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Abstract
The Taylor Analogy Breakup (TAB) model is applied to droplet breakup in rotary bell spray painting commonly

used in the automotive industry. The bell spins rapidly around its axis with a tangential velocity at the edge in the
order of 100 m/s. The paint falls off the edge and enters the air with a large relative velocity, driving the atomiza-
tion. The paint is a viscous fluid and a modification of the TAB model taking non-linear effects of large viscosity
into account is described. The parameters in the breakup model are tuned to match droplet size distributions ob-
tained in CFD simulations with measured ones. Results are presented for three cases with rotation speeds from
30 to 50 thousand RPM where the full droplet size distributions are compared with measurements. Good results
are obtained for all three cases where the simulated size distributions compare well to measurements over a wide
range of droplet sizes. The obtained results can be used in a preprocessing stage of a full spray painting simulation
thereby reducing the need for costly and cumbersome measurements.

Introduction
In the automotive industry paint primer, color layers and clear coating are sprayed either with classical Pneu-

matic spray guns or using the Electrostatic Rotary Bell Sprayer (ERBS) technique. The focus here is on the rotating
bell technique where paint is injected at the center of a rotating bell and is atomized at its edge. An image of an
active bell is shown in Fig. 1.

Figure 1. Photograph of rotary bell spraying towards
a target. The actual bell is the cone shaped part at the
tip of the applicator head. Courtesy of Swerea IVF.

Figure 2. Bell geometry. The bell rotates around its
axis and paint is transferred from the center to the
edge by the centrifugal force.

The droplet size distribution of the spray determines its characteristics of how it reacts to the external forces
applied by the air and the electrostatic field: large droplets tend to travel in straight lines and small droplets
follow the force field closely. It is therefore important to have good knowledge about which distribution of sizes
there is within the spray in order to be able to perform spray painting simulations with high accuracy. If a better
understanding is gained on how the process parameters affect the distributions this can also be used to tune the
result in order to have a better painting result and higher transfer efficiency.
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Breakup has been studied in many contexts and one of the largest is probably combustion engine research. In
a modern diesel or gasoline engine the fuel is injected through a nozzle with high pressure causing the atomization.
The TAB model [1] was originally derived to model diesel injection where the penetration depth of the fuel and the
average droplet size were compared to measurements. The model has since then been included in several software
packages such as KIVA [2] and OpenFOAM [3].

The aim of this paper is to investigates the ability of the TAB model to predict the paint size distributions by
varying the process parameters. The model is implemented in the flow solver IBOFlow [4] which is part of the
larger solver framework IPS Virtual Paint used to simulate the spray painting in the automotive industry with the
rotary bell technique [5, 6]. By being able to simulate the droplet breakup the need for costly and cumbersome
measurements is reduced. The obtained results are then used as input to full spray painting simulations that can
be used in the automotive industry to reduce the time required for introduction of new car models, reduce the
environmental impact and increase the quality.

Problem description
Taylor Analogy Breakup (TAB) model

The Taylor Analogy Breakup (TAB) model [1] is based on the fundamental mode of oscillation of a sphere.
The sphere is modeled as a damped harmonic oscillator where the driving force is the relative motion to the
surrounding medium, the restoring force is the surface tension, and the damping comes from the viscosity of the
fluid inside the droplet. The reader is referred to the original paper [1] for a complete derivation, but some steps
are reproduced here.

The equation for a damped harmonic oscillator can be written as

mpẍ = F − kx− dẋ, (1)

where x is the displacement of the equator of the droplet from its equilibrium position, mp is the droplet mass, F
is the driving force, k is the spring constant, and d is the damping coefficient. The Taylor analogy identifies the
following relations for the coefficients,
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where ρg and ρl are the gas and liquid densities, respectively, ur is the modulus of the relative velocity between the
droplet and the surrounding medium, a is the droplet radius, σ is the surface tension, and µl is the liquid viscosity.

The three expressions are derived from the dynamic pressure, the surface tension force and the viscous force,
respectively. The dynamic pressure is expressed as ρgu2r/2 and is integrated over the projected area of the droplet
resulting in a full expression for the force proportional to ρgu2ra

2. The pointwise magnitude of the surface tension
force is proportional to σ/a and it is acting on the surface of the droplet giving a total force proportional to σa.
The viscous force is proportional to µlẋ/a

2 and is integrated over the volume of the droplet adding an additional
factor of a3 resulting in an expression for the force proportional to µlẋa. A constant is assigned to each term that
accounts for the omitted constants in the above considerations and to allow for matching the model to measured
data.

