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€ See Section 11.1.1, Flow equations
» Boussinesq approximation: density variation only in gravitation (buoyancy) term

dpovi O op 0*v; oV’

5.7 — — _ J _ N _ .
ot + axj (p()/Uz’Uj) axz + luaxjaxj Po (9:13] /005<9 90)92

p is hydrodynamic pressure: pf; — (p — po)gi

If we let density depend on pressure and temperature, differentiation gives

([ 9p dp
) ()

Incompressible flow: = dp/dp =0
1 6’p>
=— (=) =
g Po (39 .

dp = —poBdf = p — po = —PLpo(0 — bo)

pofi = (p—po)gi = —poB(0 — 60)g:

9 See Section 11.1.2, Temperature equation
» Temperature equation
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09  ovt 00

ot " Oz, a@xié’xi

where a = k/(pc)).

Introducing 6 = 0 + ¢’ gives the mean temperature equation

0172-9_ 6’2§ (%2’49’
Ox; B a@xzﬁxi B ox; (30.1)
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»lotal (viscous plus turbulent) flux: momentum and temperature equation

k

=a— —vhl, a=—
pCp pCy pCp 0xs9 pCy
0

_ _ !,/
Ttot = Tvisc T Tturb = Mal' — PU1Vy
2

_Q2,t0t . _q2,visc q2 turb . 00

0.1

Reynolds shear stress.
— —pUiUy [Ty

-1 (001 /0x2) [Ty
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{See Section 11.2, The exact v;v}; equation

e Set up the momentum equation for the instantaneous velocity v; = v; + v; — Eq. (A)
e Time average — equation for v;, Eq. (B)

e Subtract Eq. (B) from Eq. (A) — equation for v;, Eq. (C)

e Do the same procedure for v; — equation for v}, Eq. (D)

e Multiply Eq. (C) with U;- and Eq. (D) with v, time average and add them together — equation for

/.,
ViU

In Section 9 these steps are given in some detail.
The final vjv’-equation (Reynolds Stress equation) reads (see Eq. 9.12)
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> vivi-equation

e Unknown terms

I1;; Pressure-strain
D;; Turbulent diffusion
e;; Dissipation

—giBVi0 — g; v — 2w

@kﬁvgv} _ _U/—%% v Ov; _|_]i’ ((‘9’02’- N 6@}
6$kl . ! a$k J 8xh f? 6$j f%m
CZ] Pij sz

10y I 2,0,/
D4 | Dij
av/. 62{;

a$k6$k
Gij ' > '

(30.2)
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9See Section 11.3, The exact v.0’ equation
» 00 equation

a0 0, ,-

Fr a—xk(vw + 030" + v,.0') =
O o ron 1 op’
> + 9rn (v, 0; + Vv, + VU;) = ~ oz,

Multiply Eq. 30.3 with v, and multiply Eq. 30.4 with 6’, add them together and time average

020’ ov,.0'
O{ —_

2 1 !,/
O] (%Z-vj

V@mké’xk B Ox}.

— 9@59/

O _ 0
Vi (Vh0 + T8 + 0} 8) + 6 (0] + 0] + ofo)
7oy . o0 0 _
__ ‘ O— "1 4300
p Ox; N szamké’xk v Ox0xy, 90
o — 00 ——ou, 007 0
Y 0 — — v —— — Y _ _ "G’
6$kvkvz | Uzvkax,k Uk 6’$k P ax,z 6$kvkvz
P I Dig ¢
0206 ov! 06’ —
{ o { —q; (9/2
i I<V i Oé) c‘?xkc?a:k (V i Oé) (93% &vk gGi
Di@,u <if Z

(30.3)

(30.4)
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e Unknown terms

1, Scramble
Dy Turbulent diffusion
;9 Dissipation
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€ The original derivation of the £ equation 1s shown 1n Section 8.2.

»In 11.4, The k£ equation, we derive the £ equation as follows

»Take the trace of the v;v; equation and divide by two

(% ——0v; ——0v; p [0V o’ 0 |—— P p'v)
J ! { J Loyl oyl J !
= —V, — v + — + — o |vv;v + —=0; + —20;
amk kam J ké’xk 0 <8$j ami) oxy, g Iy g 0 Ik

82

— G800 — g,8U0 Ov; 00;
(3’%‘]491% Ji 9 6’$k al'k
81}’?}’ p [(Ov, OV 0 |—— pv Pl
— _ i ) = ol 4+ B, 4+ B,
6’@{ kaé’x kaé’x i 0 (6‘@-—'_0@) Ox}. [Uﬂ}ﬂ},ﬁ- 0 kT 0 *
0%l , ov. Ov!
1l z' 0 — 7_ 0! ! !
V@xkﬁxk 9 sz 9,5’02 (933]C 6@
~ Ok o |, (1 24 0’k , ov! ov!
| - —q; 800" — Lt 30.5
ow; Mka:pk d [U’f (2“”” p) Y by — G’i”@ o0z, S
C* P*

- k T €
D} D
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e Unknown terms

vjv; Reynolds stress in P*
DY Turbulent diffusion
e Dissipation
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9 See Section 11.6, The Boussinesq assumption
»The Boussinesq assumption: a model for v;v’
The diffusion term of time-averaged Navier-Stokes

i v (‘9?7¢_|_3’Dj — vl :>i (v + 1) a/l_}i—l-(%j
Ox; Or; Oux; 7 Ox; ! Or; Oux;
_ (9?_)2' n 6@j
B ! al'j (P))I'Z'

» When this equation is contrated, the LHS is not zero (v;v;) whereas the RHS is zero due to continuity

(vv/0x; = 0)

1oy
UZ-UJ-

» Add (2/3)d;;k on the RHS:

!,/
/UZ-/Uj

0v; (%j 5
= — 25:k
Vi ((‘933] * ([9$2> * 37
]{32

. . 3/2
»The turbulent viscosity: v; oc v’ = kL 2% = ¢,
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¥See Section 11.7.1, Production terms

e First let’s repeat the definition of the strain-rate and vorticity tensors, see Eq. 1.11

(9’(72' o = a”UZ c’?@j ~ 1 c’?@j c’?@j
D, T i S = (axj W ) =5 ((‘9@- axi)

e Recall that the product 5;; Q; ; = 0 (product of symmetric and anti-symmetric tensor, see Section 1.5)

» Production term in £ equation needs to be modeled.

[ [ Ov;,  O0U; 0,
pk_ _ _ i j i
vzvjﬁxj Vi _(&Uj ) ] Ox;
[ [ Ov; 81)] 8/02 2 0v;
- _(&Uj ) Oz SVt(S”k@xj
i} i 0
B (9?_)2' n c%j 6’?72‘ _%/(%Z-
- n i 6’@ 6’@ i aiEj té’xi

= 2Vt§z’j(§ij -+ sz): 2Vt§z’j§z’j
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» Diffusion term 1n k£ eq, Eq. 30.5, must be modelled.
» The exact £ equation:

— 0V / 2
ok  ——0y 0 [’v; (3v<v<+3) Ok

Vjm— = —UU —
j@a:j 7ROz Oxy 2" 0xL0x}

» The constitutive model for heat conduction, Fourier’s law, (see Section 2.2)

/ /
ov; O]

8xk8xk

+ v

— gipvl — v

Flux of k:

- —— —
2 8xj 6xj

» The heat flux is an unknown both in the mean temperature equation, Eq. 30.1, and in the exact k
equation above. Taking guidance from Fourier’s law . It is modeled as

10viviv; 9 (ut 8k>

Jkﬁxj

69 V¢
Ny = —
ox;’ o

mr_
0,0 = —oy
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4See Section 11.8, The £ — € model
»Modeled £ equation

—ak — 9 S+ —— a —l-ﬁ % + @ﬁae
Y0, Oz ViSijSiy Oz g o) 0x; Ji 9 OT; -

» Exact £ equation

Vi— ok v ) 0 V) 1’va +p’ +v Ok — 61}’759’ (%’ 9,
‘7(‘933] k@xk O | F\2 0 - 01,07, ngk 033;{(933;{
c* Pt F Dy

t

§See Section 11.5, The € equation
»c equation

C*=P + D +G —
Use the same source terms as in k equation and add turbulent time-scale € /k to get the right dimen-

S10NS:
£

PF+ G =V = % (Cglpk + ngGk — 6525)

» The final form modelled € equation

Oe Oe 0 v\ Oe £ £
N, Vj— = 9 Pk I a €37 g — Le2
ot +U‘76’xj “1 6’@7 [(V—I_Ug) amj] +CB/€G s
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9See Section 11.7.3, Dissipation term, &;;

v’ oV, ov; p [ov OV
vp——=L = —vlv,—L — vl Z-|—1Ii Ly
or, Ox}. 70z, p \Ox;  Ox;
C.. =8 1T,
0 |—= PV P'v; P
——— | v, + —=0 + —0j1 | +V !
(%k Lk Zk P ik . amké’xk
| D¢ - D
— o’ ov’
—g;80'0" — g:8v0 — 2v——
. giPv; 9,5 . Oz, 0z,
Gij 5ij

