ti2,i de = §£p N Tio ds

JoTizidx = ¢ nTi3ds

which can be summarized as:
/TW da = 7{ AT, ds or /div(T) da — ]4 A-Tds (1.61)
Q r Q r
If we instead apply the Gauss’ divergence theorem to a scalar field for the three cases
U = qb, U9 = U3 = 0

U1l :O,UQ:O,U3:¢

we obtain
/S28q57idm _ ﬁm@ or /dem _ £ﬁ¢ds (1.62)

In practice, the name divergence theorem refers to equations (1.60), (1.61) and (1.62).

Problem 18 By using the divergence theorem show that: ¢y x; ; ds =V ¢;;.

Assignment 7 Proove the following formula: [, ;00 de = $p 10,50, ds— [ 0;;0;0; d|




2. Stress, motion and deformation

2.1 Stress analysis

The stress (also called traction) vector ¢(n) is defined as the force acting on an area with

normal n. In a point of a body the stress vector is defined as

AF

() = ASS0 AS (2.1)

n

AS

A property of the stress vector is that it must follow Newton’s third law for action and
reaction. Therefore, in the same point of a body the stress vector on the area with normal

n and normal —n must be opposite. This means that

t(R) = —t(—n). (2.2)

To find a relation between the normal 7v and the stress vector ¢(7) we study a tetrahedral

element:

X3

t(n)

n
/ 2
I

The tetrahedron is assumed to have the four surfaces defined as

1. normal nn and area A subjected to stress vector t(n),
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2. normal —é; and area A; subjected to stress vector t(—é;),
3. normal —é, and area A, subjected to stress vector t(—eé,),

4. normal —é3 and area Az subjected to stress vector t(—eés).

The relation between the areas A, Ay, Ay, A3 and the components of 7 can be derived

via the divergence theorem as 7n; = A;/A, see the following example.

m Example 2.1 Choose ¢ = 1 and apply the divergence theorem according to (1.62) to the

tetrahedron
jémsds:]gﬁds: _e A —éQAg—égAngﬁA:/Qng:O
From these three equations we can identify that A; = n; A. n
The next step is now to study equilibrium of the tetrahedron:
t(n)A+t(—é) Ay +t(—é) Ay +t(—e3) A3 = 0.
If we use the relation between the areas and Newton’s third law we obtain:
t(n) = t(é)n, + t(és)ng + t(és)ns. (2.3)

The second-order stress tensor o is defined based on t(é;) such that

03] = [tj(&:)] (2.4)
or more explicitly
o1l 012 013 ti(é1) ta(é1) ts(ér)
091 099 093 | = | t1(€2) ta(€2) ts(é2) (2.5)
031 032 033 ti(és) to(és) ts(és)

This can be graphically shown as (here 2d):
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To sum up, the relation between the stress vector ¢ and normal vector n is obtained via
the stress tensor o as follows:

:n-o':o'T-n OI'tZ':TLjO'ji:O'ij;-nj. (26)

This relation is the so-called Cauchy’s formula. As will be proven later in the course, the
stress tensor is symmetric due to principle of angular momentum i.e. & = o’ and, hence,
this relation can be written as t = o - n. We can conclude that if the stress tensor o is
known in a point of the body then it is possible to compute the stress vector ¢ on any

plane through the point. This is called the Cauchy’s stress principle.

Often the components of the stress tensor are divided into normal stresses and shear
stresses. The normal stresses are the diagonal components of the stress tensor i.e. oy,
099 and o33 whereas the shear stresses are the off-diagonal components i.e. 015, 023 and
013. Note that the terminology normal and shear components relate to what plane that
is chosen. In the figure above the choice of plane is defined by the normal &; or é;. In

general, the normal component of the stress on a plane with normal n is obtained from

Let us now adopt the concept of eigenvalues and eigenvectors for a stress tensor o. The
eigenvector is a direction n that is not changed upon a scalar multiplication with the

stress tensor o:
o
n / _ > t=\n

This means that on a plane with the normal being an eigenvector of o then the stress
vector t is parallel to the normal i.e. £ = An. In other words, on such a plane only the
normal components are non-zero.

de

Often the stress tensor o is additatively decomposed into a deviatoric %" and a spherical