The oscillation amplitude, x, is made dimensionless by relating it to the droplet radius,

y =
x

Cba
, (3)

where Cb is chosen such that the droplet breaks when y exceeds unity.
By inserting Eqs. (2) and (3) into Eq. (1) a dimensionless equation for the oscillation is obtained,
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By assuming constant relative velocity ur the equation can be solved, giving
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and y0 and ẏ0 are the initial conditions for the amplitude of the oscillation and its derivative, respectively.
In this work they are both assigned to the value 0. Note that the Weber number, Weg , is defined here with the

droplet diameter rather than the radius as in the original paper [1].

Large viscosity modification
The stability limit of a low viscosity droplet has been determined experimentally to be Weg = 12. For viscous

fluids it is larger and the effect of viscosity on the stability limit has been studied by Brodkey [7]. He came up with
an empirical relation taking the viscosity into account by introducing the Ohnesorge number,

Oh =
µ√

2ρlσa
, (7)

a dimensionless number relating the viscous force to the inertial and surface tension forces. Brodkey’s empirical
relation is expressed as

Weg,crit = 12
(
1 + 1.077Oh1.6

)
. (8)

We see that in the limit of small Ohnesorge numbers, valid for Oh . 0.1, the above value of the critical Weber
number is recovered. In viscous fluids, however, we see that the stability limit is increased and scales as µ1.6 in the
asymptotic limit. What is more interesting, perhaps, is that the Ohnesorge number introduces the droplet diameter
in the stability criterion. That is, smaller droplets appear more stable than larger ones when exposed to the same
Weber number. The scaling of the stability limit with the size of the droplet is 1/a0.8 in the asymptotic limit.

Following Schmehl et al. [8] an effective Weber number is introduced, written as

Weeffg =
Weg

1 + 1.077Oh1.6
. (9)

This effective Weber number is used in place of the regular one in Eq. 6 when simulations are performed with the
modified TAB model.

Breakup event modeling
There are now three free parameters that need to determine: CF /Cb, Ck, and Cd. In addition, the size of

the resulting droplets of a breakup event needs to be modeled. To do this, a balancing of energy before and after
the breakup event is performed. In the frame of reference of the droplet the available energy before the breakup
is the sum of the contributions from the surface tension and from the oscillating motion. It is assumed that child
droplets are not oscillating immediately after the breakup so that their energy is stored only in the surface tension.
Together with the mass conservation constraint this gives an equation for the number of child droplets and their
radius. A distribution of droplet radii seems more physically plausible, and therefore the child droplet radius is
drawn from a Rosin-Rammler [9] distribution centered at the radius obtained as described above. This gives us
two more parameters to be determined: the scale and shape parameters of the distribution, λ and k.

Flow solver
The flow solver IBOFlow [4] used to solve for the air flow is an incompressible, segregated Navier-Stokes

solver. It is based on a collocated finite volume discretization on a Cartesian octree grid with cubic cells that is
automatically generated and dynamically refined/coarsened based on static or adaptive rules. Internal boundaries
that may be moving and interacting with the flow are efficiently handled through unique immersed boundary
methods [4, 10].

Lagrangian particle tracking
Paint droplets are treated as Lagrangian particles that are traced in the fluid flow field. The equation of motion

is written

mpr̈ = Fd (ur) (10)

subject to the initial conditions r(0) = r0 and ṙ(0) = v0, where r is the particle position, r0 its initial position and
v0 is the initial velocity. The force acting on the particle is the sum of the buoyancy and the drag forces,

Fd = g (ρp − ρg)Vp − ur|ur|Cd
3

4

ρg
ρp

mp
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, (11)
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where g is the gravitational acceleration and Vp is the volume of the particle. The drag coefficient is evaluated
according to the expression of Schiller and Neumann [11]

Cd = 24
1 + 0.15Re0.687p

Rep
, Rep =

2a|ur|ρg
µg

, (12)

where µg is the dynamic viscosity of the gaseous phase.
The equation of motion is efficiently solved for each droplet by the CVODE [12] solver from the Sundials [13]

software package for numerical solution of differential and algebraic equations.