»The dissipation term, ¢;;, in the vz’-v} equation (eq. 30.2), 1s modeled as follows:
Small-scale turbulence is isotropic

2 a2 12
1. v° = vy’ = vy

2. All shear stresses are zero (if we flip one coordinate axis the sign will change: hence not 1sotropic)

- 2
=2 (31.1)

gij =


http://www.tfd.chalmers.se/~lada/comp\protect _turb\protect _model/

4See Section 11.7.2, Diftusion terms

Flux of v

]

(% —0v; —— 0v; N p [ Ov, N v
= —V, — Vv —
&Uk | kO, kc‘?azk p \Oz; Oz,
CZ] Pzg Hz’j
J Tosl oy p J p?} 62
—a— | Vv — 0 + —
oxy, kF P " P C%Ukaxk
D Dij
Ov! OV’
B0 — g;Bul - a”@ .
: x0Ty,
Gij Gy
D ...,/ av//U;
wt UZU]Uk B O (%k
L Ovv ' V), 19, 32}2’-2{;
6’$k B (%k O (%k
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X9

| - '

il

Ovy/0x1 < 0and p’ > 0so thatp’a <0
L1
v, ovs,
> () > ()
8332 7 6x3

If this happens then

2 2 2 2
v > vy, U7 > Us

Ovy P75 7, (7 5 Plm (=, =
Ve % —5 |(F =F) + (P =) |= =5 [F -5 (B +F)

see Eq. 11.57

(31.2)
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“See Eq. 11.2
» Decaying grid turbulence

O
O
U1 I
T © T2
@ - - - - -
a) T b)
»viv equation
dviv’ 'Oy O
N I i J
_ P 4 — & 31.3
. dry  p (c%zj (‘9332-) " G13)
An anisotropy stress tensor is defined as
vivh 9 2k
Qjj = ]{j — 5523 = ’U;”U} = ]CCLZ'j -+ 3(5@7‘ (31.4)

In isotropic turbulence, a;; = 0.
We insert Eq. 31.4 into Eq. 31.3 and use the models for the pressure strain term, ¢;;; (Eq. 31.2) and
dissipation, €;; = (2/3)d;; (Eq. 31.1) so that

 (d(ka;) 2. dk y
U1 ( dl.lj -+ géZ]d_:pl) = —Cl1EQ;5 — géi]‘é‘
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(d(kay) 2. dk )
U1 ( dl.lj -+ géwd_xl) = —Cl1EQ;5 — géi]‘é‘

da; dk 2 _ dk 2
ol (k Y 4 q + =0i; ) = —C1Ea;; — 55@-5

dazl d 3 dazl

» Using the k equation, @1% = —¢, and dividing by £ give
daZ € 2.¢€ € £
dxl —clzazj — gél]% kaw + 52‘7,16 kaw(l — Cl)

da;;/dx < 0 (the turbulence becomes isotropic). Hence we find that ¢; must be larger than one.
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9 See Section 11.7.5, Rapid pressure-strain term
» Pressure strain: rapid part

1,1

1. Take the divergence of the incompressible Navier-Stokes equation assuming constant viscosity (see

0 dvi\ 0 Op 0%, .
Eq. 6.6) 1i.e. P (vjﬁx) = o (_(‘9_:1;2 + V@xjc?a:) ...= Equation A.

2. Take the divergence of the incompressible time-averaged Navier-Stokes equation assuming constant
0 Ov; 0 op 0%v; 6’v§v’.
viscosity (see Eq. 6.10) 1.e. (vj Y ) = — < p b 2] ...= Equation B.

ox; \ 7oz, Ox; axz (%](%] Oz
Eq. A - Eq. B gives

l (92]9/ 26;— 6’?] 6)2 (
p(%jé’xj axjé’xz (%Zaxj

rapld term slow term

U — UZ’-UD (32.1)
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1 (92]?/ 5 ov; av}

62

;(%:j@xj B _. (‘93:]- &Uz-l_aaziﬁazj

/
(vzfu

rapid term
0%
Ox g ox j

slow term

~ f

(32.1)

» There exists an exact analytical solution given by Green’s formula (derived from Gauss divergence
law). The derivation is shown in an Appendix in the eBook.

Jdy1dyadys

wmz—gﬁf@

ly — x|

where dy,dy,dy; = dV = dy?. The integral is carried out for all points, y, in volume V.

p / ,0uy)ovly) &

+
dy; Oy;  Oyi0y;

(¥)vj(y) — vi(y)v]

ly — x|

rapid term

slow term

3
(32.2)
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» Now make two assumptions 1n Eq. 32.2:

82

P (x) P /v 25771(}’) f%j(y)

o dy; Oy

_|_

0y;0y;

/
v;

/

(¥)v;(y) = vi(y)v

/
J

)

rapid term

slow term

dy?

(32.2)
ly — x|

1) the turbulence is homogeneous which means that the last term in square brackets is zero.

i) the variation of 0v;/dz; in space is small because 0v;/dx; varies much more slowly v’ (y)/0y;

Assumption i) = last term in the integral in Eq. 11.68 is zero, i.e.

O* vl

/
J

0y; 0y,
Assumption ii) = mean velocity gradient moved outside the integral.

=0
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p Oui(x) [Ovily) dy’  p TN dy’

o)
p(X)_27T ox;, Jy Oy |ly—x| 4n )y

»Multiply Eq. 32.2 with dv;/Ox; + 0v’/Ox; and average:

-+ -

P(x) (avg(x) ap;(x)> _ Ou(x) 2177 / (av;(x> av;.(x)) ovl(y) dy?

0 0z ox; 0xy 0z 0x; Ay |y — X|I
Mg
e . (32.3)
@U( ) é%é X % / / dy

Short form of Eq. 32.3:

8@ 6U( Oy
Az AL — q)z” q)z"
(@ZCJ + a z') J + ]Ma T Ji1 + 7,2

e First term=slow term, ®;; 1,

e second term=rapid term, ®;; » (index 2 denotes the rapid part).

(Dz'j,g = —Cop ( 5Z]Pk) IP model
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“See Section 11.7.6, Wall model ot the pressure-strain term
» Wall models of pressure-strain:

Gij = Dij1+ Pij2 + Pijrw + Pijow

\S[oS}

— L k
Dog 14y = —201w%’0§2f7 J o t

= , O0< f<l
i — Tiwan|  2.55|n (X — 2 0)|E /

Traceless =

£—s
_ _ 2
P1110w = D331 = Clug U

The wall model for the shear stress 1s set as

_35

! ../
P19 1y = _§CleU1U2f

The general form reads:

€ 3 3
/ !,/ !,/
(Dz'j,lw = 0111% (Ukvqlnnk,wnm,waij — §Ukvink,wnj,w — §Ukvjni,wnk,w) /

The analogous wall model for the rapid part reads

3 3

q)ij,Qw = Cow (q)km,an,wnm,w(Sij - §®ki,2nk,wnj,w — iq)kjﬁni,wnk,w) f
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See Section 11.9, The modeled vjv’ equation with IP model

» We can finally formulate the modelled v,fvE equation (with IP model), the Reynolds Stress Model
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E
‘|_Clwp% [

1]
+
ot
_ Ov!
Vk =
(%k
o c’?vj B —’U//U/ (9’02'
‘ kc‘?x J k&xk

3 3

! ../ o ooy o o ay )
V0L NN 0i S ViV, 2vjvknknz]f

+Cow | Prm.2nknmoij — §q)ik,2nknj — §®jk,2nknz’ | f

3 3

0>,

U ——
V@xké’xk

N 0 | v v

c‘?xk O &xm
— iV — g; 500

2

——€5¢j

3

(unsteady term)
(convection)
(production)

(slow part)

(rapid part, IP model)

(wall, slow part) (32:4)

(wall, rapid part, IP model))
(viscous diffusion)

(turbulent diffusion)

(buoyancy production)

(dissipation)


http://www.tfd.chalmers.se/~lada/comp\protect _turb\protect _model/

“See Section 11.10, Algebraic Reynolds Stress Model (ASM)
» The Algebraic Reynolds Stress Model (ASM) is a simplified Reynolds Stress Model (RSM)

RSM . Cij_Dij = Pij_l'q)ij_gij
k—e: CF—D' = PF—¢

Assumption in ASM:
vl
Ci; — Dy = (C* — DM
- Dy = (CF = D™
v’
:>P’0]+q)ij Eij = ;{j(Pk—é‘)
This gives
o7 25 K1) (P — 305 P%) + Pijaw + Pijow
I3 e c1+ Pk/e —1
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“See Section 11.13, Boundary layer flow
» We will consider source terms in the modelled vz’-v} equation for boundary layer flow.
We have vy >~ 0, Ovy/0xy > 0v1/0x1. The production term reads:

(%j —— 0
—U; ‘! ’U )

In this special case we get (all velocity gradients except (%1 /Ox4 are negligible):

Fij =

2
(9?}1
P, = —f
12 2 83:2

Py =0, P3=0

» No production term in v2 and v v’2! How are they produced? Answer: the pressure strain (Robin
Hood)

2 2
@22’1 = Cli( ]f—’l)g) >O, —]C ( —|—U —|—U )/3

kE\3
1 -0,
@22,2 = C2§P11 —Cy— U1U28 2 > ()

e12 = 0: No sink term in v{v} eq? Answer: the pressure strain terms 15 ; and @5 5 act as sink terms.
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4See Section 12.1, Stable and unstable stratification
» Assume there 1s a non-constant temperature field and that the natural convection is important (no
forced convection). We have then two different flow conditions, stable or unstable conditions.