(hydrostatic) tensor o, § as follows:
o=0"" 40,6 oro;= Ufjev + om 0ij (2.8)

with
dev
ij

Om = 0pi/3  and oi" = 0,5 — O 0y (2.9)
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Problem 19 Assume that the stress tensor field o is represented in the coordinate

system é; with the following components

100 50 200z,
o] =1 50 100 400z,
200z, 400z 100

where the stress components are in [MPa] and the coordinates are in [mm]. At the
point & = &; +2 &, + 3 &3 [mm] and on the plane with normal i = (&, — &, +&3)/V/3
a) Determine the stress vector ¢

b) Determine the normal and shear components of ¢.

Answers:

a)

b) 0., & 66.7 MPa, t, &~ 327 MPa.

T2 A

weld

x

Problem 20

A welded structure is subjected to a homogeneous plane stress condition described in

a Cartesian coordinate system 123 as:

g /3 0
0 0 0

The direction of the weld is given by the normal [A] = 1/v/5 [120]" (see figure).

a) Determine the stress (traction) vector ¢ acting on the weld expressed in &.

b) Assume that the largest allowable shear stress in the weld is 200 [MPa]. What is
the largest allowable value of 7

Answers
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a) [t] =/(3V5) [570]"
b) & < 1000 MPa.

Assignment 8 Given the stress tensor o (here represented in a matrix format with

components in a €, &y, és-system)

30 0 10
lel=1 0 30 10 MPa
10 10 30

dev  For the deviatoric stress

Compute the corresponding deviatoric stress tensor o
compute the principal stresses, principal directions, invariants (acc to (1.49)) and
the obtained stress vector on the plane defined by the points (0,0,0), (2,—1,0) and

(—4,2,3).

Continuum motion

The motion of a continuum (material volume) is shown in Figure 2.1. A material particle
P may be identified by its initial (or reference) position X. The current position x, of a

material particle is then defined by a function
The displacement u of a particle P is defined as

w =z — X; (2.11)

A key quantity that describes the deformation of the body (material volume) is the
deformation gradient F . The deformation gradient describes the relation between a
line element dX at the material particle P in the initial (undeformed) body and the
corresponding line element dax at the material particle P in the current (undeformed)

body, i.e.

ax, " ax,

which is also illustrated in Figure 2.2. Based on the deformation gradient F' a number of

de=F-dX or Fj; = F =aV, (2.12)

strain measures can be defined. An example is the frequently used Green-Lagrange strain
FE defined as follows:

E=(F"-F-3§) or (2.13)

Ou;  Ou;  Ouy OQuy )

1
ij ( ikt kj 5%]) 9 (an X, 0X,;0X;

(2.14)

N — DN =
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Figure 2.1: llustration of motion of a continuum.

dx

dX

Figure 2.2: Illustration of deformation gradient.
For the special case of small deformations E approaches the usual small strain tensor e,

1 (0u; = Ou, 1 (Ou;  Ou,
B~ - : |~ = : L) = ¢ 2.1
A <an * 8XZ-> 2 (axj * aa:i) i (2.15)

We can note that both the Green-Lagrange strain E and the small strain tensor € are

i.e.

symmetric, i.e. ET = E and €' = €.

Lagrangian and Eulerian description

Physical field quantities can be described in either a Lagrangian (or sometimes called

material) or Fulerian description:
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e Lagrangian description of scalars, vectors and second-order tensors:

6= d(X,t), w=u(X,t), T=T(X,1t) or

e Fulerian description of scalars, vectors and second-order tensors:

p=0o¢(xz,t), uw=u(x,t), T =T(x,t) or

An important field quantity is the velocity v of a material particle P. The velocity is

defined as the time derivative of the position vector x:

X (X
o — de(X,t) or v — da:z(dt],t)

= (2.16)

whereby the velocity is described in an Lagrangian description v(X,t). By assuming that
the initial position of the particle X can be expressed in terms of @ and t we can write

the velocity in Eulerian description
v =v(x,t) (2.17)

Next follows three examples to illustrate the introduced concepts regarding motion.
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m Example 2.2 Simple shear of a quadratic disc (side length hg) where the upper boundary

moves horizontally with velocity vy:

The motion can be expressed as:

21( X1, X9, X3, t) = X5+ Xovt/hg
$2<X17X27X37t> = X2
r3( X1, Xo, X3,t) = X3

whereby the velocity v can be obtained, in Lagrangian description, as:

X Uo/ho
v = 0
0

By using the expression for the motion the velocity can be written in an Eulerian descrip-

tion as
T2 Uo/ho
v; = 0
0

Based on the expression for the motion we can also obtain the deformation gradient F' as

1 Uot/ho 0
F;=[0 1 0
0 0 1

and the Green Lagrange strain E

1 1 0 Vo t/ho 0
Eij = 5 (Flrll; ij — 51) = ... = 5 Vo t/ho (UO t/h0)2 0
0 0 0

The displacement vector u =  — X is given as:

X2 Vo t/ho
0
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whereby the small strain tensor € becomes

0 (’Ugt/ho)/Q 0
I Y B
=3 \ax, Tox,) = | /0 o)/ .

m Example 2.3 Pure elongation of a quadratic disc (side length hg) where the upper bound-

ary moves vertically with velocity vy:

F — — — S

e
&
The motion can be expressed as:
$1<X1,X2,X3,t> - Xl
To(X1, Xo, X3,t) = Xo+ Xovgt/ho
r3(X1, Xo, X3,t) = X3

whereby the velocity v can be obtained, in Lagrangian description, as:

0
v; = | Xov/ho
0

By using the expression for the motion the velocity can be written in an Eulerian descrip-

tion as

0
V; = xQUo/(h0+Ugt)
0

Based on the expression for the motion we can also obtain the deformation gradient F' as

1 0 0
Ej: 0 1—|—’Uot/h0
0 0 1

and the Green Lagrange strain E

0 0 0

1
By =5 (FR By —=05) = o= | 0 (o0t/ho)*/2 4 vot/hg 0
0 0 0
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The displacement vector u = x — X is given as:

0
U; = XQ Vo t/ho
0
whereby the small strain tensor € becomes

L (8 5 0 0 0

N Ui\ _
€ij =5 <8Xj + 8X¢> 0 vot/hy O
0 0 0

m Example 2.4 Pure rotation around the left corner of a quadratic disc (side length hy)

with rotational velocity w:

An arbitrary point’s initial location in the disc is described by the distance R = / X? + X3
to the left corner and angle oy = atan(X,/X;) (from the &; axis). During rotation the
angle changes with rotation according to o = ap+wt whereby the motion can be expressed

as:
(X1, X9, X3,t) = R cos(a)

xQ(X17X27X37t) = R Sin(a)
r3(X7, Xo, X3,t) = X3

which can be (after some manipulations) written as
x1(X1, Xo, X3,t) = Xj cos(wt) — X sin(wt)

To( X1, X0, X3,t) = X sin(wt) + Xo cos(wt)
r3(X1, X2, X3, 1) = X3
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The velocity v can be obtained, in Lagrangian and Eulerian description, as :

w (—X7 sin(wt) — X5 cos(wt)) —I9
v; = | w(X; cos(wt) — Xy sin(wt)) | =w | m
0 0

Based on the expression for the motion we can also obtain the deformation gradient F' as

cos(wt) —sin(wt) 0
Fij = | sin(wt) cos(wt) 0

0 0 1
and the Green Lagrange strain E
) 000
Ei-:i(Fiﬁij—aij):...: 00 0
000

The displacement vector u = x — X is given as:

X (cos(wt) — 1) — X5 sin(wt)

U; =
X sin(wt) + X3 (cos(wt) — 1)
0
whereby the small strain tensor € becomes

cos(wt) — 1 0 0

_ 1 (Qu O 0 H—1 0

“i=9\ox; Tox,) cos(wt) =
0 0 0

Problem 21 The motion of a body is given as
w(X,t) = X1 él + (XQ + Xl t/to) ég + (Xg + XQ (1 — e_t/to) ég

where ¢, is a constant [s]. Determine
a) The deformation gradient F'
b) The Green-Lagrange strain E

c¢) The velocity in Eulerian description v(x)

