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1. Tensors

1.1 Index notation

Before introducing concepts of tensor algebra we introduce the index notation. The index
notation simplifies writing of quantities as well as equations and will be used in the

remaining of this text. There are two types of indices:

e Free indices are only used once per quantity and can take the integer values 1, 2

and 3. For example:

a; < ai, asand ag

a;=b; & alzbl,agzbgandagzbg
Similarly we can have two (or more) free indices

a;j € ai, 12, @13, A1, (22, 423, (31, A3z and ass

a;; = by & a1 = b1, a2 = big, a13 = b3, ..., agx = b3y and azz = b33

e Summation indices are used twice per term and indicates a summation of that index

from 1 to 3. For example:

M-
2

Ai; =
=1
3
a; bl <~ Z a; bl
i=1
3 3
aijby & D) aiby

i=1j=1

This sum over repeated indices is often called Einstein’s summation convention.

Often these two types of indices are used together. A simple example is the equation

system
3 3 3
CL'L:T;]b] PN alzlejbja QQ:Zszbjanda;g:Zngbj
7j=1 7j=1 j=1

Another way to express this equation system is to use matrices (in this example two

column matrices 3 X 1 and a square matrix 3 x 3):

a, Ty Ty Tis by
a2 = | To1 T To3 by (1 : 1)
as T3 T3 Tig b3
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which also sometimes is written by using index notation:

[a;] = [Ti;] [b] (1.2)

Problem 1 Explain the following symbols: A, Aijj, Aij, a;Aqj, cibjAij.

For each index tell whether it is a summation/dummy index or a free index.

VR

Problem 2 Use index notation to re-write the following expression: fiu; + fous + f3us

Answer: f; u;

Hand-in assignment 1 (a) Use index notation to re-write the following expression:
biicidy 4 biacady + bigcsdy + baycidy 4 baacads + bagesds + bsicids + bsacads + bsgesds.
(b) Expand a;;x, by, by giving the terms explicitly.

Matlab example 1 An example of using Matlab commands for matrix definitions (for

T and b) and multiplication a; = T;; b; is given below:

>> T=[123; 456; 78 9];
>> b=[1 2 3]’;
>> a=Tx*b

14
32
50

1.2 Vectors

‘ For further reading see Reddy 2.2 Vector Algebra.

Orthonormal base vectors

To describe many physical quantities (such as force, displacement, velocity) both magni-

tude and direction must be given. Hence, these quantities can be described by vectors (1st
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Figure 1.1: Illustration of vector a.

order tensors) in a 3-dimensional Euclidean space. By introducing a set of right-handed
orthonormal basis vectors {€;,é,, €3} any vector a = f@ can be expressed as a linear

combination these basis vectors, é;:
a = a1é1 + agéz + CL3é3 = ajéj. (13)

as shown in figure 1.1. The coefficients a; or (ay, as,as) are the components of a with
respect to the basis €;. The length (=Euclidean norm) of a vector a is denoted a or |a|.

For normalized vectors (describing only direction) the following notation is introduced:

. a
e, = E, (14)
whereby a vector a can be written as a = a é,. Examples of normalized vectors are the

basis vectors {€1, é, é3}.

Scalar product

To each pair of vectors a and b there corresponds a real number a - b, called the scalar

product. The scalar product can be obtained as (see figure 1.2):

a-b=abcosb (1.5)

whereby it is possible to express the length of a vector a = |a| as follows

a=lal=+va-a (1.6)

By now applying the scalar product between the orthonormal basis vectors {&;, é;, és},

the following results are obtained
é;- & = 0i (1.7)
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Figure 1.2: Illustration of scalar product.

where

)] 1 when i=j
1o when 1 #£ j

The symbol 9;; is called the Kronecker delta symbol. The scalar product between vectors

is a bilinear operator and has the following properties:

a-(ab+fc) =aa-b+pfa-c

(da+pb)-c =aa-c+pb-c

where « and [ are scalars. These properties can now be used to show that the scalar
product between two vectors a and b may be written as

a b= aibjéi . éj = aibjéij = aibi (19)

and that the scalar product is commutative i.e. @ -b = b-a. An observation is that the
components a; of a vector a can be extracted by scalar multiplication with corresponding
base vectors é;, i.e.

Vector product

Another product that is useful is the vector product a x b, that is illustrated in Figure 1.3.
The result is a vector that is orthogonal to the plane spanned by a and b (with a right-
handed system) and has a length

la x b] = ab sinf. (1.11)

By applying the vector product to the orthonormal basis vectors {&é;, és, €3}, the following

results are obtained

éi X éj = eijk:ék:a (112)
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Figure 1.3: Illustration of vector product.

where
1 when 17k = 123, 231 or 312

eijk =4 —1 when 17k = 321, 213 or 132 (1.13)

0 otherwise

The symbol e;;;, is called the permutation symbol. The vector product is bilinear i.e.

ax(ab+pfe) =aaxb+faxc

(da+pb)xec =aaxc+pbxc
whereby the vector product between two arbitrary vectors becomes
axb= aibjéi X éj = aibjeijkék. (114)

An observation is the relation a x b = —b x a which is found by using the properties of
the permutation symbol. The permutation symbol and the Kronecker’s delta symbol are
linked by the so-called e-d identity:

€ijmClkim = 5z‘k;5jl - 5il5jk« (1-15)

Open product

Open product (also called outer product) between two vectors @ and b results in a 2nd

order tensor T' (also called dyad) as follows
ab= Cliéi bjéj = Qa; bj él éj = ﬂ]ézé] =T (116)

The open product is bilinear but not cummutative i.e. @b # ba in general. "2nd order

tensors will be exploited further in Section 1.3.
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Column matrix representation of components

In a given coordinate system defined by the basis vectors {é;, €, €3} a vector a or rather

the vector components a; can be collected in a column matrix as follows
[a] = [a;] = [a1 as as]" (1.17)
An example is the base vector é; that is represented by the following column matrix
[é]=[100]" (1.18)
Therefore, the scalar multiplication between two vectors can be obtained as

a-b=ab; =[a]" [b]. (1.19)

Coordinate system transformation

A vector must be invariant with respect to coordinate system. Assume two different
sets of orthonormal basis vectors {&;, &;, €3} and {é’l, é,, ég}. The vector b can then be

written as

b=beé =bé (1.20)

The components b can be extracted from b as
V,=¢€ -b=2¢& -bjé;=¢& &b (1.21)
In matrix notation this can be written
B] = (1] o] = [&; - &) [b] (1.22)

where the transformation matrix [I;;] is orthogonal, i.e. [I;]" = [l;] "

Problem 3 Determine the unit length vector along a = 4é; + 6 é5 — 12 é5.
Answer: @ =2/7¢é;+3/7éy —6/Té3

Problem 4 Compute the projection of the vector a = 4é; + 6 é; — 12 &3 on the line
defined by the vectorb=1¢é; +1é5+ 1é3
Answer: —2/+/3

Problem 5 Expand the following expressions of the Kronecker delta 9;;:
0505, 0i50x0ki, Oij Aik

Answers: 3, 3, Ajp.
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Problem 6 Compute the unit normal to the plane

(-1,6,2)
()

(07 47 1)
R °
€3
€

(2,270)

€

Answer: i~ —0.45 e, + 0.89 &5

Problem 7 Prove that for three arbitrary vectors a, b and ¢ the following relation
holds:
ax(bxec)=(a-c)b—(a-b)c

Hand-in assignment 2 A thin rigid bar OA with masss m and length 5a is attached
without friction in a joint at O. The bar is kept in equilibrium by two light cables AB
and AC acc to the figure. The cable AB is attached to the bar at B with coordinates
(3a;0;3a) and the cable AC is attached to the bar at C with coordinates (—a;2a; 5a).