» We start with stable stratification for which 96/dz3 > 0.

9_2 > 90 o
il 2

P2 < po { J
I F
00/0xz3 > 0
o 0 /0w
NN 0p/0x3 <0
F 3
él < 90 LW 1 ]
P1 > Po —~J

Gij = —giBV0 — g0/, g;=(0,0,—g) = vfeq: Gs3=_2gBv}0

which is the source term in the v/? v eq due to buoyancy.

Now we need v50'.
The main source term in this equation is (see Eq 30.3)

0
8_3 —,269

= 2 <0
c‘?xk Y3 (9%3 <

(9’03 B

Py = _USUkﬁx vkﬁ/@x
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S0

o Py <0

o = v < (

o — G33 = 2961};’36/ <0
e which dampens v% (but not U1 , Vs v2) as it should.

» Above, we assumed stable conditions, 90/dx3 > 0, which gives reduced vertical fluctuations.

»If we assume un-stable conditions, 06/0x3 < 0, we can in the same manner show that we get
increased vertical fluctuations.
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» i — ¢ model. The buoyancy term reads (Eq. 30.5)
V¢ @9_

0y 0x;

G" = 0.5G; = —g;ipvld, v = —

For g; = (0,0, —g) it reads

G" = gBuLl
which gives, using Section 11.6, B
V¢ 69
GF = —gp—=—
5@ Oxs

Hence G* < 0 which dampens % (i.e. v2, v%, vi2).

» Note that the £ — € model incorrecly dampens all normal stress, not only the vertical one
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¥See Section 12.2, Curvature effects
» Streamline curvature affects the turbulence.

Flow aligned with the 6 axis. Ovy/0r > 0

» We assume inviscid flow (¢ = 0) and express the Navier-Stokes eq. in polar coordinates:

pv;  Op
r Oor
»(vg) 4 > (vp),, which from Eq. 33.1 gives (Op/0r) , > (Op/0r),.

vy €q. with =0 : 0 (33.1)
» The streamline curvature stabilized (decreases) the turbulence
» Change sign of velocity gradient Jvg/0r < 0: now streamline curvature will increase the turbulence

» Now we will find out how well the effect of streamline curvature 1s modeled by RSM (and ASM).
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» We choose a boundary layer flow as below

r
V2~ 52 g, streamline
o 1 = QU
/(9
L&l —
009 001
A boundary layer flow that gradually departs from the wall. — > 0, — > 0
8x 1 65132
: : vy ..
» For this flow, the production terms read (boxed terms appear because B 1s not negligible)
I
012 : / /(92_)1
RSM, v —eq.: P = _2U1U28—a:2
— 09 — 00U
RSM, vivh —eq.: Py = —vfa—xl — %28—@

_ Bh
RSM, vl —eq.: Py = —21}12}52
65131

2
0v O
_ ko e S )
k E P V¢ { (65[}2) -+ (axl) }
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RSM, ’U_/12— €q. . P11 = —22}12}2—

0x9
RSM, vivy —eq.: Pip = —v_fg—z —v_gg_:;
RSM, ’0_52_ eq. . Py = —22)1%2—;2
2
ov Ov
k—e PF= Vt{(é’—z;) -+ (G_Z) )>
’g—ZZj 0, g—:j >0, >—v_12§—:§ increases | Pjo| (recall that v}? > vf?) , »=> |v}v}| increases

» = v}> and v}’ increase , »=- | Pi»| increases even more (a positive feedback loop)

» Hence: the turbulence increases (as it should). »We have a de-stabilizing streamline curvature.

: ovy | e :
» Change the sign of —1 gives decreased turbulence (stabilizing streamline curvature)

(9332

» i — e model: it does react to streamline curvaturve but much less »Why?

Contrary to RSM, the two velocity gradients are multiplied by the same coefficient
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9See Section 12.3, Stagnation flow
» Stagnation 2D flow

X9

o

The flow pattern for stagnation flow.

0 o0v
» Near the plate, strong deceleration, i.e. large av » Continuity equation = large (,;)2
L1 L2
0y 0,
» The velocity gradient U and 22 are in this flow negligible.
(9582 ox 1

(9?}1 —5 6172 8U1 5 A
_’01 — Uy (’01 — Uy )
8x1 6x2 8561

0v s\ *
k 1 vh2
k‘ P 2Vt{(8[lj‘1) + (61’2) }

For RSM/ASM, v? — E nearly cancels whereas for £ — ¢ they don’t since the sum of squared velocity
gradients 1s used.

RSM/ASM (Pll —|—P22)
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“See Section 13, Realizability
» Realizability

v? > 0 forall

< 1 no summation over ¢ and j, i # j

— ov; 2
—k —2 =k — 218
Vt(?asl 3 ViS11

511 largest 1n the principal coordinate d1rect10ns. Hence, let’s find the eigenvalues of 5;;

|§ij — (5@‘)\‘ =3
which gives in 2D
511 — A 512
591 S22 — A

| - O
The resulting equation characteristic equation is

N — FPA+ 137 =0
IfD = 5;; =0 continuity equation
1
1P = S(5usjj — sij8i) = det(Ciy) = =515,/
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N+ 137 =0

1/2 51181\ M/*
A= £ (- 2QD)/ _ :I:( 32 J)

— 2

12 )
”Ul = gk_QVtsll

L 2 9 5.5, 1/2
I _ %1 _9 _ %L _9 ( L] Z])
(vl )M 3k Ui\ 3k Uy 5 > ()

9 1/2
(Sz'jsz'j>

g 5\ M2
ol =k (24%)
3

< k k
, _ "
YR

In 3D
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9 See Section 14, Non-linear Eddy-viscosity Models

» [t 1s non-linear in velocity gradients.
» The advantage is better normal stresses and a certain ability to handle streamline curvature.

UZ/-U} 9
Q;; = — _5ij
ko3
1 _ _
— 2 (0 - — _ 2 _ _
Qjj = —QCNTSU + 1T (Sikskj — gsmksmkéij + CoT (Qikskj — Sikaj)

P
+ 37 (Qiijk - §ka9mk5iﬂ'> + a7 (S SkmSlmj — QLimSmiSi;)

_ _ _ ) _ _ _ _
3 = = = 3= = = 3 =
+ C5T (QiQOmsmj + SiQOQOj — ngnQnmSmmCSw + CgT SkmSkmSij + CrT kakaSij

SZ]:%<8UZ—I_8/U]>7 Q_1<avz_avj)7 TZEOI"T:L

Oxr; Ox; V9 Oxr;  Ox; £ Cpw

(33.2)
»symmetric, »-trace-less »-, only linear s;; and quadratic 5;;5;; terms (no cubic terms, 5;155,5,)-

» Why no cubic terms? Caley-Hamilon theorem which 1s based on the characteristic equation in 3D

N+ LPXN - BPAN+ P =0
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» L et’s verity that the three first terms are indeed symmetric and traceless

»Term 1

—2¢,TS8;; Ssymmetric: 5;; = 5;, traceless: 5; =0

»Term 2
o L . S
(sikskj — gsmksmkézj symmetrlc . SikSkj =SjkSki= SkjSik 52‘]' — 5]”

- | o L o -
traceless : S;pSp; — gsmksmkéii =3SikSki — SmkSmk =SikSki — SikSik=0

»Term 3
_ 1_. _ _ _
(szﬂjk — ngkakém) symmetric ; szﬂjk :ijQik 5@' = 53‘2'