Answers
1 0 0
a) [F] = |t/to 1 0
0 (1—e ) 1




2.4

36 Chapter 2. Stress, motion and deformation
(t/t0)?/2 (t/t0)/2 0

b) [B] = | (t/to)/2 1/2(1—e/?)? 1/2(1—e /%))
0 1/2 (1 — e~t/t) 0

o = [0 1/t 1t (a2 21 tft0) 7]

Assignment 9 For a quadratic disc with side lengths hy we have the motion:

(X1, Xo, X3,t) = X5+ Xovot/hg
o( X1, Xo, X3, t) = Xo+ Xjuot/hg
x3( X1, Xo, X3,t) = X3

where vy is a velocity.
a) Ilustrate how the disc will deform (in 2D).

b) Determine the velocity vector in Lagrangian and Eulerian description.

c¢) Determine the Green-Lagrange strain E.

Material time derivative

Physical field quantities such as temperature, velocity, stress tensor change with time.
This change is naturally described as the time derivative of the physical quantity of a
material particle in the continuum. The particle is uniquely identified by the Lagrangian
(material) vector X. Therefore, it is useful to introduce the material time derivative
which is denoted D(e)/Dt, () or d(e)/dt. If the physical quantity ¢ is described in an
Lagrangian description ¢(X,t)

Do (X,t) . do (X, 1)

o = 0(X. 1) = (2.18)

whereas the material time derivative of a field quantity described in an Eulerian descrip-

tion ¢ (x,t) is obtained by the chain rule:

b(@(X,t),t) = d¢(w(§,t),t)
0¢ (x,t) Ox; (X, 1) . 96 (x. 1)
61’i 8t 81&

(2.19)

xr

The first part in the result is the convective part while the second part is the time deriva-

tive of ¢ in a spatial position x.
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m Example 2.5 For Problem 21 the velocity v is given in Lagrangian and Eulerian coordi-
nates as follows
0 0
[v] = X1/t = r1/to
1/t0 X e t/to ]_/t() (ZEQ — 1 t/to) e t/to

The acceleration can be obtained from the Lagrangian form directly as

0
a] = 0
—]./tg X2 e_t/to

and the FEulerian form as

v (x,t) 0wy (X, 1) N ov; (x,t)

a;
Oz, ot ot x
which in matrix form becomes
0 0 0 0
[Cli] = 1/t0 0 0 xl/to +
—t/t2e o 1 /tge 0 0| |1/t (g — 21 t/ty) e Mt
0 0
+ 0 = 0
1/to (—xo/to + 21 t/t2 — 21 /ty) et —1/t2 (zy — w1 /1) et

Reynolds’ transport theorem for a material volume

In the balance laws physical quantities are integrated over the volume of interest. The

integration can be performed for the current volume of the continuum €2:

/Qqad;c

By substituting the volume € to the initial volume (undeformed) of the continuum Qg we
obtain (using results from Math see e.ghttps://en.wikipedia.org/wiki/Integration_
by_substitution):

/gbd:v: 6JdX (2.20)
Q Qo

where J = det(F).
Note: The volume change of a body V/Vj is given by J = det(F'). This follows immedi-
ately from (2.20) by setting ¢ = 1.
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https://en.wikipedia.org/wiki/Integration_by_substitution

2.6

38 Chapter 2. Stress, motion and deformation

The material time derivative of a volume integral of ¢ can now be obtained as (using that

) is constant):
d d . .
S pda = f/ JdX:/ J+eidx 2.21
dt/gd) r dt Qo(b Qo(b +¢ ( )

The time derivative of the volume change J is given by (here without any proof):
J=div(v)J or J=uv;J (2.22)

whereby we can obtain Reynold’s transport theorem:
d do ov;
— = — : 2.2
3 Jy o /Q(dt +¢8xi> dx (2.23)
Assignment 10 Show that (2.23) for ¢(z;,t) can be written as:

bt =5,

daz—l—f n; v; ¢ ds
r

Reynolds’ transport theorem for a control volume

In fluid mechanics quantities are often measured in a control volume 2. with boundary
['.. This control volume do not in general follow the movement of the material particles

in the continuum as is illustrated in the figure below.

At time t the position of a control volume element element is ¢ and its velocity v°. Note
that although the position of a control volume element and a material point element P

coincides at time ¢, i.e. x° = @, their velocities v° and v differ.