)|
\

S A
(@)

Determine the forces in the cables AB and AC at equilibrium (g is the acceleration

of gravity in the negative z direction).
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Hand-in assignment 3 Give the component of the vector a in the rotated coordinate
system {&.}. This coordinate system is obtained from the coordinate system {&;} by
rotating around the é3 axis according to the figure.
)
é A

/6

€

»
>

The components of the vector @ in the coordinate system {&;} are given as [—1 4 3]7.

Matlab example 2 Example of Matlab input file to define e;;,-operator and vector

product ¢, = a; b; ;5

hdefinition of permutation symbol
perm=zeros(3,3,3);
for i=1:3
for j=1:3

for k=1:3
Yoo
if ¢ (i==1) & (j==2) & (k==3)) | ((i==2) & (j==3) & (k==1)) |

((i==3) & (j==1) & (k==2))
perm(i,j,k)=1;
elseif ( (i==3) & (j==2) & (k==1)) | ((i==2) & (j==1) & (k==3)) |
((i==1) & (j==3) & (k==2))
perm(i,j,k)=-1;

end
Yototo

end

end

end
Jcomputation of vector product c_k= a_i b_j perm_ijk
a=[1 2 3]7;
b=[4 5 6]°;
c=zeros(3,1);
for k=1:3
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c(k)=0;
for i=1:3
for j=1:3
c(k)=c(k,1)+a(i)*b(j)*perm(i,j,k);
end
end

end

1.3 2nd order tensors

‘ For further reading see Reddy 2.5 Tensors.

Representation of 2nd order tensors

2nd order tensors are physical quantitites that describe how vectors change with e.g.
direction and position in space. Examples of 2nd order tensors that we will explore later
are the stress tensor, strain tensor, velocity gradient and the deformation gradient. A 2nd

order tensor T is represented in a orthonormal coordinate system {€é;, é;, €3} as
T = T,é8;, (1.23)

where T;; are the nine components of T and é;€; are the base dyads. The base dyads é;€;
are 2nd order tensors themselves and T is built up by a linear combination of these scaled

by the components Tj;.

Scalar product between 2nd order tensors and vectors

Now consider a linear transformation of a vector b into a

N

This may be written symbolically by introducing a scalar product as

S

a=T-b (1.24)

where the linear operator T' is a second-order tensor. Before proceeding we define the

scalar product between a base dyad and a base vector as:

A A
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The scalar product between a 2nd order tensor and a vector is assumed to be bilinear. If

we use index notations then such a scalar product can be written as:
——
a;

Often we omit the basis and simply write the relation between the components, i.e.

It is then implicitly assumed that the same basis vectors are used for all variables. If we

switch the order of the vector and the 2nd order tensor in the scalar product
——
Ck

or in short ¢ = b; Tj,. A consequence of these results is that:
T -b=>b-T"

where the transpose of the tensor is defined as T = T;; é;€;.

By using this scalar multiplication twice it is possible to find the components of a 2nd
order tensor Tj; by

An example of a 2nd order tensor is the stress tensor o from which the traction vector

t(n) can be obtained as t(n) =n - o.

n
t(n)
A special 2nd order tensor is the identity tensor §:
0 =0;;€;€; = € (1.30)

with the property that it does not transform a vector a when scalar multiplied with 6,

i.e. -a =a-0 = a or written by using only the components d;; a; = a; ;i = a;.

Multiplication between 2nd order tensors

Scalar multiplication (also called single contraction) between two base dyads is defined as

(8:6;) - (Ex8)) = &; (&; - €1) & = &; 6,18, = 6,18:€, (1.31)
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This scalar multiplication is assumed to be bilinear and therefore the scalar multiplication

of two 2nd order T' and U can be written as
T . U - Tzij éléj . Uklékél = T;j Ukl él 5jk él == T;‘j Ujl ézél == V (132)
——
Vi
or in terms of components T;; Uj, = Vi;. Further, by applying the transpose operator to

such a product it is straightforward to show that

(A-B)'=B". A" (1.33)

Similarly, if we introduce the double contraction operator between two base dyads as

and assume bilinearity of that operator. Then double contraction between two 2nd order

T and U results in a scalar o« and is obtained as

T . U:T‘Z] Uij = (135)

Symmetric and skew-symmetric 2nd order tensors

As introduced earlier the transpose T'' of a 2nd order tensor T is defined as follows:

Many second-order tensors in mechanics are symmetric which means that the tensor and
its transpose are equal e.g. TT = T or in components T;; = Tj;. Another type of tensors
is the skew-symmetric second-order tensors. These have the property that the transpose
of the tensor is equal to the tensor with a minus sign, e.g., T* = —T or Ti; = —Tj.
Clearly, for such a tensor the diagonal elements (in a matrix representation) must be

equal to zero.

Matrix representation of components

Equation (1.27) represents a linear system of equations between vector and 2nd order

tensor components. This system of equations can be written in matrix notation as

Tll T12 T13
[a1 a9 ag]T == T21 TQQ T23 [bl bg bg]T .
T31 T32 T33

This shows why second-order tensors often are represented by 3 x 3 matrices. Note that
it is only the components of a, b and T' in the coordinate system {é;, éy,é3} that are
represented by the matrices. If the coordinate system would be changed then also these

components would change.
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Inverse of a 2nd order tensor

If we assume that the tensor T' gives the linear transformation @ = T - b between the
two vectors b and a. Then we can introduce the inverse T ' of this transformation as

b=T""a. If we express these two relations in components
a; = T;'j bj and bl = T;;l Q; (137)

then it is obvious that the components of the T can be found using standard matrix

inversion i.e.

ij

75 =) (1.38)
Hence, standard rules for matrix inversion apply also for tensor components such as
(rT-u)*'=Uu"'-T"

Coordinate system transformation

A 2nd order tensor is invariant with respect to coordinate system. Assume two different
sets of orthonormal basis vectors {&1, é;, €3} and {é/l, é,, ég}. The 2nd order tensor T'

can then be written with either basis vectors:

T = T,e.8; = T, (1.39)

ij
The components T}; can be extracted from T' as

=€ T & =¢& &T.8é:¢ (1.40)
In matrix notation this can be written

(T3] = (1] [Tua) (10" (1.41)

where the orthogonal transformation matrix [l;;] was defined in (1.22).