_ 1. _ _ _
traceless : €2;1.80. — ngkak(Siz’: Qi — Q= 0
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» With constants ¢y, ¢, ... Eq. 33.2 read tor a boundary layer flow

aZEQ
—_ 2 05 v\’
2 2 2 [ 22
gt T (ax2>
— 2 0.16 0t \°
12 _ _k . —k 2 _1
BTt T (ax2>

» We find that the nornal stresses are indeed not equal (coontrary to the standard linear £ — € model)
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YSee Section 15, The V2F Model

e Four equations are solved, £, € (or w), v§2 and f.

e f is proportional to the pressure-strain term in the eq. for the wall-normal fluctuation (v}, v or v%

e Strength: better in modeling damping of the turbulence near walls, e.g. stagnation flow

» The exact v/ equation (see Eq. 30.2) — modeling the turbulent diffusion — reads for a boundary layer

av_g]

Opmvf povE 0

(91'1 6’%‘2 6’%‘2 <'u i Mt)

- 2’05@]9//@562. —pPE22
D22

6’%’2

12
. . . v .
» Re-formulate and introduce a model for the dissipation, €99 = ?25, and the pressure-strain, ®oo,

Opuv?  Opuv: O Oy g o
+ = + + $o9 — pegg + p——€ —p—-¢
(91'1 6’%’2 (%2 (/L ’ut) (%2 . = pe2 P k . P k

fk
» An equation is formulated for f, where @4, is taken from the RSM (see Eq. 32.4)

0% f Doy 1 (vf 2 k k12
2ol =2 2 %) Tt Lo
x5 kK T\ k 3] - * e
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62f @22 1 ”U/2 2 k ]f3/2
27 T2 |2 _Z _ S
L x5 / kK T\k 3] I g’ Lo 5

»Let’s try to understand the f equation.

o Dy 1 (02 2 Dyy 1 (07 2
oFarfromthewalla—x];:Oi f—>%f<%§>1efgf<%§>

e Insert this f into the v/2 v!? equation on the previous slide gives

8,0/2

+ + Pgg — pe
(M Mt) O 22 — PE22

O pi v N O puv? 0

0xq 0x9 0x9

» We see that the v/2 v? eq. in the V2F model reverts back to the orlgonal v equation. »Good.

»Next, let’s see how the f equation behaves near the wall.

» We formulate a simplified f in one dimension
6)2
f — f= (34.1)
8$2
» Now solve it (with a 1D finite volume code) for different L and S
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L*~%5 —f=-8 (34.1)

——1=0.04,S=1
- - -1=0.1,5=1
----- L=0.3,5=1

Solution of Eq. 34.1 for different L and S
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» V2E model. Wall boundary conditions
Near the wall, the v’ equation reads (viscos, dissipation and f source term)

62 ’U /2

0= k——
Va% + f €

Replace k using ¢ = 2vk /z3 gives

. O*v?  fexs 207
- O12 + 91,2 2
5 v 5

» Assume f ~ const and € ~ const as xo — 0.

B r
v2 = Ax2+x—2 — €f20i2

»Since v2 = O(z4) as 2o — 0, A = B = 0, we get the b.c.

20V2 /2

=

£ T4
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» Above, we have presented the V2F model in 1D. In 3D, 1t reads

opvjv* 0 Ov* v?
L2 Of _f__%_i v_2_2
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» How does the V2F model behave near a vertical wall?

wall

X9
Rz

Boundary later along a vertical wall

12 Of _f:_%_i U_Q_g b2 _ G __U_Q +0Pk
dx;0x; pk T ok T \3 k “k

o v? < v, w2 <v? w»Thekey-term is PF.

012

e For the horizontal plate, P* is dominated by v’ = 1]

Ov
e For the vertical plate, P* is dominated by 6U2
x

1

e Hence, in this case (the vertical plate), v* corresponds to ﬁ

o P in the expression of ®9, explains why v? is equal to ’UQ : vf or v3 depending on orientation of

the nearest wall (the largest velocity gradient).
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4See Section 16, The SST Model
» The SST (Shear Stress Transport) model

1. Combination of a k£ — w model (in the inner boundary layer) and £ — € model (in the outer region
of the boundary layer as well as outside of it)

(a) k — w is good for near-wall turbulence (well-defined b.c., no additional near-wall terms)
(b) £ — w has a problem with far-field boundary conditions; & — £ can handle these b.c.

2. A limitation of the shear stress in adverse pressure gradient regions
»w =¢/(8*k) =¢/(c,k). Use this to obtain an eq. for w

do d [ ¢ 1 de e dk 1 de wdk
dt — dt \ Bk

T Bkdt Bk dt  Bkdt kdt

» Production term

1 w 1 € w W
P,=—-—P —P'=—C.,—P'——P'=(C.,—1)=PF
Bk Sk Bk 'k k (Ca =17
» Destruction term
1 W 1 e w !
0, U, — U =——Cg — £ =(Cy — 1)B*w*
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dw_ 1 de wdk

dt  Bkdt  kdt

» Viscous diffusion term
v 0% vwd*k votwk vwdk

DY = _Y
Y pkor:  k Or; k Oz k 0]

vl o 6’k g Ow wf??k 2Uv Ow Ok N 0 Ow
= — |[=— — || —v=— V—
k | Ox; 8@7 Oz k8$ k Ox;0x; O, Oz

» The w eq. (which really is an € eq. when the k£ — € constants are used) reads

0 0 v\ Ow W 5 2 v\ Ok Ow
ij(vjw) ~ Oxy [(V+ )3:6]] +osz po +k (V+05> Ox; 0x;

a = C—1=044,8=(Cep — 1)B* = 0.0828

» Inner region: k£ — w coefficients; outer region: £ — ¢ coefficients. Blending function reads

L ]{1/2
F) = tanh(¢Y), & ox =L =

Tpn — WTy
» F1 = 1 in the near-wall region and F; = 0 in the outer region. The -coefficient, e.g., reads

Bssr = F1Bk—w+ (1 — F1)Br—-
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»S55T model. Limitation of shear stress in adverse pressure gradient flow (APQG).

»The k& — w gives too high shear stress. The JK model —vjv; = a1k (a1 = c}/ %) gives good results.

» Two formulas for v;. »§2 = 0v1/0x5. »Formulate JK model with Boussinesq.

JK Model: v, = 0 L ark
k k
k—wmodel: 1= = - max(aw, F50)
w alw y,

F5 1s one near walls and zero elsewhere

» The purpose of the underlined term above is:

o the second part, F5() (the Johnson-King model), should be used in APG flow (where P* > ¢)
e the first part, a;w (the usual Boussinesq model), should be in the remaining part of the flow domain

e 5 makes sure that the Johnson-King model is used only near the wall
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» Adverse pressure gradient flow (APQ).

Flow around an airfoil. Angle of attack, o = 13°. Pressure contours.
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€ See Section 5, Turbulence
»v; = U; + v, is irregular and consists of eddies of different size

»increases diffusivity

Ov
T9 turbulent T = p—
85132
laminar T M%
w
1 (95132

— -
R
—— -
- -
—— -
- -

Difference between a laminar and turbulent boundary later

VD V
»occurs at large Reynolds numbers. Pipes: Rep = —— =~ 2300; boundary layers: Re, = A

v
500 000.

»1s three-dimensional
»is dissipative. Kinetic energy, v;v;/2, in the small (dissipative) eddies are transformed into thermal

energy (increases temperature).

|0
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spectral transfer of kinetic energy per unit time = ¢

‘ gn
dissipative, small scales

intermediate scales

large scales

L Ov; Ov; L
» Dissipation € = v 5 : 5 - pAll dissipation energy (say 90%) takes place at the small scales.
Lj O
» We want to characterize the dissipation of kinetic energy at small scales in two relevant quantities:
g,V
v, =V gb
o2 2 /3
m/s| = [m*/s| [m”/s]

[m] 1 = 2a+2b
[s] —1 = —a—3b

» This gives the Kolmogorov scales, a = b =1/4

1/4 1/2
e o= (Z) e


http://www.tfd.chalmers.se/~lada/comp\protect _turb\protect _model/

» At the next slide, we will look at energy spectra. It 1s based on Fourier series.