Numerical modeling
Paint
The paint is injected into the air by a rotating bell, see Fig. 2. The paint enters from the center of the bell and

is then pushed outwards by the centrifugal force. At the edge there are serrations that act like tiny channels for
the paint. The paint therefore enters the air as filaments extending a few millimeters in the radial direction away
from the bell edge. A snapshot of the breakup region is displayed in Fig. 3. As the TAB model is not intended to

Figure 3. Filaments of paint at the bell edge seen to the left in the picture are rotating with a tangential velocity
directed downwards. The filaments stay intact for a few millimeters and then break into non-spherical droplets.
Courtesy of Swerea IVF.

model filament breakup we have to set up a model of the primary breakup that can be used as input to the TAB
model. What can be modeled are the initial size and velocity distributions, and the position of the particles. The
assumption is that the fingers break into fairly large fragments that subsequently break further. The filaments also
slow down with respect to the air due to the drag force from the large relative velocity to the air. The diameter of
the injected particles is modeled as log-normally distributed with mean and standard deviation equal to 100 and
50 µm, respectively. The initial velocity is uniformly distributed with a maximum equal to the velocity of the bell
edge and a minimum half of it.

The viscosity of the paint has been measured to approximately 120 cP, or 0.12 Pa·s with a Ford viscosity cup
#4 [14, Sec. 2.2.4]. The paint is a non-Newtonian liquid, but the viscosity is constant at shear rates & 500 s−1.
The shear rate is expected to be at least this large during the breakup process, and the paint is therefore treated as
a Newtonian liquid with the above given viscosity. The surface tension coefficient is measured to be 0.025 N/m,
and the density is 995 kg/m3. The paint flow rate is 330 cc/min.

Air
The shaping air is injected through two rings of circular nozzles of diameter approximately 1 mm, located

above the bell and directed downwards towards the bell edge. These nozzles are too small to resolve as it would
require huge amount of computational cells. Instead, an annulus is used as inlet condition for the air. The inlet
condition is set such that the flow of momentum through the annulus is equal to that of the nozzles on the real
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applicator. The mass flow is larger, however, as surrounding air is entrained as the jets from the air injection
nozzles slow down. The annulus has an inner radius of 35 mm and outer radius 39 mm. The air velocity is 35 m/s
directed downwards. These values correspond to a shape air of 260 slpm (standard liters per minute).

Simulation setup
The bell is modeled as a cut off cone with dimensions to match those of the bell seen in Fig. 1. The base

diameter is 5.5 cm, top diameter 3.375 cm and height 2.5 cm. The shape air injection is placed just behind the bell
as an annulus located 0.5 cm below the top of the bell with inner diameter 7.0 cm and outer diameter 7.8 cm. The
robot head is modeled as a cut off cone placed right above the air injection plane. Its lower diameter is 10 cm and
the cone angle is 106o. Downdraft present in a paint booth is modeled as air injection on the upper boundary with
a speed of 0.38 m/s directed downwards. The bottom boundary is an outlet and the four sides are modeled with
symmetry boundary conditions allowing no flow in the normal direction. See Fig. 4 for a schematic description of
the model. The bell boundary condition is set to zero rotation velocity as the boundary layer created by the bell

Rotating bell

Paint injection

Down draft Down draft

Symmetry Symmetry

Outlet

Shape air injection

Robot head

Figure 4. Schematic description of the setup of the simulation. The simulations are performed in three spatial
dimensions and a cut through the center is shown. The simulation box is shown smaller than its actual size.

rotation is actually very thin, and does not extend past the primary breakup region. Instead, the swirling motion
is created by the paint itself and the simulation is therefore performed with two-way coupled particles during the
setup phase. During this phase correct size distributions are injected given the bell rotation speed, and a steady
state solution is saved for each case considered. These solutions are later loaded in the optimization loop, where
only one-way coupled simulations in a stationary air field are performed due to computational cost.

The mesh consists of Cartesian cubic cells in an octree structure. That means that cells can be refined by
splitting them in eight new cells, doubling the resolution in each step. The base grid is built with 30x30x10 cells
with side length 20 mm. It is refined five times at the surface of the bell, so that the resolution is 20/25 = 0.625 mm.
The thickness of this refinement region is 3.1 mm. The base mesh is connected by a series of refinements one,
two, three and four times towards the inner finest region. The total thickness of the refined layer is approximately
10 cm. In addition, the shape air injection zone is refined three times and a hollow cylindric region below the bell
edge is refined four times. In total 4.2 · 105 cells are created by this refinement.