How [ ¢dx changes with time can be obtained from the general form of Reynold’s

d B dé s
(h/szc¢dm_/szc ((jlt+¢8a:9> dx. (2.24)

)

transport theorem:



https://en.wikipedia.org/wiki/Reynolds_transport_theorem#Erroneous_sources
https://en.wikipedia.org/wiki/Reynolds_transport_theorem#Erroneous_sources
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This follows from the same arguments as in (2.21)-(2.23). Two special cases are common:

e The control volume elements are equal material point elements (they follow the
deformation) then v® = v and (2.23) is re-obtained. This assumption that the
control volume elements are "nailed” to the material elements are often used in
solid mechanics.

e The control volume elements are fixed in time which means that v® = 0. This gives
that if ¢(z,t) we obtain:

dq§d

d )
S paw= [ &2 :/ ki d
dt /chb * Q. dt * Q. Ot *

a€e

9 .. 9
T ot dm_/gc ot

axe
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Field equations

3.1

3.2

Physical quantities of a continuum

We consider a body occupying a region 2 at time ¢. The state of the body is assumed
to be given by the quantities: mass M; momentum P; angular momentum IV; kinetic
energy K and internal energy U. Before giving the expressions of these quantities we

remind us the corresponding expressions of P, N and K are given for a point mass m as:

P=muv orP =muy
N =mxz xv orN;=me,x;v

K=mv|*/2 or K =mu;v;/2

With this at hand and by assuming a density field p(«, t) and a velocity field v(x, t) then
the M, P, N and K for a body can be expressed as:

M = /,odsc, (3.1)
Q

P = /pvida:, (3.2)
Q

N; = /eijkxjpvkda:, (3.3)
Q
1

K = /Qipvividm. (3.4)

In addition to these quantities the internal energy U is also introduced. U represents
energy such as strain energy and thermal energy which together with the kinetic energy
sums up to total energy of the body. Later U will be given more explicitly but at this
stage we assume that the body has an internal energy density field e(x,t) such that:

U:/Qpedzc. (3.5)

Input quantities

A schematic figure of a continuous body is given in Figure 3.1 with the field variables p,

v and e.

Now we assume that the body is subjected input quantities that can change the state of
the body, see Figure 3.1. The mechanical loading is given by a volume force f (force per

unit mass) and a boundary load ¢ (force per unit area). Thereby the total force F' and
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Figure 3.1: Illustration of a continuum €2 with boundary I'.

moment M and mechanical power input to the body become:

F, = / pfidx + ]{ t; ds, (3.6)
Q r
Mz’ = /Qeijkfﬂjpfk dx —|—j§eijk:1:jtk dS., (37)
r

Additionally, the body is subjected to the internal heat source £ (energy per unit mass)

and heat input —g; (energy per unit area) resulting in the heat power input:

H= /ngdx+7§—qﬁ ds (3.9)

Physical conservation principles

Now the physical conservation principles are used to define how the state i.e. the mass M,
the linear momentum P, the angular momentum IN and the total energy K + U change

of the body change with the mechanical and heat input.

Conservation of mass

Mass is in classical mechanics assumed to be conserved which can be written as:

. d
sz/ dz = 1
3 JoPd® 0 (3.10)

By using Reynold’s transport theorem (2.23) we obtain:

. d
3t Jopde = | (p+ puig) da (3.11)
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The mass conservation is assumed for all choices of € (this argumentation is called local-
ization) whereby:
p+pv,;i=0 inQ (3.12)

This equation is called the continuity equation.

The continuity equation can be used together with Reynold’s transport theorem to show

that for an arbitrary field quantity ¢:

d d .
= [ pode= [ S(po)+povide = [ pida (3.13)

This result is denoted the modified Reynolds’ transport theorem.!

Problem 22 Assume that the Eulerian description of the velocity field of a body is
given as:
2 Vo l’l/L
[Ui] = | Yo 372/ L
Vo .733/.[/
For the case that vg/L = 1 [1/s] describe how the density p is changing from its initial
value py.