» Any periodic function, f, can be expressed as a Fourier series

1
f(x) = zap+ Z a, cos(knx) + by sin(kpx)), [ =0, ky=-—

2
/ f(x) cos(kpx)d / f(x)sin(k,x)dx

» Parseval’s formula states that the kinetic energy can be computed as

/LUQ( )dx :—aO+LZ 2+ 0%

~L
» Hence, you can compute the kinetic energy by:
e integrating in Fourier (wavenumber) space (right-hand side)

e or integrating in physical space over all fluctuations (left-hand side)

(35.1)
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» Spectrum for turbulent kinetic energy, &

& & &\ sm;111 eddies

large eddies

» E(k,) o< a2 + b?, see the Fourier series on the previous slide »

k= /OO E(k)dk = Z E(kn) Ak, (35.2)
0 0

» which corresponds to Parseval’s formula
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& & &\ small eddies

large eddies

» The turbulence spectrum is divided into three regions:

I. Large eddies carry most of the turb. kinetic energy. They extract energy from the mean flow, P*.

II. Inertial subrange. Independent of both large eddies (mean flow) and viscosity. Isotropic eddies.

II. Dissipation range. Isotropic eddies (vz’-v; = ¢10;;) described by the Kolmogorov scales.
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» Turb. kinetic energy in Region 1l
0(vi)
Ox;

108

—(0;0})

L & &\ small eddies

large eddies

» Turb. kinetic energy in Region II depends on: »e and »-eddy size 1/x Recall: Bk = [~ E(k)dx

E = kK g
m?/s°] = [1/m] [m?/s]
[m] 3 = —a+2b

[s] —2 = —3b

b=2/3,a=—5/3sothat B E(k) = Creir 3

» This i< called von Karman snectrum or —5 /3 law
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» Energy transfer from eddy-to-eddy
0(v;)

)

y
\
<

%

5 .
C & & & small eddies

large eddies

3 3
(O Vs

. 02 /(L] v, ch x %
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» Find relation between largest and smallest scales:  Re = voly/v, v, = (ve)'t, &= vi /g

— = (ve) My (V'Uo/fo) v vy =(volo/v)"" =Re'/*
/ 3\ —1/4 3¢ —1/4 3\ —1/4
(B (o = V_?)O ly = % _ RS/
o 3 vg vl

’ / —1/2 3\ 1/2 / / 1/2

- () () - )
Ty Vg vl Vo v

» We do a DNS (Direct Numerical Simulation) at a certain Reynolds number.

» Now if we double the Re number, how much finer must the grid be?
93/4 5 93/4 5 93/4 91/ _ollfin, 7

x1dir  xodir xmzdir  time

» Hence, doubling the Re number requires 7 times more computational effort

» This explains why DNS (Direct Numerical Simulation) is too expensive at high Re numbers:
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» Why dissipation only at small scale/eddies?
ov; Ov;
Ox j Ox j
e The velocity gradient for an eddy can be estimated as

ov Uy 1/2
(@) KO( ZO( (Ui) K

»Energy spectrum: recall that £ for wavenumber « is k o« E Ak (see Eq. 35.2). We get

A ’Uz.OC/ﬁJ_Q/S

e Let’s show thate = v gets larger the smaller the scales/eddies.

E(k) ocky/k o< v2 /K ok

We get

1/2
<@) O((/i_2/3) / K ok Y3k ok
ozx )

» Hence ¢ increases as k increases, 1.e. € gets larger for small eddies.
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9 See Section 18, Large Eddy Simulations
in RANS:

(®) z% /_ Bl D= (D)4, (B)=0 = (@)= ((®)

in LES:

B 1 x+0.5Ax B L _ B
O(z, 1) :E/ L elgnds o= D+, P A0 =DAD

Momentum equations in DNS:

ov; O 1 Op 0%,
— (v0;) = —— 36.1
ot i aiﬁj (U Uj) pé’xz i V@l’j@l’j ( )
Momentum equations in LES:
0v; 0 1 Op 6’2?72' 6’7’2'3' _
V;V;) = —— — , i = U;U; — UV;U; 36.2
ot i afﬁj (U Uj) p@xz i V@xjﬁxj c%sj T vit vits ( )
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Momentum equations 1n LES:
ov; 0 1 Op 0?v; 0T
o (Viv;) = —= Py - "
ot Ox; 0 axz & ;0T - Or i
» Filter pressure gradient in Eq. 36.1

An 1 [ An o A (1 \ AN
— =— 1 ayv = — | — I pav | =—
Udj V JV Vs Ui \V JV Y UL

S_ZZ (‘9?132 (1 /pdV) + 0 ((Az)?) gxz + 0 ((Az)?)

» Filter non-linear term in Eq. 36.1

dviv; 0 )
Or; O (v;) + O ((Az)°)
. 0 0 5, o
Left side : a$] (Uzvj) | al'] (/Uzvj) 5’3;] (’Uz'U] ) 81'3 (’UZU])
. . 0 s, o7 ;
Right side : —a—%(m@]) + G—%(Uﬂ}]) :_(%j
6’?}2 a = 1 ap 82?]2 6)7'2']'

>3 " or, ) = T oon T an0m, 0wy

Tij = ViVy — UV,

7'2']' = UZ'Uj — ?_JZ'?_J]'

(36.3)
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» Hiltering twice (used for turbulence modeling)

Ax
- |
° i X ° X i °
-1 | A B [+1
—»

Control volume (dashed lines). v; # v;

_ 1 Ax/2 ) B 1 0 ) A:f:}/2_ B
R R v ( JRGEY| v(f)d€> -

1 [Ax_ Ax _ 1 L 3 3 1 L, _ _ _
= 5 vA+7vB :i ZU]_1+ZU] + ZU]+ZU[+1 :g (U1-1 + 607 + V1 41)# Ur
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4See Section 18.3, Resolved & SGS scales (GS & SGS)
I

E

rk < k.. Gnid (=resolved) Scales; x > r.= Sub-Grid Scales
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“See Section 18.5, Highest resolved wavenumbers
» A Fourier series (see Appendix H)

vi(x) = Z cpexp(tk,x1)) only symmetric part, i.e. real
1
vh vs. x9/L. —: term 1 (m = 1); --: term 2 (m = Z); --: term 3 (m = 3); o: term 4 (m = 4); —: v}

Matlab code 1s given in Section 1.3.

» We construct v5 as a sum of four Fourier components

, 2m 2T 2m 2T
Vy(x2) = by cos L/l + b9 COS L/2 + b3 cos L/3 + by cos mxg
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» On the previous slide, we showed a couple of different wave number (Fourier) modes.

vy = sin(Kx1)

» How large wave numbers (i.e. how short wavelengths) can we resolve in an LES?

One period=two cells One period=four cells
vy
noc:le 1 2 3 A 7 :1 2 3 4 5
0 0.5 1 15 0 0.5 1 15
I / L I / L

two cells : k2Ax; =27= K. =27 /(2Ax1) =7 /A1y
four cells : kA4Ax, =21= k. =27 /(4Ax1) =7 /(2Ax)
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“See Section 18.6, Subgrid model
» Smagorinsky Subgrid model

15 0v; n (9?_)]' 9 _
Tij — 50457, — —lVggs ——2VsgsSij
AN kk g (‘93{7 Oz, gs=ij

Vygs OC U m(Am%> Azi xA (?) oc(CsA )2/ 25, 51= (CsA)? |3
I I
A = (AV]JK)I/3

|5| stems from the production term in the k eq., |5%| = 25;;5;;
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9See Section 18.21, One-equation £, model

aksgs 0 0 aksgs]

615 + aajj<@]ksgs) = a—gj‘j [(V"—ngs) a ‘|‘Pk — &

59s

Ly
1/2 V' /’6%3
/ _

595 4 A

9 See Section 18.8, Energy path
0(vi)
(?[IZ]'

,.
0% |
S
‘ 7
E %

(%)
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95ee Section 18.9, SGS kinetic energy

v; = (V) + v, v =0+v =)+ 0+ v
1 > 1 >
k= 5(?};1};):/ E(k)dr, kg 55@2’-’1};’) :/ E(r)dk
0 Ke
T 1
k= =(vv,) =] Ek)/dr, K ==(v;)(1;)
> ; >
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€ See Section 18.11, The dynamic model
» The dynamic model. C'is computed. Test filter, A =2A
test filter grid filter

P

Control volume for grid and test filter.

» First, grid and test filter the Navier-Stokes (DNS)
o0, 0 (@> 19 9™V,

ot +6’xj vt 0 Ox; +V8xj6’xj
Lettside 5 (57) -5 () +5 (27) =5 (777)
Right side —% (ﬁ) + c‘?i:z;] (77\2'77\0

» We get

(37.1)
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8’{7\2- 9, o~ 1é9p 0> (‘9TZ~ P
(o) -] |

’ T; — U ?
ot 8@7 0 0 amz 0@70@7 ox;’ AR
» Second, we test filter the LES equations
6”17\1- (9?7@?77 16 p 0> %@j
i —
ot Ox; ,0 6’% 6’% 6’% Oz
Leftside : Soitd Z00 Tviv; v,
(%] (%] (%j (%j
Right side : ———id  ZY0Y)
(%j ain
T oLy;/0r;
» We get
877\2- c‘? —~ ~ 1(9 p ([92,”(:}\2 c’?’ﬁ-j 6[,@]
+ (U i U j) = + Vv — —
ot (%j p (%2 6’@0@7 6$j (%j

Identification of Egs. 37.1 and 37.2 gives

— -~ —~ 1 1 1
Tij = 00 — 00 + T =Lij + T, §5ikak :§5ij£kk + §5ij,7-'\kk

(37.1)

(37.2)

(37.3)
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1 1 1
Tij — §5¢kak + T — g@;ﬁ\kk = L;j — §5¢j£kk (37.4)
» Smagorinsky model for both grid and test level SGS stresses:

1
§5ij7-k‘k = —2CA2‘§|§U' (375)

1
Ty — 30 Tx. = 20R | F 55 (37.6)

Tz’j —

where

» Three equations, three unknowns!