Higher order tensors

It is possible to construct tensors of any order (or rank) as follows:

In particular, fourth-order tensors are frequently used to, for example, give the relation

(material behavior) between the second-order tensors stress and strain.
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Problem 8 If @ and b are vectors and A and B are 2nd order tensors show that
a) (a-A)-b=a-(A-b)

b) (A-B)"=B". A"

¢c)(A-a)-(B-b)=a-(A"-B)-b

Problem 9 The components of the 2nd order tensors and vector are given as:

120 300 2 1
[Aij] =12 3 4|, [Byl 03 1|, [a]=13], [b]=]-1
04 2 01 2 1 9
Compute
a) A-a
b)a-b
c)A:B
d) A:(ab)

Answers: a) [8, 7, 4]T, b) 1, ¢) 24, d) 19.

Problem 10 Show that A;; = e;jray is skew-symmetric (i.e. A;; = —A;;).

Problem 11 If A;; is symmetric and B;; is skew-symmetric. Show that A;; B;; = 0.

Problem 12 2.10 a in Reddy
2.10 Determine the transformation matrix relating the orthonormal basis vectors

(€1, &, €3) and (&, &, €;), when & are given by

(a) €] isalong the vector €, — €; + €3 and €, is perpendicular to the plane 2x; +
3x0+x3—=5=0.

Answer:
e} . V14 =14 14\ (&
el = —12v3 3V3 3 e
Gl =g |28 v Ve | le
€, —4 1 b} €3

Hand-in assignment 4 Given the Sherman-Morrison’s formula:

o
Alz& QU; V54 thenATl:(S,--—iuiv-
J ]+ J 1) 1+Oéuk?]k J
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Show that by using Sherman-Morrison’s formula if A;; = B;; + ovu;v; then

a 1

Al =B - B, vy By
%) %) 1+ Qv Bk:_ll u m nj

Matlab example 3 An example of using Matlab commands for matrix definitions (for

A and B) and computing the contraction ¢ = A;; B;; is given below:

A=[123; 456; 789]; B=[321; 65 4; 98T7];
>> c=sum(sum(A.*B))

273

1.4  Principal values and principal directions

‘ For further reading see Reddy 2.5.5 Eigenvalues and Figenvectors of Tensors.

A second-order tensor can be, as discussed above, thought of a linear transformation
between vectors, i.e. a = T - b. Important properties of a second-order tensor are its
eigenvectors (principal directions) and eigenvalues (principal values). Eigenvectors are
defined as vectors that do not rotate upon transformation with the second-order tensor.

If n now is an eigenvector to T this can be illustrated as

This can be written as

The eigenvectors . are chosen to be of unit length whereby it is possible to identify
the length of the vector T' - n as the corresponding eigenvalues A. The way to find the
eigenvalues and eigenvectors is to rewrite (1.42) as

J
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A trivial solution to this equation is that n = 0. However, it is possible to find non-
trivial solution if (Ad — T') is non-invertible. From linear algebra we know that then the

determinant of the matrix [Ad — T'] must be zero, i.e.
det (T —Xd) =0 (1.44)

which is called the characteristic equation. An important theorem from linear algebra is
the spectral theorem which states that for symmetric matrices the eigenvalues are real and
the eigenvectors are orthogonal. In the current course we will only consider eigenvalues
and eigenvectors for symmetric second order tensors (i.e. stress, strain, etc) and for such

a tensor the characteristic equation can be obtained as

Ty —X T T3
Tiy, Too—XA Ty | =Tu—A)Te—-A)(Tn—A)+
T3 Toz T3 —A
Tio To3 Thz + Th3 Tho Tos — Tiy(Tos — A) — Ty (Thn — A) — (T3 — A\) T, = 0

This third order polynomial equation can be summarized as
NN+ LA—13=0 (1.45)
where the invariants of the second-order tensor T' were introduced as
I =Ty, L= [T T — TyT5] /2, 13 = det(T}) (1.46)

After solving the three eigenvalues AV, A \®) from (1.45) we can solve the correspond-

ing eigenvectors AV, A® A® from (1.43).

Problem 13 2.30 a in Reddy

Find eigenvalues and eigenvectors of:

4 -4 0
-4 0 0
0 0 3

Answers:

er = (—0.53,—-0.85,0)" e5=(0,0,1)" e =(—0.850.53,0)"




18 Chapter 1. Tensors

Problem 14 2.30 b in Reddy

Find eigenvalues and eigenvectors of:

2 -3
_\/g 4
0 0

- O O

Answers:
M=1 X=4 N=5

T T
1 V3
,0) €5 = +(0,0,1)" e§:i< —f,o>

w
N | —

-+ (3

Hand-in assignment 5  a) Use the fact that eigenvectors A of a symmetric 2nd

order tensor T' are orthogonal to show that T' can be expressed as
T = \OaLa0 + A/ 3 + AGAB /G

b) Given that the exponential function of a scalar and a 2nd order tensor are

defined as:
fe’e) Tk

00 ak
expla) =3 %, ep(T) =3

k=0 k=0
Show that

and use this to compute exp(T') where T' is represented by the the following

matrix (in a é; system)

7] =

S = O
S W =~
N O O

Matlab example 4 An example of using Matlab commands for matrix definitions (for

A ) and computing the eigenvalues and eigenvectors given below:

>> A=[1 2 3; 24 5; 35 6];
>> [n,lambdal=eig(A)
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0.7370 0.5910 0.3280
0.3280 -0.7370 0.5910
-0.5910 0.3280 0.7370

lambda =
-0.5157 0 0
0 0.1709 0
0 0 11.3448

Spatial derivatives

‘ For further reading see Reddy 2.4.2-2.4.3

1

A tensor field describes how the tensor depends on the spatial location & in the body 2
and the time ¢, e.g.

e Scalar field (such as temperature, pressure) ¢ = ¢(x,t) or ¢ = ¢(x;,t)
e Vector field (such as displacement, velocity, force) u = u(x,t) or u; = u;(z;,t)

e Second-order tensor field (such as stress, strain) T' = T'(x, t) or T;; = T} (xy, t).