The time step used in the flow solver is such that the CFL number equals 1. For 40 kRPM bell rotation speed
this amounts to 7.2 · 10−6 s. The particle time stepping uses an internal time step where the CFL is at most 0.5.
In one time step between 50 and 150 primary droplets depending on their size are randomly distributed along the
periphery of the bell’s lower edge.

At injection each simulated droplet corresponds to exactly one physical droplet, but after breakup the simulated
droplets correspond to many physical droplets each. This is done via a so-called cloud factor that determines the
ratio of simulated droplets to physical ones. Its value is determined by matching the mass of the simulated droplet
to the corresponding physical ones. A screen capture of the bell, air velocity and paint droplets is shown in Fig. 5

Measurement technique
The measurements were performed with a Spraytec RTS 5001 from Malvern Instruments [15] at the Fraunhofer-

Institut für Produktionstechnik und Automatisierung (IPA) in Stuttgart, Germany. The measurement technique
relies on Mie scattering where laser light is scattered by the droplets and the scattering angle differs depending on
the droplet radius. An array of detectors detecting particles of different size are used to create a histogram of the
sizes of droplets present in the spray. The spray is directed towards the measurement zone in such a way that all
droplet sizes present in the spray pass by the detector and the obtained probability density functions are valid for
the whole spray.
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Figure 5. Screen capture of the simulation. The color scale of the droplets is according to their radii. The droplets
are not shown in their real size but substantially larger as they would otherwise be too small to display. The cut
plane through the 3D domain shows the downward air velocity.

Parameter estimation
The question of finding appropriate values for the coefficients of the models such that the simulated distribu-

tions match the measurements is treated as an optimization problem,

min
c∈C

F (ρs(·; c) , ρm(·)) . (13)

Here c is the vector of coefficients to the model, F is the objective function, ρs(a; c) is the simulated size distri-
bution, and ρm(a) the measured one. The argument a to the distributions is droplet radius as before. As objective
function the discrete normalized L2 error is used,

F (ρs(·; c) , ρm(·)) =

(
N∑
i=0

(
ρs(ai; c)

maxa ρs(a; c)
− ρm(ai)

maxa ρm(a)

)2
) 1

2

, (14)

where the sample points ai range over the support of the measured distribution and are logarithmically spaced to
capture the appearance of the distributions. N = 8192 was used in this work.

The simulated droplet size distribution, ρs, is evaluated by running a simulation and extracted by so-called
Kernel Density Estimate (KDE) as described by Botev et al. [16]. Their implementation [17] of the algorithm
was slightly modified to work with logarithmically spaced data and to use a specified bandwidth. The confidence
interval for the distribution decreases as 1/

√
M where M is the number of broken droplets in the simulation. This

allows a trade off between accuracy and speed, where the simulation time in the optimization was chosen such that
the difference between each set of parameters evaluated was statistically significant.

When the optimization of the parameters was initiated all five parameters, CF /Cb, Ck, Cd, λ, and k were
included as free variables. It became evident by studying response surfaces obtained by Radial Basis Functions
(RBF) interpolation [18, 19], however, that the value of the damping coefficient Cd had negligible impact on the
obtained size distributions by the model. As described in connection to Eq. 2 the Cd parameter determines how
strongly the modeled harmonic oscillator is damped. It therefore enters the solution of the differential equation as
the time constant for the oscillations, but does not otherwise affect the breakup. It does have a second order effect
as larger values mean slower breakup that allows a longer time for the droplet to be slowed down relative to the air.
The relative speed to the air at the moment of breakup affects the distribution of child droplets through the Weber
number, but as mentioned earlier, this is a small effect for reasonable values of Cd. For this reason the standard
value Cd = 10 was used and the number of variables in the optimization was reduced to four:

c = [CF /Cb, Ck, λ, k]
T . (15)

As a starting point for the optimization, c0, the default values in KIVA 3 [2] were used. The four parameters
are then allowed to vary in a four dimensional hypercube c ∈ C = [c0/4, 4c0]. The global optimization algorithm
DIRECT [20] was used to solve the optimization problem in Eq. 13. To reach convergence a few hundred simula-
tions were typically needed. Using an Intel Core i7-2600 processor running at 3.4 GHz with four parallel threads
for the particle tracking required about one day to find a parameter set close to the global optimum.