»Eqgs. 37.5. 37.6 into Eq. 37.4 gives

Ez'j — géi}ﬁkk = —2 (OA ‘? ‘?@j — CA2‘S|SU’)
» We need to yank C out of the test filter; »If not, it’s very difficult to solve for C. »We get

]. /'\2 7~ |~ T\
Lij— §5ij£kk = —2C (A |77 [5%; — A2|3‘5ij>

1 ~2
,Cz'j — §5Zj£]€]€ +2C (A ‘ ‘ Sij — A? | ‘SZJ> =0

M -
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»Now we get

1
Lij— §5ij£kk +20M;; =0 (37.7)
» This cannot be satisfied for all ¢, 7 »Least-square problem:
| 2
Q = (‘CU — géljﬁkk + QCMU)
» Find a minimum of () which best satisfies Eq. 37.7 for all 7, 5

1

since %%ﬁkksz = %Lﬁkka- — 0 since 5 ; = 5; = 0 thanks to continuity.
Eq. 37.8: Minimum or maximunm?

»0°Q)/0C* = 8M;;M,; > 0 »Hence, minimum (fortunately)
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a—Q — 4Mij (‘CU + QCMZ']') =3

oC
» We get
Li;M;; . .
C = ~3 Mi j Mz - stability problems: needs smoothing
Y See Section 18.12, The test filter test filter
® 3
VA
W P E
grid filter
Ax Ax
T p is computed as (AT = 2Az)
1 E 1 P E
Tp = —— vdr =—— vd vd
v p 2A$WUx QAz(/va—l—/va)
| B 1l yow +vp Up+ Up 1 B B
— — (5,Az + DA :_( ) _- 2
2A:U(v T + V. AT) 5 5 + > 4(vw+ Up + Up)
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LijM;;
»Is C positive? »Do we want it to stay positive? »Limits on C'?

O = —

Vsgs = C’AQ\S\

Viot =V + Vsgs =V + CA?|5| >0 = Vsgs> —V

-l 5

Io8 € ,gs=backscatter
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“See Section 18.13, Stresses on grid, test and intermediate level

test filter cut-off, grid filter
N

E(k) - :
‘ § o SGS grid scales

SGS test filter scales

resolved on test filter

resolved on grid filter

SN
=n/A

Ke =m/A

K

T;j = 0;0; — U;u;  stresseswith / < A

~ ~
U

. stresseswith / < A
Lij=1T;; —7yj stresseswith A </ < N

N A
13 = viv; — v

<
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4See Section 18.20, Numerical method

U1
I —1 I I +1
—@ @ L 4
[0V Y V) Sl V) A
(82, (5 1 000)

. _ ovy\ 1 0%v
V-1 =07 — Ax (3—:6) ] —|—§(A$)2 (@>1 +0 ((Ax)?)

» Insert Eq. 37.9 into Eq. 37.9

_ _ 2_
7 <6U) — ?_J@ — }AZM_J@ +v0 ((Af)z)
exact

oz or 2 Ox?
O(Ax)
» Axv/2 acts as an additional numerical viscosity
» The total diffusion now consists of
0 v
diffusion t — a_ Sg5s num) o
iffusion term ax{(u—l—ug + v )a$}

» And the total dissipation

Etot = 2(V + Vsgs =+ Vnum>§ij§ij

(37.9)

(37.10)
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9 See Section 18.15, Scale-similarity Models

T = UU; — 005 =(0; + V] )(@j+v’.’)—@¢@j

= (v;; —@i@j)+[vzv”+vj ]+v” 7
Lij '

Cz' j RZJ

»(C;; denotes scale-similar stresses

v =0; + v; év}’:vi—vi

» Scale-similarity model

02{\74 = CT(T_JZ'@j 5:]) Rij =0

(38.1)

»The C;; = v;v” + v;0” and L;; = v;0; — v;U; stresses are not Galilean invariant (but C;; + L;; is).
J j 7V J J j J J

» This is shown in an Appendix in the eBook.
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4See Section 18.16, The Bardina Model

» The Bardina model reads (since C% was not sufficiently dissipative, a Smagorinsky model 1s added)

Cff = ¢ (vv; —vv5),  Lij = v0; — 005, Rf\f = —20§A2|§|§ij This is called a mixed model

» The Bardina model 1s not Galielan invariant
» Germano, proposed redefined terms in the Bardina Model (which are Galielan invariant)

T = Tij :CZL—FLZL—FR:’;

(4

LZL = Cy (@Z'Uj — ?_Jﬂ_Jj)

cr = 0

m o o
Rz-j = R;; =v, v;

» The modified Leonard stresses is the same as the “unmodified” one plus the modeled cross term C;;
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9See Section 18.22, Smagorinsky model derived from the £,,, equation

e Small 1sotropic scales: production = dissipation  (convection and diffusion are negligible)
- = 12
Pksgs :2V3938ij3ij :V393‘8| =&

»Replace € by v, and A.
Vegs =€ (CsA) = a=1/3b=4/3 = vy = (CsA)33 = =12 AN1/Cq

595

which gives
Vsgs = (CA)°]3]
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“See Section 18.26, Resolution requirements

e In LES we resolve large scales.

e Near the wall, the “large” scales are not that large

e = very expensive to resolve these “large” scales.

Az ~ 100,

= VERY expensive

L2

Lx1

wall

SRR

b\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\1

ALy i = 1, Axy >~ 30

_|_
A:UB

X3
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» T'here are many ways to estimate resolution (see Assignment 2a & 2b):

e Energy spectra: does they show a —5/3 range or not? NO GOOD

e Ratio between viscous and modelled turbulent viscosity (not recommended in [128, 129]). This

quantity does not say much about how good the LES resolution is. It tells us how close the LES is
to a DNS.

e Ratio between modeled and total shear stress (recommended 1n [128, 129]).
e Ratio between modeled and total turbulent kinetic energy (recommended in [205]).

e Ratio of integral lengthscale to cell size.

— The integral lengthscale is computed from two-point correlations (they are explained below).

— If the ratio 1s larger than, say, 16, the resolution 1s sufficient.
— This 1s recommended 1n [128, 129].

e Ratio of boundary-layer thickness, 0 to Az and Az. This is a measure of the resolution in the
log-law region.

6/Axy =10—20, O/Azx3=20—40, z5 <1
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“See Section 10.1, Two-point correlations
» The integral lengthscale 1s computed from two-point correlations which 1s defined as:

Bu(xi,2$) = vj(xh)v)(2§)

Often, expressed as

Bu(zi, 1) = v} (a)v) (x4 + 21)
C A

where £; = 27 — 7' is the separation distance between point A and C'.

By

A .C
Two-point correlatlon.‘ L =
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' x E
Small Ly and L, : Large Lo and L;,;

B (zf, 1) = vl (zM)! (2¢). Two-point corr, the largest eddies (thick lines), L.
1 1\ )V

e When we move point A and C' closer to each other, By; increases; when A=C, then By = W(:Uf)
e When C' moves further and further away from A, = B;; — 0

e The normalized two-point correlation reads

A

1
B (g4l i) = — vl (xl (! + 1)
H b /Ul,rms<x1 )/Ul,rms(x{l + 371) IR

o Integral length scale is then computed as: L, = [, By (&1)d
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94See Section 10.2, Auto correlation
» Auto correlation 1s a “two-point correlation in time” which reads

Bu(t*,1) = vj(t4)o} (4 + £ )

t = t¢ — t4 is time separation between time A and C.

»In analogy to L,,;, the integral time scale, 'T;,;, 1s defined
OO A A
Too= [ B
0

» Integral timescale 1s used an Assignment 2a for finding time samples that are independent (1.e. the
time between the samples is at least one integral timescale).
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4See Section 18.20.1, RANS vs. LES
» Numerical method: RANS vs. LES

RANS LES
Domain 2D or 3D always 3D
Time domain steady or unsteady always unsteady
Space discretization | 2nd order upwind central differencing
Time discretization Ist order 2nd order (e.g. C-N)
Turbulence model > two-equations Zero- or one-equation

»Start and end time averaging. tc,q — tstart = 100H /(D) center

U1

M/\/\/\/\/

start end t

e Say that we want to store 3D inst. fields =  we can post-proc, e.g., two-point corr anywhere

e Then we want to store as few 3D fields as possible (otherwise our disk space will quickly be satu-
rated)

e Answer: store only every T;,; second: 100 indepedent samples gives a statistical error .01
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“See Section 19, URANS: Unsteady RANS
» The usual Reynolds decomposition is employed note that we now change notation (again!)