To measure how such quantities change within the body the gradient (differential vector)

operator V is introduced as

0
V=¢_— 1.47
& o (1.47)
By applying the gradient operator via an open product (from the left) to a scalar field
¢(x,t), a vector field u(x,t) and a second-order tensor field T'(x,t) the following results
are obtained o6 5 T
A Uj o A ik A A A
Vo= a—xiei , Vu= Téeiej ., VT = G—;eiejek. (1.48)

It can be noted that the tensor fields are always increased by one degree in this using this

procedure. Later we will also need to apply V from the right on a vector field u(x,t)
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which is defined as
_ Qi g

€, €;
8x]~

uV (1.49)

By instead applying the gradient operator via a scalar product (from the left) to a vector

field u(x,t) and a second-order tensor field T'(x, t) result in

. 3u2 aﬂ] ~

‘U= V.-T= i 1.50
Vou (‘99(:2 ’ 83:1 € ( )

This is also called the divergence with the following notation
diviu)=V-u, div(T)=V_-T. (1.51)

For the divergence operator the tensor fields are always decreased by one degree.

Another product that can be used with the gradient operator is the vector product. The

vector product with the gradient operator defines the curl of a vector field

curl(u) = V x u = ¢;;,0;u;é (1.52)

To further compress the notation we introduce the index form of the gradient operator,
0; = 0/0x; = &; - V, or even more compactly, a subscripted comma which for example
results in:

Vu= 8Z‘Uj éléj = Uj; ézé] s le(T) = 8@E] éj = T;jﬂ‘ éj. (153)

Later in this text we will omit the base vectors and simply work with the components of

the tensors e.g. Ju;/0z;, u;j, T;;; etc.

Problem 15 Show that:
a)Viea-x)=a+Va-x

b) V-(axb)=(Vxa)-b—(Vxb) -a
) V-(AT-b)=(V-A)-b+A:Vb

Hand-in assignment 6 If a is a vector. Show that:
a) V- (Vxa)=0
b)ax (Vxa)=1/2V(a-a)—a-Va

1.6 Divergence theorem

‘ For further reading see Reddy 2.4.5
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N
S

1

Gauss’ divergence theorem is an important and useful theorem, which allows us to convert

the volume integral of a divergence into a surface integral as follows

/V-udm:fﬁ-uds or / ui,idm:j{ﬁiuids (1.54)
Q r Q r

where I is the closed boundary surface of €2, and 71 is the outward normal unit vector to
I'. This theorem can now be applied for tensor fields T by setting u; = T;1, Tjs and T;s.
Thereby we obtain

fQ Tﬂ,z‘ de = fr n; 11 ds

fg Ti?,i de = fp N T ds

fQ TiS,i de = fr N Tz ds

which can be summarized as:
/T] da :fﬁiTij ds or /div(T) da = f A-Tds (1.55)
Q r Q r
If we instead apply the Gauss’ divergence theorem to a scalar field for the three cases
U =9, up=u3z =20

u =0, up=¢, u3 =10

U1 :O,UQ:O,nggb

we obtain
/Qaqs,ida; - frmds or /dea: - ﬁfwds (1.56)

In practice, the name divergence theorem refers to equations (1.54), (1.55) and (1.56).

Problem 16 By using the divergence theorem show that: ¢, z;7n;ds =V d;;.

Hand-in assignment 7 Proove the following formula: [, v;0;0,; dx = §p 1040 ds —

Jo 0ij05pi de.







(2. Stress, motion and deformation

2.1 Stress analysis

‘ For further reading see Reddy 4.1-4.3.2 ‘

The stress (also called traction) vector () is defined as the force acting on an area with

normal 7. In a point of a body the stress vector is defined as

t(R) = lim ilg (2.1)
R
t
AS

A property of the stress vector is that it must follow Newton’s third law for action and
reaction. Therefore, in the same point of a body the stress vector on the area with normal

7 and normal —n must be opposite. This means that

t(R) = —t(—n). (2.2)

To find a relation between the normal 7o and the stress vector ¢(n) we study a tetrahedral

element:

€3

t(n)
/ "
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The tetrahedron is assumed to have the four surfaces defined as

1. normal nn and area A subjected to stress vector (),
2. normal —é; and area A; subjected to stress vector t(—é;),
3. normal —é, and area Ay subjected to stress vector t(—eés),

(—e

3)-

4. normal —e3 and area Aj subjected to stress vector ¢

The relation between the areas A, Ay, Ay, A3 and the components of 72 can be conveniently

derived by using the divergence theorem (show this at home!):

—élAl—égAg—égAg—F'fLA:O.

(2.3)

From these three equations we can identify that A; = n; A. Next step is now to study

equilibrium of the tetrahedron:
t(n)A+t(—eé) A +t(—é2) Ay +t(—e3) A3 = 0.
If we use the relation between the areas and Newton’s third law we obtain:
t(n) =t(é)ng + t(és)ng + t(és3)ns.

The second-order stress tensor o is defined based on t(é;) such that

[Uzj] = [tj (&)
or more explicitly
o1l Ol12 013 ti(é1) ta(ér) ts(ér)
091 099 093 | = | t1(€2) ta(€2) ts(é2)
031 032 033 ti(és) ta(és) ts(és)

This can be graphically shown as (here 2d):

(2.6)
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To sum up, the relation between the stress vector ¢ and normal vector n is obtained via
the stress tensor o as follows:

:n-o':o'T-n OI'tZ':TLjO'ji:O'ij;-nj. (27)

This relation is the so-called Cauchy’s formula. As will be proven later in the course, the
stress tensor is symmetric due to principle of angular momentum i.e. & = o’ and, hence,
this relation can be written as t = o - n. We can conclude that if the stress tensor o is
known in a point of the body then it is possible to compute the stress vector ¢ on any

plane through the point. This is called the Cauchy’s stress principle.

Often the components of the stress tensor are divided into normal stresses and shear
stresses. The normal stresses are the diagonal components of the stress tensor i.e. oy,
099 and o33 whereas the shear stresses are the off-diagonal components i.e. 015, 023 and
013. Note that the terminology normal and shear components relate to what plane that
is chosen. In the figure above the choice of plane is defined by the normal &; or é;. In

general, the normal component of the stress on a plane with normal n is obtained from

Let us now adopt the concept of eigenvalues and eigenvectors for a stress tensor o. The
eigenvector is a direction n that is not changed upon a scalar multiplication with the

stress tensor o:
o
n / _ > t=\n

This means that on a plane with the normal being an eigenvector of o then the stress
vector t is parallel to the normal i.e. £ = An. In other words, on such a plane only the

normal COHlpOIlGIltS are non-zero.

Often the stress tensor o is additatively decomposed into a deviatoric o’ and a spherical

(hydrostatic) tensor o,, d as follows:
=0 +0,0 oroy=0+0n0; (2.9)

with

Om = O[3 and oj; = 045 — 0 0. (2.10)
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Problem 17 4.1 in Reddy

4.1 Suppose that t" and t® are stress vectors acting on planes with unit normals fi,
and i, respectively, and passing through a point with the stress state . Show that
the component of t" along iy is equal to the component of t* along the normal .