Results
Parameters of the original TAB model in Eqs. 5-6 were tuned to match the measured size distributions at bell

rotations speed of 30, 40 and 50 thousand revolutions per minute (RPM) simultaneously. Figure 6(a) shows the
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(a) Original TAB model (b) Large viscosity TAB model

Figure 6. Measured (markers) and simulated (lines) mass distribution as a function of droplet diameter. Simulated
distributions are normalized to the maximum of the measured ones. Results for 30, 40 and 50 thousand RPM.

resulting measured and simulated distributions of mass as a function of droplet size. The broken droplets were
sampled when their Weber number fell below 1, at which point it was determined that further breakup would not
take place. Compare with the stability criterion in Eq. 8 which statesWe = 12 as the limit below which no breakup
occurs. Using this criteria the breakup region extends only a few centimeters from the bell as the small droplets
obtained after breakup are effectively decelerated, lowering the Weber number. The total simulation time was 0.2 s
and around 106 primary droplets were injected during that time period. After breakup in the order of 109 droplets
were recorded. As for the original TAB model, parameters of the model modified for large viscosity by using the
definition of the effective Weber number in Eq. 9 were also optimized. The result is shown in Fig. 6(b).

We see that the simulations agree well with the measurements. The modes of the distributions are almost
perfectly captured and the widths also fits well, except in the tails. A little bit too few large particles are retained in
the simulation, and the small dust particles with diameters . 5µm are not entirely captured. The density of particles
is very low in the tails in the measurements, however, which means that the mass present there is small. The main
difference between the results of the original and modified TAB models is the slant of the distributions. The original
model gives a steeper cut off at larger particles whereas the modified model gives a steeper distribution for smaller
particles, and we see that the shape from the modified model fits better to the measurements. This difference can
be explained by the introduction of the droplet diameter in the stability criterion by the Ohnesorge number. The
optimal values of the parameters found are listed in Table 1.

Parameter Original model Modified model KIVA 3 default

CF /Cb 7.7829 23.1396 1.2051

Ck 5.7214 39.5628 4.66671

λ 13.0581 7.1598 0.95701

k 3.0745 5.4342 2.62501

Table 1. Optimal values obtained for the two TAB models by the optimization. The default value of the damping
coefficient was used, Cd = 10.

Discussion and Conclusions
We have shown that the TAB model is able to capture the overall shape of the particle size distributions

obtained by the rotary bell spraying technique. As the primary breakup is not included in the TAB model it has
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to be accounted for separately. It does not, however, appear to be particularly sensitive to the initial distribution
as it seems sufficient to use a crude model for the primary breakup. This is under the assumption that the primary
breakup creates droplets of which a large fraction break during the secondary breakup, which is believed to be the
case.

The tails of the distributions are less well captured, in both the upper and lower end. The distributions are
slightly too narrow and as a consequence slightly over-estimate the density of particles in the middle of the dis-
tribution. In the upper end this could be due to collisions that are not included in the current study. This effect is
believed to be small as the spray becomes progressively more dilute as droplets spread outwards.

The dependency on the rotational speed of the bell is somewhat over-estimated, especially by the modified
model. The difference between the modes of the distributions in the measurements is slightly less than linear in
rotation speed, which may be surprising. The simulations on the other hand scales slightly super-linearly.

Two-way coupled simulations were run during the initialization of the optimization problem, but one-way
coupled simulations were performed in the actual optimization loop. This is primarily due to the computational
cost of having to update the air solution each time step due to the back coupling from the droplets to the air. The
error introduced by this simplification is believed to be small. A small widening of the simulated size distributions
could be expected by running two-way coupled simulations due to fluctuations in the relative velocities.

By being able to simulate the droplet breakup the need for costly and cumbersome measurements is reduced.
A limited set of measured droplet size distributions is needed for tuning the model, and it can then be used to
predict changes in the size distributions without the need for new measurements. The obtained results are then
used as input to full spray painting simulations that can be used by the automotive industry to reduce the time
required for introduction of new car models, reduce the environmental impact and increase the quality.
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