1 t+T
v(t) :ﬁ/ ) v(t)dt, v=1v+v"
t_

» URANS eqns=RANS, but with the unsteady term retained
v, U, (V)

Decomposion in URANS. —: ©; --: v; --- (7).

e Decomposition of velocities: v = v + v” = (v) + 0" + v".
e In theory, 1" should be < resolved time scale. This is called “scale separation”.

e In practice, it is seldom satisfied.
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» RANS turbulence models are used in URANS

e We should choose a model with small dissipation (i.e. small 14) in order to not kill/dampen resolved
turbulence.

e Reynolds-stress turbulence models best (but very expensive).

e The EARSM (Section 11.11) and non-linear eddy-viscosity models (Section 14) also seem to give

less dissipation. Probably because the weaker connection between s;; and vz’-v} which reduces P".

e Modelled dissipation (turbulence model) and numerical dissipation (discretization scheme) may be
of equal importance
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“See Section 20, DES: Detached-Eddy-Simulations
» DES=Detached Eddy Simulations:»Use RANS near walls and LES away from walls

» S-A one-equation model (RANS) reads

dpﬂt o 0 W+ 6’%
dt _aZCj Oy (%;j

N
) +cr. term+P—Cy1pfy (ﬁ> ., d=ux,

»Replace d with d:

d = min{CpgsA,d}, A =max{Az, Azs, Azs} (38.2)
» This is the S-A DES one-equation model
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“See Section 20.1, DES based on two-equation models
» Lk — e RANS

CF =DF'4PF—g, C°=D+P°—V

» Lk — ¢ DES I (modify 7)

k3/2
Ct=DF+P—¢ = CF=DF4P'—¢g, 6T:max(5,C’gf>, v =C),—

»c7 Tin LES region »=-k | in LESregion »=> 14 | in LES region
»k — ¢ DES II (modify v7 and e7)

k3/2
Ck:Dk—l—Pk—éT, CEZDg—FPs—\If‘S, Kt:min (Cﬂ?,CDEsﬁ), VT:k1/2€t

»c7 T1in LES region »=- k | in LES region

»/(; | in LES region »=-14 | in LES region
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€ See Section 20.2, DES based on the ¥ — w SST model
k — w SST DES (modify 5*kw)

L k'
C* = DF + PY — FppsBkw, Fpps = L 16 = 1
k3/2
o Lt -
E
® (W = c
— 5*]{
kl/Q
o — Lt = —

Brw
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94See Section 20.3, DDES
CprsA CprsA

)

ul

CprsA

CprsA

Grid (solid lines) and a velocity profile (dotted line). RANS-LES interface: dashed line. C'ppg = 0.67

e Consider the S-A DES (see Eq. 38.2). It may occur that the d switches to LES in the boundary layer
because Ax; is too small (Azs is usually smaller than Axq). Recall: A = max{Ax, Azrs, Axs}

e Hence boundary layer is treated in LES mode with too a coarse mesh = poorly resolved LES
= Inaccurate predictions.

e The left grid above 1s a good DES mesh because at the RANS-LES interface
CZ = min (d, CDESA) = CDESA = CDESAxl ~ 0 (see dashed line)
= the entire boundary layer is modeled by RANS.
e Right grid is a poor DES grid: d = min (d,CprsA) =CppsAx; < 6 (dashed line)
= the outer part of the boundary layer is in LES mode (and the LES resolution requirements,
d/Azy > 10, is not satisfied)
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» ['he solution 1s DDES (Delayed DES)
»In DDES

Ly
F = 1
DES = IMax { Coms A }

is replaced by

L
Fppgs = max {CDEtsA(l — Fy), 1}

where Fs (Fs = 1 in the boundary layer) 1s taken as F or I, of the SST model.

» Fg 1s called the shielding function: pit protects the boundary layer from LES


http://www.tfd.chalmers.se/~lada/comp\protect _turb\protect _model/

“See Section 21, Hybrid LES-RANS
» DES: The entire boundary layer 1s modelled with URANS

Hybrid LES-RANS: Only the inner part of the log region 1s modelled with URANS.
» Hybrid LES-RANS is also called WM-LES (WM=Wall-Modelled)

wall
URANS region
LES region
To URANS region -
2,ml
L wall
I
» One-equation model in both URANS and LES region
Okr 0 %, Ok K
O fer) = — | +P,.—C.—L—
ot i &Cj(vj T) c?:zsj [<V i VT) &Uj] i o ¢
PkT — 2VT§ij§z’j7 v X k1/2€

»Inner region (2 < x9,,1): £ X kX2

»outer region: £ = A
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94See Section 22, The SAS model
» This is a method to improve URANS.  »Why URANS? »It does not involve A

»If the flow tries to go unsteady in URANS: » P" increases
» = v increases B = the flow goes back to steady state.

» The objective of SAS is to reduce 14 when the equations want to go into unsteady, resolving turbu-
lence mode (LES mode).

1

0.8r
0.6/ o0v,/0
X9 ka,3D L?]Kng — K|((‘92U1?aayj"2|
0.4 1 2
0(v1) /9y
L, =
0= 0200, [0
00
Solid line: L,y 1p; dashed line: L, 3p
Ly

» An additional source term, Ps4g, 1s used in the w equation. Psag 7 .
vK,3D
» L,k 3p 18 used as detector

k)2 H o2v; 0%y \"°
Ly x —, Lygap = , U= ’ Z
R R30 /{\U”| (6xj0xj0xk6xk>
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» k and w equations
CF = P"+DF—B*kw

k L

C¥ = P4+D*—U"+Psss, ==, Poag o

LUK,3D

» The von Karman length scale is used to detect unsteadiness.
e L, 3p detects fluctuations (i.e. it gets small)
e = the Pg 45 term increases
e = w Increases
e = k decreases
e = 1, decreases
e = mom.eqns go into (or stay in) unsteady mode

e In URANS (without SAS), resolved fluctuations are damped.
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€ See Section 23, The PANS Model

» PANS: Partial-Averaging Navier-Stokes. It is a hybrid LES-RANS model based on the £ — ¢ model.
o fi. = k/kir and f. = €/e4,: ratio of modelled to total iy = k + kres, Etor = € + Epes.

e f. < 1 means that part of the dissipation is resolved.

— This occurs only for DNS-like resolution.
— Hence, in practice f. =1

o 0< fi <1

_DNS: f, =0
— RANS: fk =1
— LES: itisin-between »0 < fi < 0.5
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» Derivation ot PANS & equation
e Multiply the RANS krangs equation (ki = krans = k + kres) by [
» Left side, frki = k (V is the RANS velocity, f; assumed constant)
£, {cht (‘9kt0t} ok ok 0k _ 0k

o Viaw, f "o an, Zar T Vian,

» Right side, diffusion term

(3) Vt tot 6kt0t B 6’ Vt tot 6‘k B (9 Vi (9/{
fk{a—% KVJF O ) 5’%‘]} - Oz KVJF O ) 3%] - Oxy [<y+0ku) 3%]

where Okuy — O-kfl?/ft?a Vi = C,Uk2/€7 Vi tot = Cﬂkl?ot/gwt

» Right side, production and dissipation term

» Pt and ¢, are replaced by P, and &, i.e.

fi (Pk,tot B 5tot) _pk_ . _ phk ﬁ(Pk —¢) +f£

1 €
phitot — — (pk _ — 40.1
fk< €>+f5 ( )
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» The k£ equation can now be written

ok Okv;) O v\ Ok )
— P" —
ot i aiEj aiEj [(V—'_ Uku) 6$j] i -

» Derivation of € equation

» Left side (f. assumed constant, f.c;,; = €)

Octor 01t | O 0e de _ Of
ﬁ{0t+%0@}_&+%&g_&+%%g

» Right side, diffusion term

0 Vt tot OE ot B 0 Vt tot Oe B 0
fg{a—% KVJF O ) 5’%”_5’% KH O ) afj] Oy KVJF
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» Production and destruction terms ~ »use Eq. 40.1, kyoy = k/ fis €10t = €/ [
1

prtot — —_(pF _ o) 4 = (40.1)
fk< ) fe
f {C Pk totgt@t 25%015} :f C 18150?5 (1 (Pk )_I_ E) f 287?015
) ktot ) ktot e ktot f k f € - ktot
efe (1, on £ e fi € ok g’ e f e* f € ok .
— | — - | — Yo7 — 5_P_ el € — E—:CE_P_ 27
Cglk (fk(P €)+fg) C2f5k Clk Clk—i_Cl]{fg O2f5k 1]6 2]€
where
. Tk B Tk
82_C€1+7(C¢€2_C 1) 15+f(1.9—1.5)