Problem 18 4.4 a,b,c in Reddy
4.4 Consider a kinematically infinitesimal stress field whose matrix of scalar com-
ponents in the vector basis {&;} is

1 0 2X
0 14X | x 107 (psi),
2X, 4Xx7 1

where the Cartesian coordinate variables X; are in inches (in.) and the units of stress
are pounds per square inch (psi).

(a) Determine the traction vector acting at point X = e; + 2e> + 3e3 on the
plane Xi + Xo + X5 =6.

(b) Determine the normal and projected shear tractions acting at this point on
this plane.

(c) Determine the principal stresses and principal directions of stress at this

point.
Answers:
a)
1 T

t; = — (be; + Hey + 9e

1 \/g( 1 2 3)
b)

ton = 19/3-10% psi  t,s = V/32/3 - 10% psi
¢)
M=1-4V2 X=1 M=1+4V2
| T . 1 T . 1 T

Problem 19 4.6 in Reddy
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4.6 For the state of stress given in Problem 4.5, determine the normal and shear
stresses on a plane intersecting the point where the plane is defined by the points
(0,0,0),(2,—-1,3),and (—2,0,1).

4.5 The three-dimensional state of stress at a point (1, 1, —=2) within a body relative
Lo the coordinate system (a7, X2, ¥3) Is

20 33 25
35 0.0 —1.5 | x10%(Pa).
25 —-15 1.0

Answers: (two possible directions of the normal)

tnn = £0.3478 MPa tns = £4.2955 MPa

Problem 20 4.12 in Reddy
4.12 Find the values of o, and o>, for the state of stress shown in Figure P4.12.

40 MPa
Figure P4.12.

20 MPa

Y

Answers:

os = —50 MPa 099 = 60 MPa

Problem 21 4.18 in Reddy
4.18 Given the following state of stress (o;; = 07;),

,,
o= —2x7, op=-—7+4xx+x, o3=1+x —3x,

gy = 3X]2 — 2,\’22 +5x3, o01n=0, o33=-54+x 43+ 3x;3.
determine (a) the stress vector at point (xp, x2, x3) on the plane x; + x2 + x3 = con-
stant, (b) the normal and shearing components of the stress vector at point (1, 1, 3),

and (c) the principal stresses and their orientation at point (1, 2, 1).

Answers:
a)

tl (—21’% —6—{—41’1232 + T3+ 21 —31‘2)

1
VB
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1
tQ = 7(—7 + 41’1[)32 + 31‘% — 21‘% + 61’3)

V3

1
t3 = 7(—4 + 21’1 + 3@'3)

V3
ton =20/3  tn, =1/542/9

A1~ —4.5530 A~ 0.6349 A3~ 6.9184

e ~ (—0.8549,0.3755, —0.3580)"
el ~ (0.2916,0.9185,0.2672)"
el ~ (—0.4291, —0.1240,0.8947)"

Hand-in assignment 8 Given the stress tensor o (here represented in a matrix format

with components in a é;, é;, é3—system)

30 0 10
[e]=1 0 30 10 MPa
10 10 30

Compute the corresponding deviatoric stress tensor o’. For the deviatoric stress
compute the principal stresses, principal directions, invariants (acc to (1.46)) and the
obtained stress vector on the plane with normal

A= (& +28).

Sl

2.2 Continuum motion

‘ For further reading see Reddy 3.1-3.3.1, 3.4.2, 5.2.2 ‘

The motion of a continuum (material volume) is shown in figure 2.1. A material particle
P may be identified by its initial (or reference) position X. The current position x, of a

material particle is then defined by a function
The displacement u of a particle P is defined as
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Figure 2.1: llustration of motion of a continuum.

A key quantity that describes the deformation of the body (material volume) is the de-
formation gradient F'. The deformation gradient describes the relation between a line
element dX at the material particle P in the initial (undeformed) body and the corre-
sponding line element dx at the material particle P in the current (undeformed) body,
ie.

ox; 0 u;

de=F-dX or F;; = :5ij+8—onr

which is also illustrated in figure 2.2. Based on the deformation gradient F' a number of

dx

dX

Figure 2.2: Illustration of deformation gradient.

strain measures can be defined. An example is the frequently used Green-Lagrange strain
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FE defined as follows:

1 T
E:§(F F—3) or (2.14)
Eij = 5 (FiF = 0) = 5 <axj Tax, T ax, an> (2.15)

For the special case of small deformations E approaches the usual small strain tensor e,

We can note that both the Green-Lagrange strain E and the small strain tensor € are

i.e.

symmetric, i.e. ET = FE and €" = €.

Lagrangian and Eulerian description
Physical field quantities can be described in either a Lagrangian (or sometimes called
material) or Fulerian description:

e Lagrangian description of scalars, vectors and second-order tensors:

p=0¢(X,t), u=u(X,t), T=T(X,t) or
o =0(Xit), w=u(X;t), Ty=T;Xt)

e Eulerian description of scalars, vectors and second-order tensors:

¢=¢(x,t), u=wu(x,t), T=T(xt) or
¢=(wit), wi=ui(z;t), Ty=T;(rt)

An important field quantity is the velocity v of a material particle P. The velocity is

defined as the time derivative of the position vector a:

da(X ¢ da; (X, ¢
SC(C. 917 xZ(dt]’)

- (2.17)

whereby the velocity is described in an Lagrangian description v(X,t). By assuming that
the initial position of the particle X can be expressed in terms of & and t we can write

the velocity in Eulerian description
v =wv(x,t) (2.18)

Next follows three examples to illustrate the introduced concepts regarding motion.
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m Example 2.1 Simple shear of a quadratic disc (side length hg) where the upper boundary

moves horizontally with velocity vy:

The motion can be expressed as:

21( X1, X9, X3, t) = X5+ Xovt/hg
$2<X17X27X37t> = X2
r3( X1, Xo, X3,t) = X3

whereby the velocity v can be obtained, in Lagrangian description, as:

X Uo/ho
v = 0
0

By using the expression for the motion the velocity can be written in an Eulerian descrip-

tion as
T3 Uo/ho
v; = 0
0

Based on the expression for the motion we can also obtain the deformation gradient F' as

1 Uot/ho 0
F;=[0 1 0
0 0 1

and the Green Lagrange strain E

1 1 0 Vo t/ho 0
Eij = 5 (F;'i1 ij — 51) = ... = 5 Vo t/ho (UO t/h0)2 0
0 0 0

The displacement vector u =  — X is given as:

X2 Vo t/ho
0
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whereby the small strain tensor € becomes

0 (’Ugt/ho)/Q 0
I Y B
=3 \ax, Tox,) = | /0 o)/ .

m Example 2.2 Pure elongation of a quadratic disc (side length hg) where the upper bound-

ary moves vertically with velocity vy:

F — — — S

e
&
The motion can be expressed as:
$1<X1,X2,X3,t> - Xl
To(X1, Xo, X3,t) = Xo+ Xovgt/ho
r3(X1, Xo, X3,t) = X3

whereby the velocity v can be obtained, in Lagrangian description, as:

0
v; = | Xov/ho
0

By using the expression for the motion the velocity can be written in an Eulerian descrip-

tion as

0
V; = xQUo/(h0+Ugt)
0

Based on the expression for the motion we can also obtain the deformation gradient F' as

1 0 0
Ej: 0 1—|—’Uot/h0
0 0 1

and the Green Lagrange strain E

0 0 0

1
By =5 (FR By —=05) = o= | 0 (o0t/ho)*/2 4 vot/hg 0
0 0 0
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The displacement vector u = x — X is given as:

0
U; = XQ Vo t/ho
0
whereby the small strain tensor € becomes

L (8 5 0 0 0

N Ui\ _
€ij =5 (an + 8X¢> 0 vot/hy O
0 0 0

» Example 2.3 Pure rotation around the left corner of a quadratic disc (side length hy)

with rotational velocity w:

An arbitrary point’s initial location in the disc is described by the distance R = / X? + X3
to the left corner and angle oy = atan(X,/X;) (from the &; axis). During rotation the
angle changes with rotation according to o = ap+wt whereby the motion can be expressed

as:
(X1, X9, X3,t) = R cos(a)

xQ(X17X27X37t) = R Sin(a)
r3(X7, Xo, X3,t) = X3

which can be (after some manipulations) written as
x1(X71, X9, X3,t) = X cos(wt) — X sin(wt)

To( X1, X0, X3,t) = X sin(wt) + Xo cos(wt)
r3(X1, X2, X3, 1) = X3
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The velocity v can be obtained, in Lagrangian and Eulerian description, as :

w (—X7 sin(wt) — X5 cos(wt)) —I9
v; = | w(X; cos(wt) — Xy sin(wt)) | =w | =
0 0

Based on the expression for the motion we can also obtain the deformation gradient F' as

cos(wt) —sin(wt) 0
Fij = | sin(wt) cos(wt) 0
0 0 1

and the Green Lagrange strain E

X 0 00
000

The displacement vector u = x — X is given as:

X (cos(wt) — 1) — X5 sin(wt)

U; =
X sin(wt) + X5 (cos(wt) — 1)
0
whereby the small strain tensor € becomes

cos(wt) — 1 0 0

L(Qui | O, 0 -1 0

€ = ~ — —
772\ 0X; ' 0X, cos(wt)
0 0 0

Problem 22 3.3 in Reddy

3.3 The motion of a body is described by the mapping
XX) = (X +7°X) & + (X +1°X) & + Xz e,

where ¢ denotes time. Determine
(a) the components of the deformation gradient tensor F,
(b) the components of the displacement, velocity, and acceleration vectors, and

(c) the position (X, X5, X3) of the particle in undeformed configuration that
occupies the position (x1, x2, x3) = (9,6, 1) at time ¢ = 2 s in the deformed
configuration.

Answers:
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a)

1 ¢ 0
F=1|¢# 10
0 0 1
b)
u = (t2X2)61 + (t2X1)62
vV = (2tX2)€1 + (2tX1)62
a — (2X2)€1 + (2X1)€2
c)

X:61+262+€3

Problem 23 3.6 a,b in Reddy
3.6 Suppose that the motion of a continuous medium is given by

x; = X cos At + X5 sin At,
x, = — X sin At + X5 cos At,
x3 = (1 + Br) X,
where A and B are constants. Determine the components of

(a) the displacement vector in the material description,

(b) the displacement vector in the spatial description

Answers:
a)
u1(X) = Xj cos At + Xy sin At — X
ug(X) = — X sin At + X5 cos At — Xy
’LL3(X) = Bth
b)

uy(x) = x1 — 1 cos At + x4 sin At

ug(x) = xo — a1 sin At + x5 cos At
Bt




2.4

36 Chapter 2. Stress, motion and deformation

Problem 24 3.7 in Reddy (not Eulerian)
3.7 1If the deformation mapping of a body is given by

X(X)=(Xi+ AXy) e + (Xo + BX)) &, + Xjeés,
where A and B are constants, determine

(a) the displacement components in the material description,

(b) the displacement components in the spatial description, and

(c) the components of the Green-Lagrange strain tensor
Answers:
a)
uw(X) = (AXy)e; + (BXy)es
b)
A
u(x) = T A5 (9 — Bxy)ey + TG (x1 — Axs)ey
c)
| B> A+B 0
E=;|A+B A2 0
0 0 0

Hand-in assignment 9 For a quadratic disc with side lengths hy we have the motion:

21 (X1, Xo, X3, t) = X1+ Xowt/ho
(X1, Xo, X3,t) = Xo+ Xjvot/hg
r3( Xy, Xo, X3,t) = X3

where vy is a velocity.
a) Hlustrate how the disc will deform (in 2D).
b) Determine the velocity vector in Lagrangian and Eulerian description.

¢) Determine the Green-Lagrange strain E.

Material time derivative

Physical field quantities such as temperature, velocity, stress tensor change with time.
This change is naturally described as the time derivative of the physical quantity of a
material particle in the continuum. The particle is uniquely identified by the Lagrangian
(material) vector X. Therefore, it is useful to introduce the material time derivative
which is denoted D(e)/Dt, (o) or d(e)/dt. If the physical quantity ¢ is described in an
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Lagrangian description ¢(X,t)

Do (X, 1)
Dt

do (X, t)
dt 7’

whereas the material time derivative of a field quantity described in an Eulerian descrip-

=¢(X,t) = (2.19)

tion ¢ (x,t) is obtained by the chain rule:

d(x(X,1),t) = dﬁb(m(;f?t),t)

0¢ (x,t) 0x; (X,t) 0o (x,t)
ox; ot ot

(2.20)

The first part in the result is the convective part while the second part is the time deriva-

tive of ¢ in a spatial position x.

Reynolds’ transport theorem for a material volume

In the balance laws physical quantities are integrated over the volume of interest. The

integration can be performed for the current volume of the continuum €2:

/ngdm

By substituting the volume € to the initial volume (undeformed) of the continuum €y we
obtain (using results from Math see e.g https://en.wikipedia.org/wiki/Integration_
by_substitution):

/qudm:/ﬂoqzﬁJdX (2.21)

where J = det(F).
Note: The volume change of a body V/Vj is given by J = det(F'). This follows immedi-
ately from (2.21) by setting ¢ = 1.