Answer: p = pge

Conservation of linear and angular momentum - Newton’s laws

Newton’s laws state that the material time derivative of the linear momentum P and the

angular momentum IN are determined by the applied force F' and moment M as follows:
P, = F,

By using modified Reynold’s tranport theorem (3.13) and equations (3.2) as well as (3.6)

we obtain:
R:/pdidw:/pﬁdw—l—?{tids (3.14)
Q Q r
The next step is to use Cauchy’s stress principle ¢; = 0j;7; and the divergence theorem:
Q

The localization argument now yields the momentum equation:

Ojij + p Ji = pii (3.16)

d d .
Tt can also be shown by instead integrating over the mass: T Jopode = T [, ¢dm = [ ¢dm =
Jopoddz
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By using the same steps for the angular momentum N; = M; we will arrive at the result

that the stress tensor must be symmetric:

o' =0 or o, =0y (3.17)

However, we leave those derivations to Hand-in assignment 12.

Problem 23 For a plate with length L, height H and thickness b the non-zero stress

field components are given by:

6fza, o 2x3/3 — H*/10
o1 = — 2 (L°—a7) [ 1+ L2 — g2 ’

09 =—fas (1 —4x5/H?) /2, o1p=3fx1(1—4x5/H?)/2

The plate is subjected to quasistatic conditions, i.e. ¥; &~ 0, compute the volume force
[N/m?] that acts on the plate.

Answer:

lpfl=1[0—f0"

Assignment 11 A rectangular disc with width by, height by and thickness h rotates
with angular velocity w = wy e around x5 axis.

Assume that the density is constant pg.

T2

T

Determine the angular momentum of the disc.

Assignment 12 Use the principle of angular momentum to show that the stress tensor

o is symmetric.

Conservation of energy - 1st law of thermodynamics

The 1st law of thermodynamics says that the material time derivative of the total energy

of a body is equal to the power input:

K+U=W+H (3.18)



3.3 Physical conservation principles 45

If we now use modifed Reynold’s transport theorem (3.8) and equations (3.4), (3.5),(3.8)

as well as (3.9) we obtain:

/pvm—i-pédw = / pfz-vz-dm—kf t vids—l—/ pc‘:dm—i-% —qp ds (3.19)
Q Q r Q r

Before we can use the localization argument the boundary integrals must be changed to
volume integrals. The first of the boundary integrals is re-written using the Cauchy’s

stress theorem as follows:

j{ tz UidS = ‘74 ﬁjo-ji Uidli = / 0ji5 Ui + 0ji Uz‘J‘dw (320)
r T Q

The second boundary integral is re-written by assuming that the heat flux ¢, is given by

the heat flux vector g according to:
o =M - q ="N;7; (3.21)
thereby the divergence theorem gives us:
f—qﬁ ds :/ —q;; dx (3.22)
r Q
Now the 1st law of thermodynamics can be written as:
/ pUZ’Ul + pe - sz Uy — 0445V — 04 Vg5 — pg + Gii de =0 (323)
Q

The balance of linear momentum (3.16) now together with the localization argument

results in the energy equation:

pe — V045 + Gii = pg (324)

Assignment 13 By taking the material time derivative of the kinetic energy in (3.4)

and using the balance of linear momentum show that for a purely mechanical problem

(H=0):
K+/ O'ij/Ui,jdm:W
Q
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3.4 Summary of field equations and field variables

A summary of the field equations and the field variables for a continuum are shown in
the table below.

Balance law Field variables | No equations
p+pui;=0 p; Vi 1
pUi=0ji;+pfi i 3
Oij = O0j; Oij 3
peé=0ivi;—GitpE €, q; 1
Tot. 17 Tot. 8

By counting the number of equations and unknowns we can conclude that 9 additional
equations that must be formulated. These equations are the constitutive models that

should mimic the material behaviour observed in experiments.



0

Constitutive models

4.1

The standard way to define constitutive models in solid mechanics, fluid mechanics and
heat transfer is to describe how internal energy e, stress o and heat flux ¢ depend on other
field variables such as density p, temperature ¢, temperature gradient ¢, displacement
gradient u; ; and velocity gradient v; ;. These models with their material parameters are
based on experimental observations. In this section we will merely introduce some of most

common (and simplest) constitutive models for heat transfer, fluids and solids.

The constitutive models are determined by the material properties. The material can be
homogeneous meaning that properties are the same in the body €2 otherwise the material
is heterogeneous. If the properties are the same in all directions then the material is called
isotropic. For some materials the properties are anisotropic. Examples of the latter are:

wood, composites and fibre reinforced concrete.