» The € eqn can now be written

Oe  Oev;) O v\ Oe LE , &2
— PR
ot i aiﬁj aiﬁj [(V i ) 8$]] i ¢ ! k 2k k
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Vi

Oe N Olev;) 0 ,
875 03;7- B (‘93;7-
o b _
o= C¢ + T(C’gg —Cq)=15+=

S
fe

+ % |
Ocy aZCj

(1.9 — 1.5),

»When f; = 1, the PANS eqns are in RANS mode

e When f;. < 1 (say, fr = 0.4) then:

2
~,— is reduced
k

=> ¢ 1s increased

= k 1s decreased

= 14 1s decreased (both small k£ and large ¢)
= the momentum eqns go into LES mode.

e
CdpkE _

fgzl,

*
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94See Section 23.2, Zonal PANS: different treatments of the RANS-LES interface
»In the previous slides we assumed that fj. is constant. (fr. = k/ktor, ktor = kres + k)

Aot d(fikror) dk

_ 40.2
= dt dt (40.2)

»PANS as a hybrid RANS-LES model (f; = 1 in RANS region, and 0 < f; < 0.5 in LES region)
LES, fi = 0.4 or computed

. URANS, fy =1 !y

{ V. V. v,

x
The URANS and the LES regions near a wall (horizontal interface).

wall

Xy Lty Lty
N LES a\ o LES
o 0w v v
L N = NI
RANS R Ji = 0 e b L
or compute or compute
fr. =1 TN § P "N § P

Embedded LES. RANS-LES interface at x;. RANS-LES interface at inlet.
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» A gradient of f, at RANS-LES intertace since i varies in space; Eq. 40.2 replaced by

dktot d(fk ktot) dfk dk dfk
_ ok T, TR 40.
Ly dt Rot oy = qp Mot g (40.3)

d 0
» An extra term, —k;;dfy. /dt, appears on the left side.  Right side: ktotﬁ — kwtvla—fk
I

dt
e Since df,/dt < 0, this is a sink term — reduction of k

e Since we add a sink term to the k equation, we must add a source term to the £,.5 equation

e This 1s done by adding a term to the mom. eq.

(05 + (k)T T

dfy

—{k + 0.50/0;
(k+0.505)

which agrees with —ktotd—f on right side of k.. eq.
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“See Section 23.3, A new tormulation ot f; for the PANS model
» How to compute f;?

First, some old formulations.

AN 23 132
1,2: fi=C, 1/2 (Lt) Ly = t;t using A = A or A = (AV)3,

A
S
fi=T
» A formula derived an expression from the Kolmogorov energy spectrum
1 fi=1 (A/A)8
T 0.23 + (A/A)2/3
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»DES

» PANS

CE

CE

*

g2

fk,obs

— PF4DF i)

CglEPk—l_Dg_CgQ_

k32 /e )
max | 1,
( CDESAmax

= P4 DF ¢
2
€ €
Cg _Pk: DE—(F
Y
Cgl + %(Cd - Cgl)
kmodel f ~ 1

’
kmodel + kres
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A

]
«—
1

resolved cutl-off SGS
scales

Re

Spectrum of velocity fluctuations.
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» DES and PANS 1

C"—DF ~ C° =D ~0 yzp—k S = (25;;5;;)"/° -t
— — 7/ Ska 17°1] ) -
k22 e Ji
= 1 = Og ra Cs — OE
¢ e ( , CDESAmax)’ - ! " fs( ’ 1)
»PANS »DES
g g
TPs—P’“:T;g?—s: TPE—P]“:TC&?—W::
V(Car —1)Sk = (€5 — 1)e V(Cer —1)Sk = (Cop — Y)e
» Differentiation yields: Differentiation yields:
0 0S5 ok 0C": 0 0S5 ok 0
LA 2 CRA AT ve
v S k (Ca—1)y5k v Sk (Cer — 1)Sky
0C% 0

2052—1 052_77D
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» DES and PANS 11
dC%, —dy

CH—1 Co—1
» Integrate from RANS (C,, and ¢ = 1) to LES (C7, and 1)) conditions

/052 dCsy /w_ dy
Coo 05*2 —1 1 C82 T ¢
In c2 1 = In Cer =0
CEQ — 1 052 — 1
» By using the expression for C, with requirement 0 < f; < 1 we get

| v 1 K
— 0 11— B !
fi = max [ , i ( ’ Ceo — Cgl>] T ( CpesAmar
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» Conclusions

e It gives much better results than the old formulations of f;
e It gives very similar results to the DES model
e Advantage of the new PANS model vs. the DES model

— The PANS model is based on a rigorous derivation whereas DES 1s based on an ad-hoc modifi-
cation of RANS models
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9 See Section 27.1, Synthesized turbulence

»In LES, large-scale turbulence 1s resolved

» Hence, turbulent fluctuations should be provided as inlet boundary conditions

Lty . Ltr
~ 1 transiton to LES LES | LES
—+— ViraNs s Vi rans + v
I L

No inlet fluctuations, large x;,. Realistic, synthetic inlet fluctuations, small 2,
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» Synthetic fluctuations 1s one method. The fluctuating inlet velocity can be written as a Fourier serie

N
vi(x) =2 Z u" cos(R" - x+Y")o"
n=1

resolved cuti—off SGS
scales : K

Spectrum of velocity fluctuations.

» Usually we generate energy spectra from turbulent fluctuations. »Here we prescribe a spectrum and
generate turbulent fluctuations. »—5/3 spectrum: p-this gives the amplitude «" for wavenumber &,
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“See Section 27.2, Random angles

N
vi(x) =2 Z u" cos(K" - x +")o", Fourier serie
n=1

K3

ple") =1/(2m) |0<¢" <27
p(¥") =1/(2m) |0 <" <2n
p(0") =1/2sin(0) |10 < 0" <
pla”)=1/27r) |0<a" <27
Probability distributions of the random variables.
a" 1s the angle for o”.

K1

The probability of a wave in wave-space is the same
for all dA; on the shell of a sphere.

» Randomize the angles according to the table. The figure above gives

kY = sin(6") cos(p")
i sin(0") sin(")
ks = cos(f")

=
N
I
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vi(x) =2 Z u" cos(R" - x +Y")a", Fourier serie

K | log(x)

» For each wavenumber k,, the energy specrum above gives the amplitude "
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. - log(k)

» Highest wave number: k,,,, = 27/2A from the cell size, A = min(Axs)
» Most energetic wave number: x. o< 1/L;: integral turbulent length scale.
»Smallest wave number: K., = k1 = K¢ /5, Ak = (Kmaz — Kmin) /N

» Number of wave numbers: N »150

» Now the fluctuations, v'(x), can be computed

PR = 075/Lt
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" = kixy + kixo + kjxg + "

» Synthetic turbulent isotropic fluctuations at the inlet plane for all time steps.

» With a specified integral lengthscale

»BUT:

»no correlation between the timesteps

»1.c. white noise in time
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“See Section 27.8, Introducing time correlation
» The synthetic fluctuations are not correlated in time. An asymmetric time filter is used

(V)™ = a(V)" " + bv)"
» The coefficient a is related to the turbulent integral timescale, 7, as

a=exp(—At/T) (41.1)

»We want V] .. = v}, b= (1—a’)"?ensures that

1

0.8/
0.6/
B(T) 4
0.2t
O
0 0.2 0.4 0.6 0.8 1

Auto correlation. —: Eq. 41.1; --: B(7) = (V;(t)V{(t — 7).

» Finally, the turbulent synthetic fluctuations are superimposed to the inlet mean velocity.
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4See Section 23.2.1, The Intertace Condition

» Embedded LES and inlet b.c. for £ and € using PANS

Vehicle geometry (from [116]). Colored rectangle shows embedded LES region

» An LES region (e.g. the side mirror, see figure above) 1s embedded in a steady RANS simulation.
» LES is used around the mirror in order to compute aeroacoustic sources (wind noise)
» Synthetic fluctuations are needed at the inlet region of LES.

»Mean velocity, k£ and < at the LES inlet region are taken from the RANS simulation
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> Summary

e Add synthetic fluctuations at inlet or embedded surfaces with prescribed integral length and
timescale

e Use RANS values of k£ and ¢

e The source terms in the £ equation (see Eq. 40.3) quickly reduces k from RANS values to LES
values

e No source terms are needed for £ because it 1s the same for RANS and LES

e For more detail, see Section 5 in [183]
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