The material time derivative of a volume integral of ¢ can now be obtained as (using that

p is constant):
d d . .
s odw= [ psax = [ $U+0dX 2.22
dt/9¢ r dt QO¢ Qogb +¢ ( )
The time derivative of the volume change J is given by (here without any proof):

J=div(v)J or J=uv;J (2.23)

whereby we can obtain Reynold’s transport theorem:

dt/g(bd:l:-/ﬂ((it—i—gbaxi) dz. (2.24)
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Hand-in assignment 10 Show that (2.24) for ¢(z;,t) can be written as:

bt =5,

da:—l—]{ n;v; 9 ds
r

Reynolds’ transport theorem for a control volume

In fluid mechanics quantities are often measured in a control volume (2. with boundary
['.. This control volume do not in general follow the movement of the material particles

in the continuum as is illustrated in the figure below.

At time t the position of a control volume element element is ¢ and its velocity v°. Note
that although the position of a control volume element and a material point element P

coincides at time t, i.e. &° = x, their velocities v° and v differ.

How [ ¢dx changes with time can be obtained from the general form of Reynold’s

d L (dg o
ch/szc¢dw_/szc <dt+¢8x5> dz. (2.25)

This follows from the same arguments as in (2.22)-(2.24). Two special cases are common:

transport theorem:

e The control volume elements are equal material point elements (they follow the
deformation) then v® = v and (2.24) is re-obtained. This assumption that the
control volume elements are "nailed” to the material elements are often used in
solid mechanics.

e The control volume elements are fixed in time which means that v = 0. This gives
that if ¢(x¢,t) we obtain:

d [ de . 09
dt/gzﬁd‘”— chtdm_/szc ot

9 .. 9
+axcvid"’_/gc ot

(2

da

€xe

a€xe


https://en.wikipedia.org/wiki/Reynolds_transport_theorem#Erroneous_sources
https://en.wikipedia.org/wiki/Reynolds_transport_theorem#Erroneous_sources
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Field equations

3.1

3.2

For further reading see Reddy 5.1, 5.2.3, 5.3.1, 5.3.3., 5.4.1, 5.4.2.

Physical quantities of a continuum

We consider a body occupying a region €2 at time t. The state of the body is assumed
to be given by the quantities: mass M; momentum P; angular momentum IN; kinetic
energy K and internal energy U. Before giving the expressions of these quantities we

remind us the corresponding expressions of P, N and K are given for a point mass m as:

P=muv or P,=muv;
N =mxzxv orN;=mej,x;v
K=m|v’/2 or K =muv;v;/2

With this at hand and by assuming a density field p(z, t) and a velocity field v(x, t) then
the M, P, N and K for a body can be expressed as:

M = /pdaf:, (3.1)
Q

P = /vaida:, (32)

N; = /Qeijkl"jpvkdw, (3.3)
1

K = /Qgpviv,- de. (3.4)

In addition to these quantities the internal energy U is also introduced. U represents
energy such as strain energy and thermal energy which together with the kinetic energy
sums up to total energy of the body. Later U will be given more explicitly but at this
stage we assume that the body has an internal energy density field e(x,t) such that:

U:/Qped:c. (3.5)

Input quantities

A schematic figure of a continuous body is given in figure 3.1 with the field variables p, v

and e.
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Figure 3.1: Illustration of a continuum €2 with boundary I'.

Now we assume that the body is subjected input quantities that can change the state of
the body, see figure 3.1. The mechanical loading is given by a volume force f (force per
unit mass) and a boundary load t (force per unit area). Thereby the total force F' and

moment M and mechanical power input to the body become:

F = /pﬁ¢n+fmd& (3.6)
Q r
Mi = /Qeijkxjpfk dx +j§ez’jkxjtk dS., (37)
r

Additionally, the body is subjected to the internal heat source £ (energy per unit mass)

and heat input —g¢; (energy per unit area) resulting in the heat power input:

H = /ng dm+ﬁ—qﬁ ds (3.9)

Physical conservation principles

Now the physical conservation principles are used to define how the state i.e. the mass M,
the linear momentum P, the angular momentum N and the total energy K + U change

of the body change with the mechanical and heat input.

Conservation of mass

Mass is in classical mechanics assumed to be conserved which can be written as:

Cd
M:—/cizo 3.10
3t o rd® (3.10)
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By using Reynold’s transport theorem (2.24) we obtain:

.d _
M = &/ﬂpdm _/Q(p+pv,~,i) de (3.11)

The mass conservation is assumed for all choices of Q (this argumentation is called local-
ization) whereby:
This equation is called the continuity equation.

The continuity equation can be used together with Reynold’s transport theorem to show

that for an arbitrary field quantity ¢:

d d .
= [ pode= [ S(po)+povide = [ péda (3.13)

This result is denoted the modified Reynold’s transport theorem.?

Problem 25 5.6 a in Reddy
5.6 Determine whether the following velocity fields for an incompressible flow sat-
isfies the continuity equation:

(@) vlx, ) =—73, w(x,xn)=—73, where r? = xlz - tzT

Answer: The continuity equation is indeed fulfilled.

Conservation of linear and angular momentum - Newton’s laws

Newton’s laws state that the material time derivative of the linear momentum P and the

angular momentum IN are determined by the applied force F' and moment M as follows:

P, = F,
N; = M,

By using modified Reynold’s tranport theorem (3.13) and equations (3.2) as well as (3.6)

we obtain:
Pi:/pz'fidw:/pfidw—l—jftids (3.14)
Q Q r
The next step is to use Cauchy’s stress principle t; = 0;;7; and the divergence theorem:
Q

The localization argument now yields the momentum equation:

d d .
Tt can also be shown by instead integrating over the mass: T Jopode = T [, ¢dm = [ ¢dm =
Jopoddz
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By using the same steps for the angular momentum N; = M; we will arrive at the result

that the stress tensor must be symmetric:

O'T =0 Or 0;; =0y (317)

However, we leave those derivations to Hand-in assignment 12.

Problem 26 5.18 in Reddy
5.18 If the stress field in a body has the following components in a rectangular
Cartesian coordinate system

XIEXQ (b — x% )X 0
o] =a| (P*—x)x; 1(x3-3P)x, O
0 0 2bx§

where a and b are constants, determine the body force components necessary for
the body to be in equilibrium.

Answer:

Problem 27 5.12 in Reddy
5.12 Use the continuity (i.e., conservation of mass) equation and the equation of
motion to obtain the so-called conservation form of the momentum equation

d
" (pv) + div (pvv — o) = pf.

Hand-in assignment 11 A rectangular disc with width by, height b, and thickness h
rotates with angular velocity w = wge™ around w3 axis.

Assume that the density is constant py.

T2

1

Determine the angular momentum of the disc.
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Hand-in assignment 12 Use the principle of angular momentum to show that the stress

tensor o is symmetric. Hint: see Reddy 5.3.3.