Fourier’'s law of thermal conductivity

Heat can be transfered by convection (motion of fluid), radiation (electromagnetics) and
conduction (diffusion processes). For heat conduction the standard constitutive model is

Fourier’s law. For an isotropic material this law takes the form:

where the linear coefficient k is the thermal conductivity and © is the temperature. The

temperature © is now assumed to give the internal energy e according to:
e=1c,0 (4.2)

where the constant ¢, is the heat capacity of the material. If we consider a purely thermal

problem (i.e. assuming o;; = 0) then the energy equation (3.24) reads as follows:
pé=—q;+p&
By inserting (4.1) and (4.2) then we obtain the transient heat conduction equation:

pc,©® =k0O,;+p& (4.3)


https://en.wikipedia.org/wiki/Thermal_conduction

4.2
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Viscous fluids

The simplest possible contitutive of a fluid is an ideal fluid. In this model the stress is

assumed to be purely volumetric:
oi; = —p(p, ©) b5 (4.4)

This means that such a fluid cannot sustain shear stresses. The pressure p is assumed to
follow the ideal gas law
p(p,©) =pRO/my (4.5)

where R is the gas constant, m, is the mean molecular mass of the gas.

Most fluids are not ”ideal” since they are a bit "sticky” and are able to sustain shear
stresses. Therefore, a viscous stress 7 is introduced for and the stress o is additively
decomposed according to

i = —p(p,0) bij + 7 (4.6)

For the case of an isotropic Newtonian viscous fluid we assume that the viscous stress 7

is linear in terms of the strain rate tensor D as follows

where the strain rate tensor D is defined from as the symmetric part of the velocity

gradient:

1
Dij = 5 (Ui,j + Uj,i) . (48)

In (4.7) the material parameters \* and the dynamic (shear) viscosity u* were introduced.

Now the stress becomes:

The mechanical pressure ppech = —0mm/3 can be computed as:
1 * 2 *
Pmech = _go'mm = p(p7 @) - ()\ + g v ) Dy, (410)

If we introduce the Stoke’s condition that pyesn = p(p, ©) then we can for a Newtonian

viscous fluid obtain that

v

O35 = O_(;Lev + %51] = 2,“/*D?jev _p(p7 @) 6ij (411>

where 09®" and D% are the deviatoric stress and deviatoric strain rate tensor, respec-

tively. Stoke’s condition means that the pressure in the fluid is strain rate independent.


https://en.wikipedia.org/wiki/Ideal_gas_law
https://en.wikipedia.org/wiki/Viscosity
https://en.wikiquote.org/wiki/Sir_George_Stokes,_1st_Baronet
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The Navier-Stoke’s equations are now simply obtained by inserting (4.11) into balance of

linear momentum (3.16) together with the continuity equation.
Often for fluids one can assume that they are incompressible. From the conservation of

mass and the incompressibility p = 0 it follows from the continuity equation (3.12) that:

Vi =Dy =0

)

In this case D% = D and, without using Stoke’s condition, we obtain (4.11) from (4.9).

Problem 24 Assume the constitutive equation o;; = (—p + X Dyy) 65 + 2 uD;;. Show

that the equations of motion can be expressed in the velocity field as:

PO = pfi = pi+ (A @) vy + v ;.

Linear elastic isotropic solids

The constitutive model for linear elasticity is denoted Hooke’s law. Originally the law

was defined for a linear spring but generalized to an isotropic solid it reads as follows
Oi5 = >\€kk 52’]’ + 2/J €ij (412)

where ¢;; is the small strain tensor defined in (2.15). A small strain assumption has been
made and it is therefore the small strain tensor can be used. This also means that the
density p can be assumed to be approximately constant. The model parameters A and p
are the Lame’s constants, which are related to Young’s modulus £ and Poisson’s ratio v

as follows
Ev E

A AT a=2y T ot

Assignment 14 The equations
pg i 4 (A + ) wygi + pfi = pil.

are called Navier’s equations and may be used to solve elastodynamic problems with

displacement-type boundary conditions. Derive these equations by combining the

momentum equation and Hooke’s law.



https://en.wikipedia.org/wiki/Robert_Hooke
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