Conservation of energy - 1st law of thermodynamics

The 1st law of thermodynamics says that the material time derivative of the total energy

of a body is equal to the power input:
K+U=W+H (3.18)

If we now use modifed Reynold’s transport theorem (3.8) and equations (3.4), (3.5),(3.8)

as well as (3.9) we obtain:

/pvii)i +pedx = / pfivida:—i—]{ t; vids—i—/ pé’dm—i—% —q; ds (3.19)
Q Q r Q T

Before we can use the localization argument the boundary integrals must be changed to
volume integrals. The first of the boundary integrals is re-written using the Cauchy’s

stress theorem as follows:
jg ti UidS = f ﬁjsz‘ vidm = / 0345 Ui + 0ji U,‘,jdw (320)
r r Q

The second boundary integral is re-written by assuming that the heat flux g, is given by

the heat flux vector q according to:
Gp =T - q = N;4; (3.21)
thereby the divergence theorem gives us:
7{ —qads = / —qi; de (3.22)
r Q
Now the 1st law of thermodynamics can be written as:
/ p?)ﬂ)l + p€ — pfl Vi — 04i Vi — 04 Vi 5 — pg + qii de =0 (323)
Q

The balance of linear momentum (3.16) now together with the localization argument

results in the energy equation:

p6 — Vi ;0ij + Gii = ,05 (324)



3.4

44 Chapter 3. Field equations

Hand-in assighnment 13 By taking the material time derivative of the kinetic energy
in (3.4) and using the balance of linear momentum show that for a purely mechanical
problem (H = 0):

K+/ O'ij’Ui,jd.’.B:W
Q

Summary of field equations and field variables

A summary of the field equations and the field variables for a continuum are shown in

the table below.

Balance law Field variables | No equations
p+pvi; =0 P Vi 1
pUi = 0jij+pfi i 3
Oij = Uji Uij 3
peé=0ijvij—qitpE €, q; 1
Tot. 17 Tot. 8

By counting the number of equations and unknowns we can conclude that 9 additional
equations that must be formulated. These equations are the constitutive models that

should mimic the material behaviour observed in experiments.
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Constitutive models

4.1

The standard way to define constitutive models in solid mechanics, fluid mechanics and
heat transfer is to describe how internal energy e, stress o and heat flux ¢ depend on other
field variables such as density p, temperature ¢, temperature gradient ¢, displacement
gradient u; ; and velocity gradient v; ;. These models with their material parameters are
based on experimental observations. In this section we will merely introduce some of most

common (and simplest) constitutive models for heat transfer, fluids and solids.

The constitutive models are determined by the material properties. The material can be
homogeneous meaning that properties are the same in the body €2 otherwise the material
is heterogeneous. If the properties are the same in all directions then the material is called
isotropic. For some materials the properties are anisotropic. Examples of the latter are:

wood, composites and fibre reinforced concrete.

Fourier’s law of thermal conductivity

‘ For further reading see Reddy 6.4.2. ‘

Heat can be transfered by convection (motion of fluid), radiation (electromagnetics) and
conduction (diffusion processes). For heat conduction the standard constitutive model is

Fourier’s law. For an isotropic material this law takes the form:

where the linear coefficient k is the thermal conductivity and © is the temperature. The

temperature © is now assumed to give the internal energy e according to:
e=1c,0 (4.2)

where the constant ¢, is the heat capacity of the material. If we consider a purely thermal

problem (i.e. assuming o;; = 0) then the energy equation (3.24) reads as follows:
pé=—q;+p&
By inserting (4.1)and (4.2) then we obtain the transient heat conduction equation:

pcp@ = k@,ii+p5 (43)


https://en.wikipedia.org/wiki/Thermal_conduction
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4.2 \Viscous fluids

‘ For further reading see Reddy 6.3.3.

The simplest possible contitutive of a fluid is an ideal fluid. In this model the stress is

assumed to be purely volumetric:
i = —p(p, ©) b (4.4)

This means that such a fluid cannot sustain shear stresses. The pressure p is assumed to

follow the ideal gas law
p(p,©) = pRO/m, (4.5)

where R is the gas constant, m, is the mean molecular mass of the gas.

Most fluids are not ”ideal” since they are a bit "sticky” and are able to sustain shear
stresses. Therefore, a viscous stress 7 is introduced for and the stress o is additively
decomposed according to

0ij = —p(p,©) bij + 75 (4.6)

For the case of an isotropic Newtonian viscous fluid we assume that the viscous stress 7

is linear in terms of the strain rate tensor D as follows

where the strain rate tensor D is defined from as the symmetric part of the velocity

gradient:
1
Dij = 5 (vig +v34) - (4.8)

In (4.7) the material parameters \* and the dynamic (shear) viscosity p* were introduced.

Now the stress becomes:

0ij = —p(p, ©) dij + A"0ij Diy, + 2 " Dy (4.9)
The mechanical pressure ppech = —0mm/3 can be computed as:
1 * 2 *
Pmech = _go-mm = p(/% 6) - ()\ + g,u ) Dkk (410)

If we introduce the Stoke’s condition that pyesn = p(p, ©) then we can for a Newtonian

viscous fluid obtain that

O- *
0ij = 03 + %%‘ = 24" D;; — p(p, ©) b (4.11)


https://en.wikipedia.org/wiki/Ideal_gas_law
https://en.wikipedia.org/wiki/Viscosity
https://en.wikiquote.org/wiki/Sir_George_Stokes,_1st_Baronet
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where o’ and D’ are the deviatoric stress and deviatoric strain rate tensor, respectively.
Stoke’s condition means that the pressure in the fluid is strain rate independent. The
Navier-Stoke’s equations are now simply obtained by inserting (4.11) into balance of

linear momentum (3.16) together with the continuity equation.

Often for fluids one can assume that they are incompressible. From the conservation of

mass and the incompressibility p = 0 it follows from the continuity equation (3.12) that:
Vii =Dy =0

In this case D' = D and, without using Stoke’s condition, we obtain (4.11) from (4.9).

Problem 28 Assume the constitutive equation o;; = (—p + A Dyy) 6;; + 2 uD;j. Show

that the equations of motion can be expressed in the velocity field as:

pUi = p fi —pi+ (N 1) v + v ;.

Linear elastic isotropic solids

The constitutive model for linear elasticity is denoted Hooke’s law. Originally the law

was defined for a linear spring but generalized to an isotropic solid it reads as follows
045 = A €Lk 52‘]‘ + 2[1, €ij (412)

where ¢;; is the small strain tensor defined in (2.16). A small strain assumption has been
made and it is therefore the small strain tensor can be used. This also means that the
density p can be assumed to be approximately constant. The model parameters A and p
are the Lame’s constants, which are related to Young’s modulus £ and Poisson’s ratio v

as follows
Ev FE

A arva=zy Pt

Hand-in assignment 14 The equations

pi i 4 (A + ) wygi + pfi = pii.

are called Navier’s equations and may be used to solve elastodynamic problems with
displacement-type boundary conditions. Derive these equations by combining the

momentum equation and Hooke’s law.



https://en.wikipedia.org/wiki/Robert_Hooke
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